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Preface

This book describes Minority Games and explains their mathematical analysis from
the viewpoint of a discipline-hopping non-equilibrium statistical mechanicist. There
are several reasons why a textbook on Minority Games might be helpful at this point in
time. Firstly, it appears that popularity and scope of Minority Games are still growing.
A textbook might assist those researchers and students in theoretical physics, applied
mathematics or economics who wish to enter this scene by offering an accessible but
detailed and explicit introduction to their mathematical analysis, uniform in style and
mathematical notation, selective in its choice of topics, and up to date. It might also
serve those who are already on the scene by showing how different mathematical ap-
proaches are related, and by acting as an efficient point of departure for new research.

The author has tried to exploit the specific advantages offered by writing a textbook
as opposed to writing research or review papers. The text aims to be self-contained
in explaining detailed mathematical derivations, including any hidden or discipline-
specific assumptions and the mathematical methods on which these derivations rely.
Rather than introducing and explaining mathematical formalisms such as replica the-
ory and generating functional analysis by first turning to spin models (which indeed
generated these tools, but which might put off those who are interested in market
models only), in the present text an attempt is made to explain such formalisms
‘en passant’, with subtleties discussed in footnotes and with references for further
reading. Furthermore, various new derivations have been added with the objective
to clarify, connect and supplement the existing analyses and theoretical results in
literature.

The book is organized with the benefit of hindsight — results are presented in the or-
der expected to be most beneficial to the reader, rather than strictly chronologically —
and the author took the textbook style as a justification for being relieved of the obliga-
tion to give an encyclopedic account of the vast numbers of papers written on Minority
Games, and to concentrate instead on explaining the emerging mathematical theory.
The main references are concentrated and discussed in a bibliography section. Also the
details of numerical simulation experiments are given in an appendix, in order to pre-
vent unnecessary distraction in figure captions. In its choice of mathematical notation



Preface vii

the text tries to stay as close as possible to that of the original research papers, in as
much as this does not conflict with the desire for uniformity, while accepting that the
limited combined size of the Roman and Greek alphabets makes a certain degree of
symbol recycling inevitable.

A.C.C.C.
August 2004 London
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1. Introduction

Minority Games (MGs) are relatively simple mathematical models that were initially
designed to increase our understanding of the cooperative phenomena and fluctua-
tions that are observed in financial markets. They apply in fact more generally to any
situation where a large number of selfish decision-making ‘agents’ all try to achieve
individual gain by predicting (inductively, on the basis of incomplete public informa-
tion, and often with an element of irrationality) and anticipating the decisions to be
taken by their competitors. Such situations arise quite frequently, e.g. in queuing and
traffic problems, in politics, sociology, etc. Not just in markets. Although there is a
considerable history of mathematical studies aimed at understanding the interaction
between agents in socio-economic systems, such as game theory, the key advantage of
models such as MG is that in the latter one does not assume or rely on the participants
in these systems to act fully rationally.

The basic MG has come to be seen as the minimal mathematical model that con-
tains the essential ingredients thought to be responsible for many of the non-trivial
macroscopic phenomena observed in the above types of competitive socio-economic
scenarios. It is not difficult to write pages and devise ad hoc phenomenological de-
scriptions to ‘explain’ the behaviour of models that from the start are so detailed that
they can only be studied numerically. The power and beauty of the MG is that, although
it produces intriguing macroscopic phenomena, its microscopic rules are too simple
and explicit to justify the easy option. The model simply begs to be analyzed and
solved properly. It has thus become the ‘harmonic oscillator’ of its field, much like
the Sherrington—Kirkpatrick model became the ‘harmonic oscillator’ for the study of
disordered physical systems.

For mathematicians and theoretical physicists, MGs are intriguing disordered
systems, residing under the fashionable banner of ‘econo-physics’. More specifi-
cally, finding macroscopic mathematical laws from microscopic equations (usually
stochastic) describing a system of many structurally similar interacting elements is
the province of statistical mechanics. It is irrelevant for the statistical mechanicist
whether the microscopic variables at hand represent coordinates of colliding particles,
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microscopic magnets, reptating polymers, or (as in the present case) the actions of
decision-making agents. In contrast to most physical systems, however, the stochastic
equations of MGs do not evolve towards an equilibrium state, so a proper mathe-
matical analysis normally requires solving their dynamics. This task was found to be
surprisingly non-trivial.

In this introductory chapter we first try to answer the two most basic questions: what
is MG, and why would we want to study it? The answers to these questions depend on
one’s background. For those aiming to understand socio-economic systems, MG is a
mathematical implementation of the so-called El Farol bar problem, which is worthy
of study because it exhibits intriguing collective phenomena that would not emerge in
game-theoretic market models, yet it is very easy to simulate on a computer. To the
theorist, MG is an appealing mathematical challenge: at first sight it appears to be just
a simple (if unusual) disordered statistical mechanical system with a non-equilibrium
phase transition, but it turned out to be surprisingly non-trivial and succeeded in
resisting solution for quite some time.

1.1 Inductive reasoning: the El Farol bar problem

A considerable amount of mathematical literature has been generated over the years
under the name of ‘game theory’. Here the word game should not be taken literally. It
is chosen to describe any form of competitive dynamic interaction between multiple
individuals, where each aims for personal gain (defined in some precise mathematical
way), but where that gain depends crucially on the actions taken by the other partici-
pants. This definition describes not only games in the literal sense, but also many other
areas of collective human activity, such as trading, politics, and even the conduct of
wars. The mathematically interesting situations are those where it is fundamentally
impossible for the individual objectives of all players in the game to be achieved simul-
taneously. In game theory one is concerned with finding optimal playing strategies,
which can be defined either with a view to achieving the maximum average gain over
the community of players as a whole or from the more selfish perspective of optimizing
an individual’s own situation. In either case, statements will have to be made regarding
the anticipated actions and responses by the competitors. In traditional game theory
this is done by assuming perfect deductive rationality; each player is assumed to have
(i) enough information and (ii) the frame of mind to base all his decisions in the game
on precise logical reasoning.

Unfortunately, in real world situations neither assumption (i) nor assumption (ii) is
usually correct. Especially in markets, which is the original domain to be mimicked
by MGs, one is as a rule not able to reason one’s way fully logically towards optimal
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trading actions. There will of course be certain rational guidelines, but most traders
have to rely in practice largely on experience and intuition (if not partly guessing), or on
copying the actions of colleagues who they suspect of having such qualities. As aresult,
many quantitative phenomena observed in market-related time series (averages and
fluctuations of prices and traded volumes, temporal correlations, etc.), being largely
the result of inductive and partly irrational decision making by interacting individuals,
have at most been only partly understood.

The El Farol bar problem was invented to illustrate the fundamental differences
between logical-deductive and (partially) irrational—inductive reasoning by groups of
interacting individuals. The set-up of this problem is as follows. The El Farol bar in
Santa-Fé (which exists, but is in fact a restaurant) organizes Irish music on Thursday
nights, which is a very popular weekly event but at times leads to overcrowding. Let
us image that a number of residents of Santa-Fé decide independently each Thursday
whether or not to go to El Farol. If, however, the number of visitors exceeds a certain
number (say 50), the place will be overcrowded and the evening will be unpleasant.
Thus, in order to decide whether or not to go, each individual will effectively have
to guess the decisions to be taken by others, and then do the opposite of the majority
(i.e. go when most plan to stay at home, and vice versa). Here deductive reasoning
is clearly ruled out. Even if it were possible to predict the thinking of others, there
cannot exist a correct logical rule with which to work out how many would go to El
Farol on a given day. Such a rule would ultimately be picked up and put to use, and
thereby invalidate itself. Instead, each individual will in practice probably rely on one
of a number of ad hoc and personal rule-of-thumb methods (or ‘predictors’) to guess
whether or not El Farol will be crowded on a given Thursday evening, e.g. by using
extrapolation of the last three weeks’ attendance, or by taking into account whether
it is the last week of the month, or perhaps based on the average temperature of the
day, etc. Each individual keeps track of the performance of his personal predictors
over time, and uses at any given time the predictor that at that point has the best track
record.

So, within this scenario, what can one expect to happen? Given the individual pre-
dictors of our participants, and given an initial state (here: the choices of the predictors
used at the start), the decisions of whether or not to go to El Farol will evolve deter-
ministically over time. However, this does not mean that a trivial attendance pattern
will emerge. Patterns, after all, imply potential for attendance prediction; so provided
the pool of prospective visitors is large and their predictors are sufficiently diverse,
one expects that any simple pattern will eventually be picked up by someone and
thereby destroyed. Thus, the average attendance of El Farol should fluctuate around
the critical value of 50; if the number of potential visitors is odd there cannot even
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be a stationary state. Yet, numerical simulations of the El Farol bar problem show
that decision making will not be random either. The essence of the problem is that the
quality of any given predictor is defined fully in terms of the decisions taken by others.
Consequently, if one individual changes his choice of predictor, this will influence the
attendance at El Farol and thereby affect the performance of the predictors presently
used by all others. This, in turn, can initiate an avalanche of predictor switches in the
population. The result of all this is a highly non-trivial collective dynamical process.

The El Farol bar problem is a nice and simple illustration of the dynamical com-
plexity of socio-economic systems defined by large numbers of interacting decision-
making individuals, such that each aims for personal gain but with that gain being
defined in terms of the decisions to be taken by others, and where logical-deductive
decision making is not an option. Here all players try to take decisions that differ from
those taken by the majority (i.e. stay at home when most others will go to El Farol, and
go when most others stay at home). Such situations are far from unusual. In markets
one might imagine speculating traders who have to decide whether to buy or sell an
asset, and where the resulting price will be high if the sellers are in the minority but
low if the sellers are in the majority. Similarly, in traffic one would often wish to select
from a number of options a route where the least amount of traffic is expected (but so
do the other motorists - - -). Similar problems can be expected to emerge in Internet
traffic.

MGs, in a nutshell, are clever mathematical implementations of the El Farol bar
problem, which have been designed with the objective to enable application of the
mathematical techniques of statistical mechanics. In this latter field there is about
a century of experience in extracting exact mathematical equations and predictions
on the collective behaviour of large systems that are composed of structurally simi-
lar interacting microscopic elements (usually molecules, atomic magnets, polymers,
etc.), from the underlying microscopic physical laws. Much of statistical mechanics
is concerned with the detection and analysis of phase transitions. These are drastic
changes in macroscopic behaviour that are observed at specific critical values of the
model’s control parameters, and that are clearly reminiscent of the critical phenomena
observed in markets (e.g. crashes) and in traffic (e.g. jams). Although physics has been
their traditional domain, the mathematical methods of statistical mechanics are in no
way restricted in their application to physical systems. There is no reason why they
should not apply equally well to socio-economic ones.

1.2 Standard MG

Letus first define the traditional and basic MG as it was first introduced. Extensions and
generalizations will come later. This model is a direct mathematical implementation
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of the key elements of the El Farol bar problem. However, in line with established
convention we will now switch to ‘market’ language: the bar visitors become ‘agents’,
the binary decisions (going to El Farol versus staying home) become ‘buy’ or ‘sell’, the
predictors become ‘strategies’, the possible experiences pleasant versus overcrowded
become ‘profit’ or ‘loss’, and the total bar attendance becomes the ‘total market bid’.
We will also choose our notation to be as close as possible to that adopted in literature.
As in the El Farol bar problem, the agents in the MG aim to take those decisions that
will put them in the minority group among their peers, since the market favours the
sellers when most agents choose to buy, but it favours the buyers when most choose
to sell. Hence the name MG.

Let there to be IV agents in the game, labelled by a Roman index ¢ = 1,..., V.
This number NV, usually taken to be odd, is assumed to be large. The game proceeds
at discrete iteration steps, which we denote by £ = 0, 1,2, 3, . ... We now translate the
main ingredients of the El Farol bar problem into simple mathematical rules. These
ingredients are:

(1) Agents’ actions
At each step ¢ each agent i takes a binary decision b;(¢) € {—1,1}. This is
called a ‘bid’, representing e.g. buying (—1) versus selling (+1). A re-scaled
(aggregate) overall bid at step / is defined as A(¢) = N~1/2 Zi\il bi(£).

(ii) Public information
Agents base their decisions on historical market information. They are given at
step ¢ the signs of the overall bids (i.e. whether buyers or sellers were the minority
group) over the M most recent steps, i.e. the string

(sen[A(C — M), sgn[A(¢ — 1)]) € {~1, 1}
(1i1) Agents’ strategies
Each agent 7 has S strategies R™, witha = 1,...,5. A strategy R'® defines a
mapping from information strings to a recommended trading action:

R {—1, 1M — {—1,1}.
A strategy functions as a look-up table with 2 entries, each being +1. These

entries remain fixed throughout the game. If agent ¢ uses strategy a at step £, then
he will act (deterministically) according to

bi(£) = R (sgn[A(¢ — M)], ..., sgn[A(¢ — 1))).
To obtain closed equations, we must finally specify how our agents determine which
of their S personal strategies to use. A good strategy is one that would have prescribed

many minority decisions. Given the above definitions, a strategy R® is good at stage
Cif R (sgn[A(¢ — M)],...,sgn[A(f — 1)]) = —sgn[A(¢)]. Hence
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(iv) Strategy valuations
Each agent 7 keeps track of a valuation p;, for each of his strategies, measuring
their track records (irrespective of whether they were actually used):

Piall + 1) = pia(£) — A() R*(sgn[A(¢ — M), sgn[A(Z — 1)]).

(v) Dynamic strategy selection
At each step / of the game, each agent ¢ will select his best strategy a;(¢) at that
stage of the process, defined as a;({) = arg max,¢q1,.. sy{Pia(f) }.

The logic of this construction is illustrated in Fig. 1.1, for S = 3. The entries of
the look-up tables R are all drawn independently at random from {—1,1} (with
equal probabilities) before the start of the game. They constitute frozen disorder in
the problem.

The basic microscopic degrees of freedom in the MG are the strategy valuations
{pia}. Upon combining the above model ingredients (i)—(v), these valuations are seen
to evolve according to the following coupled and non-linear (but deterministic) equa-
tions:

Piall+ 1) = pia(£) — A() R*(sgn[A(¢ — M)],.... sgn[A( — 1)]), (L.1)

N
A(l) = \/% > RO (sgn[A(f — M)],...,sgn[A(C - 1)),  (1.2)
=1

CLZ(E) = arg maxae{l,...,S}{pia(E)} (1.3)

Two minor tie-breaking issues have been glanced over so far. Firstly, when the number
N is odd the function sgn[A ()] is well-defined, but for even NV we must agree on how
to assign a value from the set {—1, 1} to sgn[0]. This is done randomly, with equal
probabilities for £1. Similarly, if at stage ¢ of the game and for some agent ¢ there
exist two (or more) different strategies a,a’ € {1,...,S} with p;,(¢) = pia (£), we
will select a;(¢) (the strategy to be used by agent i at step £) randomly from a and o’
with equal probabilities.

1.3 Phenomenology of MG

The MG achieved its popularity in the relevant scientific communities because it
exhibits remarkable collective behaviour, in spite of the apparent simplicity of its
definition. In this section, we describe the phenomenology of the MG, which has been
observed in numerical simulations of the process (1.1)—(1.3). In selecting experimental
conditions and quantities to be measured we make use of hindsight. In addition, this
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Public
data

Handbook Predict
of currency
trading markets

Fig. 1.1 The logical structure of MG. At each point in time each agent observes public data on the recent
behaviour of the market, and is asked to convert this observation into one of two possible actions: buy or sell.
To do so, every agent has S personal look-up tables (‘strategies’), each prescribing a response to every possible
market history (here S = 3). Given a strategy, the action of an agent is therefore deterministic. Agents make
profit when they take a minority decision, i.e. choosing ‘buy’ when most decide to sell, or vice versa. The
dynamics of the MG refers to the choice of strategies to be used by each agent from their arsenals. This choice

is based on monitoring how often each strategy would have led to a profitable (i.e. minority) decision.

numerical exploration will give us valuable intuition and guide us later on how to solve
the model using statistical mechanical techniques.

1.3.1 Statistical properties of the overall bid

We first turn to the statistical properties of the re-scaled overall market bid A(¢) =
N=Y2 37 b;(¢) € R, as it is observed upon iterating equations (1.1)~(1.3) numeri-
cally. A typical simulation result is depicted in Fig. 1.2, where we show the observed
values of A(¢) (top row, values measured at intervals of 80 iterations) as well as the
corresponding histograms of these values, plotted logarithmically (bottom row). The
initial strategy valuations p;,(0) were all drawn randomly, very close to zero. To aid
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Fig. 1.2 Top row: numerical simulation measurements of the re-scaled total bids A(¢), for the case where
each agent has S = 2 strategies. History depths: M = 5 (left), M = 11 (middle), and M = 16 (right). Bottom
row: the corresponding distributions P(A) of these observed values (represented as histograms, and plotted
logarithmically), together with Gaussian distributions (dashed) of width and average identical to those of the
observed P(A). It is immediately clear that at least for small M the individual bids b;(¢) contributing to the

re-scaled sum A(¢) must have non-trivial correlations.

interpretation of these data, the histograms are drawn together with the values corre-
sponding to Gaussian distributions with moments (i.e. average and variance) identical
to those measured in the data for the overall bids. Such bid data are not found to be
very sensitive to a further increase in the system size N beyond the values used in
generating Fig. 1.2, viz. N = 4097. It is also instructive to inspect the relation (if
any) between the overall bids A(¢) at successive iteration steps of the game. This can
be done simply by plotting the pairs (A(¢ — 1), A(¢)) as points in a plane (see e.g.
Fig. 1.3). We may summarize what we observe in these simulation experiments as
follows:

® The values of the overall bids A(¢) are distributed around zero, with a variance of
order N°. This confirms en passant the wisdom of the specific scaling with the
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Fig. 1.3 Here we show the relation between the values of the re-scaled total bid at successive iteration steps
in the simulations of the previous figure, in plots of A(¢) versus A(¢ — 1). These data again underline the

surprisingly non-trivial nature of the dynamics for small M.

system size N in their definition. A non-zero average for the overall bids would
have implied immediate potential for prediction, which would have been picked up
by the agents and eliminated.

® For small values of the history depth M, the fluctuations in the overall bid A(¥)
around its average value are strongly non-Gaussian. This suggests that the fluctua-
tions in the constituent individual bids b;(¢) must be correlated in some complicated
way.

® The magnitude of the fluctuations in the overall market bid depends non-monotonically
on the history depth M, with large fluctuations for small and for large M, but with
smaller fluctuations at intermediate values. This is a remarkable and unexpected
observation, for which there is no obvious explanation as yet.

® The low M region with large fluctuations reveals a complicated structure in terms of
the relation between the overall bid values A () at successive iteration steps, which
goes beyond simple sign alternation.

In any context, but especially for (financial) markets, large fluctuations of the re-scaled
overall bid A(¢) are highly undesirable in that they imply a waste of resources. Let us
therefore probe the MG further by inspecting these fluctuations, with their unexpected
non-monotonic behaviour, in more detail.

1.3.2 Volatility and identification of control parameters

In the statistical analysis of financial time series one usually defines the average (A)
and the volatility o for a time series { A(¢)}, as follows
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L
(A) = lim ! ZA(e), o2 = lim ~ > [A@) - (A% (1.4)

The volatility o measures the magnitude of the fluctuations in the overall market bid
in the stationary state; the definitions (1.4) therefore make sense only if the process
approaches stationarity. As a yardstick against which to measure the actual values
that we find in the MG, it will be helpful to first consider the case of purely random
decision making. If we were to simply draw each individual bid b;(¢) independently
at random from {—1, 1} at each point in time, so that (b;) = 0 and (b;b;) = J;;, we
would find

A) = ;N Z<bz-> =0, (15)

N N
= lim — ZAZ Z b;) %21 (1.6)
’L_]—l

L—oo L
=1

We conclude that an MG with ¢ > 1 may be seen as describing an inefficient market,
and one with o < 1 an efficient market.

Having established a benchmark, let us next measure the volatility in numerical
simulations (we note that Fig. 1.2 suggests that the system does approach a stationary
state in terms of the overall bids), again following random initializations of the strategy
valuations, close to zero. On the basis of Fig. 1.2 we must expect the volatility to
depend non-monotonically on the history parameter M . The outcome of measuring o
in simulations is quite surprising. Furthermore, if the volatility data are plotted cleverly,
they give us important clues on how to set up our statistical mechanical theory later.
Figure 1.4 shows the volatility when plotted as a function of the ratio o = 2 /N,
and for different values of both the number S' of strategies per agent and the number
N of agents. From this figure we may conclude:

® For small values of the ratio o = 2™ /N one observes a highly inefficient market,
with the agents performing much worse than if they had taken purely random de-
cisions. For intermediate values one obtains an efficient market. For large values
of = 2M /N the agents’ performance approaches that corresponding to random
decision making.

® The volatility curves obtained for different system sizes [V, but with an identical
number S of strategies per agent, collapse nearly perfectly when plotted as a function
of the ratio & = 2™ /N. This tells us that for statistical mechanical calculations,
where one analyzes the limit N — oo, the quantity « will be the relevant control
parameter.
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® Changing the value of the number of strategies per agent S, provided it remains finite
compared with [V, does not change the volatility curves qualitatively but seems to
induce only a shift and a re-scaling for small «

One would probably not exaggerate in saying that the volatity curves as shown
in Fig. 1.4 were solely responsible for the initial popularity of the MG, albeit for
different reasons in the relevant communities. To those interested in understanding
real (financial) markets they seemed to indicate that, at least for intermediate values of
the ratio v, the agents in the MG develop expertise: they can and do learn (implicitly)
to predict the decisions to be taken by their competitors and hence predict the market,
solely on the basis of experience. To statistical mechanicists, on the other hand, Fig. 1.4
suggested the existence of a non-equilibrium phase transition at some critical value
arc. Initially, nobody could explain the non-monotonic dependence of the volaftility
in the MG on the parameter «, neither in terms of market phenomenology nor on
mathematical grounds. This mystery added significantly to the MG’s appeal. Since
the behaviour of the MG is seen not to depend qualitatively on the number S, we feel
justified in limiting ourselves whenever convenient to the simplest non-trivial case
S = 2, where each agent has just two personal strategies to select from.
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Fig. 1.4 Simulation measurements of the volatility ¢ = /{AZ) — {1)? of the re-scaled total bid, shown
in log—log plots as functions of the parameter ov = 2 /N for different system sizes N and difTerent numbers
S of strategics per agent. The line segments connecting the markers are guides to the eye: only the markers
correspond to actual data. Dashed line: the benchmark value ¢ = 1 which would have been found for random

decision making.
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1.3.3 The concept of ‘frozen’ agents

In an attempt to unravel the mystery of the non-monotonic behaviour of the volatility by
further numerical experimention, one could probe more subtle dynamical properties of
the MG. Since the most important microscopic state changes in the MG are those where
agents switch strategy, one could measure the frequency of such strategy switches in
the population of agents, in the stationary state. Let us denote by f; € [0, 1] the fraction
of iterations in the stationary state where agent ¢ changes his active strategy, and by
W f] the distribution of these N values { f;} over the community of agents, i.e.

L N
fi= lim % ;[1 = O, (0),aie-1)],  WI(f) = jifz;é[f = fil, .7
— i=
where 0[] denotes the d-function, see Appendix A. In simulations one typically finds
distributions of the form shown in Fig. 1.5, which seem to suggest that for large and
small values of the market history M all agents do change strategy now and then (albeit
at different frequencies), but that for intermediate values of M there is a considerable
fraction of agents that in the stationary state do not change strategy at all. Such agents
will be called ‘frozen’, and the fraction of such agents is written as ¢, i.e.

N
1 .
¢ = N Z LILH;O 5L,Zf=1 ba;(0).a;(-1)" (1.8)
i=1

If we plot the value ¢ of this fraction, as observed in simulations, as a function of the
control parameter o« = 2 /N, we find an intriguing result, which strengthens further
the case for there being a non-equilibrium phase transition for some critical value c..
We see that

® There will generally be a non-zero fraction ¢ of agents in the stationary state who
will never change their active strategy (‘frozen agents’).

® For small and large values of the control parameter o = 2™ /N this fraction ¢
vanishes, but at intermediate values of « it becomes large.

® The fraction ¢ of frozen agents appears to exhibit a discontinuity at the same value
of a where the volatility has its minimum, jumping from zero (for small ) to its
maximum value.

Again, there appears to be no obvious explanation yet for this particular behaviour,
but for the statistical mechanicist the cumulative evidence for a phase transition at
some «, has by now become quite conclusive.
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Fig. 1.5 Numerical simulation measurements of the distributions W{f) = N~ 3. é[f — fi| (shown

E

as histograms) of the fractions f; £ [0, 1] of MG iterations for which individual agents 7 are found to change
their active strategy, in the stationary state and with S = 2 strategies per agent. History depths: A7 = 5 (left),
M = 11 (middle), and M = 16 (right).
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Fig. 1.6  Simulation measurements of the fraction ¢ of ‘frozen’ agents, i.e. those who never change strategy

in the stationary state (and hence have f; = 0 in the experiments of Fig. 1.5).

1.3.4 Non-ergodicity of MG

The relevance of one particular aspect of the simulation experiments underlying the
simulation data shown in our figures appeared to have been overlooked initially in MG
literature. These experiments were all performed following the initialization p;,(0) ~
0 for all < and all S. This ‘tabula rasa’ initialization implies that before observing
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Fig. 1.7  Simulation measurements of the volatility o = /{AZ} — {A)Z of the re-scaled total bid (left) and
of the fraction ¢b of ‘frozen” agents (those who never change strategy, i.e. who have f; = 0 in the notation
of Fig. 1.5, right) as [unctions of the parameter a = 2™ /N Each agent has S = 2 strategies. Initialization:
|pan (0) — paa (0} = 2A for all i, with A € {0, 0.1, 0.5, 1, 10} (from top to bottom in the left panel, and from
bottom to top in the right panel). The linc scgments connecting the markers are guides to the eye. Horizontal
dashed line (left): the benchmark value & = 1 which would correspond to random decision making. For small

o one observes a sirong dependence of both the volatility and the ‘frozen’ fraction on initial conditions.

any market data all traders value each of their strategies equally. This choice seemed
sensible at the time, but was found to have important implications.

Let us see what happens if for S = 2 instead we choose each initial valuation
pia(0), which represents the a priori confidence of agent ¢ in his ath personal strategy.
such that |p;1(0) — pia(0)] = 24 > 0 for each i. Now the agents are already biased
towards one randomly drawn strategy at the start, to an extent that is controlled by the
parameter A, For A — 0 we return to the previous ‘tabula rasa’ initial conditions. For
nonzero values of A we find yet further surprising results if we measure, for instance,
the volatility o, the fraction of frozen agents ¢, or the distribution P(A) of overall
market bids, see Figs 1.7 and 1.8:

® Above the value for «, which we have come to believe marks a critical point, the
volatility and the fraction of frozen agents are not sensitive to initial conditions.
There the system appears to be ergodic, i.e. not confined to a restricted region of
conliguration space simply by initial conditions,

® Below this value for «, in contrast, both the volatility and the fraction of [rozen
agents are strongly dependent on initial conditions. The volatility o decreases with
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Fig. 1.8 Statistics of the overall bids A(¢) as measured in numerical simulations, for S = 2 (two strategies
per agent) and M = 5, but now recorded in the low volatility state (following highly biased initial strategy
valuations, with A = 10). The simulation data are plotted as histograms, and are shown together with Gaussian
distributions (dashed) of width and average identical to those of the observed P(A) (note the different scale of

the horizontal axis, compared with those in Fig. 1.2, where we had A = 0).

increasing A (i.e. biased initial strategy valuations lead to a lower volatility), but the
frozen fraction ¢ increases with increasing A (i.e. biased initial strategy valuations
lead to an increase in the fraction of frozen agents).

® The different low «a curves for the volatility can be described nearly perfectly by
power laws, with ¢ ~ o~ /2 for small A (the high volatility branches) and o ~ ol/?

for large A (the low volatility branches).

® In the low volatility solutions (i.e. those that follow biased initial strategy valuations,
at small values of «) the overall bid distribution P(A) is Gaussian, in contrast to
the bid distributions that are observed in the high volatility solutions (which were

shown e.g. in Fig. 1.2).

The observed dependences of o, ¢, and the bid distribution P(A) on initial condi-
tions for small « are not just simple transient effects. Of this one can easily convince
oneself by further experimentation with different durations of simulation experiments
and different system sizes. It can also be inferred from the simple fact that at time
zero there cannot yet be any correlations between the strategy valuations and the
look-up table entries {Rfj‘}, so that at the start of the game one must always find the
random trading expectation values {A) = 0 and (A?) = 1, for any value of the bias A.
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Fig. 1.9 Simulation measurements of the volatility o (left) and the fraction ¢ of frozen agents (right). Here
we compare the curves found for true market history(full circles, data identical to those in Fig. 1.7) to the
corresponding measurements for “fake” history (open circles), with all other definitions. initial conditions, and
control parameters in the MG remaining the same. We see that the differences between real and fake history

are surprisingly small.

Our conclusion must therefore be that for low « there are multiple macroscopic states,
from which the system picks the one to which it is confined by the initial conditions.
MG does appear to have a genuine non-equilibrium phase transition® at some critical
value a, and is no longer ergodic for & < a.

1.3.5 Real versus fake memory

A final and peculiar (and above all mathematically helpful) piece of information sur-
faced when, it seems just out of curiosity, a modification of the original MG rules
(1.1)~(1.3) was proposed, whereby rather than the true market history {sgn[A(f —
M), ..., sgn[A(f — 1)|} one provides all agents at step ¢ of the game with a random
string of M binary numbers (i.e. ‘fake’ market history). This simplifies our equa-
tions considerably, and turns the process (1.1)—(1.3) into a Markovian one.? If we
define p = 2M with p = aN, and write the look-up tables R as binary vectors
12 L R") € {—1,1}*, we find for this ‘fake history’ MG version

Pia(£+1) = pia(£) — A(¢) Ry, (1.9)

1 Strictly speaking, true phase (ransitions arc found only when N — oo For finile system sizes one does expect
ergodicity to be restored, bul only on timescales that diverge with N

2 Markovian processes are stochastic processes where the probability to find a microscopic state at step £ + 1
depends only on the microscopic state at step £, not on the states at earlier lime sleps.
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Fig. 1.10 Here we show close-ups in the large o region of the data in Fig. 1.9. Since these simulations
are done in the ergodic region of the MG, where initial conditions are irrelevant, the variance in the data
corresponding to A € {0, 0.1, 0.5, 1, 10} in effect measures the error margins of our observations of
and ¢, for every value of a. We may conclude from these figures that for large o the macroscopic differences

between real and fake memory, although small, are still real and non-negligible.

N
_ ia:(0)
A(l) = N 2RM(£) , (1.10)
aj (E) = arg maXae{l,...,S}{pia(@}' (L.1D)
Here the 1(¢) are random numbers, drawn independently from {1, ..., p} with equal

probabilities, which define which of the p = 2M
of length M one draws at the different steps ¢.
At first sight, the consequences of this modification, see Figs 1.9 and 1.10, appear to
leave little of the earlier suggestion that the efficient intermediate o regime of the MG
might reflect the agents developing true expertise and learning to predict the market

on the basis of historical market data.

possible binary ‘fake history’ strings

® Upon simulating the modified ‘fake history’ MG process one observes nearly the
same curves for the volatility o and the frozen fraction ¢ as those corresponding to
the original MG, including the efficient regime with ¢ < 1, in spite of the fact that
the agents now take their decisions on the basis of ‘historical’ market data, which
are in fact pure nonsense.

It would thus seem that the macroscopic behaviour of the MG market is not due to
accumulating expertise of agents, but reflects other complicated collective processes.
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Fig. 1.11 Top row: simulation measurements of the re-scaled total bids A (), as observed under exactly the
same conditions as in Fig. 1.2, but now with true market history replaced by ‘fake’ (i.e. random) data. Bottom
row: the corresponding distributions P(A) of these observed values (represented as histograms, and plotted
logarithmically), together with Gaussian distributions (dashed) of width and average identical to those of the

observed P(A).

For an efficient market to emerge, i.e. in order to find o < 1, it appears not to be
required for the agents to develop any understanding of the dynamics of this market at
all; it suffices that the agents themselves believe they do. The only essential ingredient
is that the agents all act upon the same public data, be these true or nonsensical.
Upon further reflection, however, this primitive view of the agents’ role has to be
moderated. Although the agents are obviously not learning to predict the time series
of the overall bid (since that is indeed purely random), they do apparently learn to
predict their competitors’ responses to external information, irrespective of the quality
of that information. This is the actual non-trivial ‘understanding’ of the market that
the agents in the MG achieve in the intermediate « regime, and which is responsible
for the low volatilities.
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Fig. 1.12  Here we show the relation between the values of the re-scaled total bid at successive iteration steps
in the simulations of the previous figure, in plots of A(¢) versus A(¢ — 1), but now with true market history

replaced by ‘fake’ (i.e. random) data.

In the low a regime one observes that the differences between real and fake history,
at least in terms of the values of ¢ and ¢, are of the same order of magnitude as the
accuracy of the simulations data. In the large o regime, in contrast (where, due to
the system’s ergodic behaviour, the different experimental curves obtained following
different initial conditions A provide us with an accurate estimate of the reliability of
the data), these differences are observed to be small but significant. See for instance
Fig. 1.10 for close-ups of the simulation data in the large o regime. The question
for which values of the MG’s control parameters, if any, the real versus fake history
scenarios, give truly (as opposed to nearly) identical results for the volatility ¢ and
the fraction of frozen agents ¢ will be discussed in more mathematical detail later, in
Chapter 8. For now, let us limit ourselves to collecting and showing also simulation
data for the overall market bid A(?) itself, by producing figures similar to our earlier
Figs 1.2 and 1.3, but now for simulations of the ‘fake memory’ version of the MG.
These figures suggest that for small « there are still no obvious differences between
the true and fake history MG in the observed statistics P(A) of the overall bid (for very
small M and small N, however, this will certainly be different). When plotting the
return maps of A(¢) versus A(¢ — 1) for small M, one does observe differences, with
the fake history MG exhibiting more regular behaviour (as might have been expected).

Atthe mathematical level, however, replacing the original equations with true market
history (1.1)—(1.3) by the ‘fake’ market history Markovian process (1.9)—-(1.11) has
significant implications. Markovian processes are in principle much easier to analyze
mathematically than models with explicit memory, so that in the ‘fake’ history version
of the MG we are much more likely to make progress using statistical mechanical
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techniques. In addition, in the fake history version of the MG we will no longer be
restricted to choosing values for the main control parameter o which are of the form
a = 2™ /N with M and N integers, but we can now take any value of the form
a = p/N with p and N integers.

1.4 A preview

The rest of this book is devoted to the statistical mechanical analysis of the processes
defined by the harmless looking equations (1.1)—(1.3) or (1.9)—(1.11), and some of
their generalizations and variants, for large values of the system size N. To be specific:
we will analyze our MG versions in the scaling regime where N — oo for finite values
for the ratio @ = 2 /N of the number of possible ‘histories’ divided by the number
of agents. This is not a trivial exercise for mainly the following three reasons:

Obstacle 1: memory
The standard MG defines a non-Markovian process, due to the dependence of the
microscopic laws on the global history of the market. The history parameter M
(the number of time steps backward in time that influence any given iteration) will
diverge as N — oo (where N is the number of agents in the game), via 2" = a.N.
Hence the history cannot be eliminated by a simple finite enlargement of the set of
local microscopic variables.

Obstacle 2: frozen disorder
The MG contains frozen disorder, being the microscopic realization of the random
look-up table entries {Rff} that define the agents’ strategies. The total number of
such random binary entries equals aSN2. We obviously cannot expect to be able
to solve the MG equations for any given realization of this disorder.

Obstacle 3: no equilibrium
Unlike most physical systems, the microscopic laws of the MG do not obey detailed
balance (i.e. the present model will exhibit microscopic probability currents in the
stationary state), and hence the MG does not evolve to microscopic equilibrium.
Worse still: we will find that the MG equations in fact have runaway solutions. This
in principle rules out all the methods of equilibrium statistical mechanics; even in
order to understand the stationary state, we have to solve the dynamics.
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As we have seen, as a first step we may well replace the true market history in the origi-
nal MG by (randomly and uniformly drawn) ‘fake’ market history, provided we accept
in doing so that this modified Markovian version of the MG might behave slightly
differently than the non-Markovian original. This replacement would at least elimi-
nate obstacle one.” In the next chapter we will first prepare the stage for our statistical
mechanical analyses, by deciding on the precise (generalized) MG definitions that we
will mostly be working with, by inspecting in more detail the relevant time scales and
the statistical properties of our MG processes, and by re-phrasing our equations in
probabilistic language.

3 In the same spirit some authors proposed a further modification of the MG in order to ‘define away” also obstacle
two (the frozen disorder), by replacing the independent random strategies by a more convenient set, which allows
for the division of the agents into groups which have either effectively identical, anti-correlated, or un-correlated
strategies, This, however, would not only take us oo far from the original model, but it is also unnecessary, since (as
we will see) appropriate mathematical tools are available to deal with the frozen disorder.
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2. Preparing the stage for statistical
mechanics

We seem to have collected most of the information needed to launch a statistical
mechanical analysis of the MG. We have established that the key control parameter in
the MG should be o = 2 /N, and that for finite & we may expect the limit N — oo
to give well-defined statistics for the overall bids A(¢). We know which quantities to
inspect, e.g. the volatility and the fraction of frozen agents. However, there remain
issues that have not yet been resolved, such as the scaling with /V of the characteristic
timescales of the process (which do influence theory and simulations); these will be
dealt with in the present chapter.

2.1 Generalized definition of MG

Before starting our calculations, however, it will be advantageous to generalize our
definitions (1.1)—(1.3) slightly. Firstly, we would like to have a formulation which
allows us to interpolate between the original equations (1.1)—(1.3) and their ‘fake
history’ counterparts (1.9)—(1.11), to prevent unnecessary repetition of derivations
later. Secondly, we would like to allow for the possibility that agents at times act
somewhat irrationally, by not always selecting their best strategy (although on average
they generally will). This appears more realistic, and will also turn out to produce
interesting and at times counterintuitive effects. Finally, it will sometimes prove helpful
in our analysis to complement the definition A(¢) of our overall bid by an external
term A ({), reflecting e.g. external perturbations or actions by market regulators, and
similarly to complement the agents’ strategy valuations by external perturbation terms
(which will allow us to define response functions later).

From now on we will employ the notation conventions that, unless stated otherwise,
all summations over Roman indices will run over the set {1, ..., N'}, all summations
over A will run over the set {—1,1}* (where 2 = o), and all summations over
Greek indices will run over the set {1,...,p} (where p = aN).
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2.1.1 Generalized MG without decision noise

As before, we imagine having N agents, labelled by i« = 1,..., N. At each iteration
step £ € {0,1,2,...} of the game, each agent ¢ submits a ‘bid’ b;(¢) € {—1,1} to the
market. The (re-scaled) cumulative market bid at stage ¢ is defined as

N
A(l) = \/%Zbi(é) + Ac(0). 2.1)
=1

Profit is assumed to be made by those agents who find themselves subsequently in
the minority group, i.e. when A(¢) > 0 by those agents ¢ with b;(¢) < 0, and when
A(¢) < 0 by those with b;(¢) > 0. Each agent 7 determines his individual bid b;(¢) at
each step £ on the basis of publicly available external information, which the agents
believe to represent historic market data, given by the vector A(¢, A4, Z) € {—1,1}M:

sgn[(1 — Q)A(L — 1) + CZ(¢,1)]
A, A, Z) = : . 2.2)
sgn[(1 — Q)A(L — M) + CZ(¢, M)]

The numbers {Z(¢,\)}, with A = 1,..., M, are zero-average Gaussian random
variables, which represent a ‘fake’ alternative to the true market data. M is the number
of iteration steps in the past for which market information is made available to the
agents. We define o« = 2M /N, and take « to remain finite as N — oo. The mixing
parameter ( € [0, 1] allows us to interpolate between the extreme cases of strictly
correct (¢ = 0) and strictly fake ({ = 1) market information. We distinguish between
two classes of ‘fake history’ variables

consistent : Z({,\) = Z(¢ — \), (Z(0)Z(l)) = K>S, (2.3)
inconsistent : Z(¢, \) all independent, (Z(£, \)Z(£,\)) = k250 0xx. (2.4)

We note that equation (2.4) (which is the version actually used in producing e.g. Figs
1.9 and 1.11, with ¢ = 1) does not correspond to a consistent pattern being shifted
in time, contrary to what one ought to expect of a string representing the time series
of the overall bid, so that the agents in a real market could easily detect that they are
being fooled. Hence equation (2.3) seems a more natural description of fake history.
Although still fake, it is at least consistently so.

Each agent has S trading strategies, which we label by a = 1, ..., S. Each strategy
a of each trader 7 consists of a complete list R* of 2 recommended trading decisions
{Ri2} € {—1,1}, covering all 2M possible states of the external information vector
A. We draw all entries { R{} randomly and independently before the start of the game,
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with equal probabilities for -£1. Upon observing history string A(¢, A, Z) at stage £,
given a trader’s active strategy at that stage is a;(£), the agent will simply follow the
appropriate instruction of his active strategy and take the decision b;(f) = Ri\”&f@; 2)
To determine their active strategies a;(£), all agents keep track of valuations p;,(¢),
which measure how often and to which extent each strategy a would have led to a
minority decision if it had actually been used from the start of the game onwards.

These valuations are updated continually, via*

pm{{" + 1) = piu(f) - \/%A(é)Ri\u{é’,/‘i,_Z)' (25)

The factor 7j represents a learning rate. If the active strategy a;(£) of trader i at stage £
is defined as the one with the highest valuation p;, (¢) at that point, and upon defining
Falt, A, Z] = VaN dx aq,4.7). our process can be written as

Pia(t+1) = pia(6) — ZR ¢, A, Z), 2.6)
ALY — ¢ SN pyialf) 3
A(l) = A (8) + WELZ{RJ‘ Y E\L, A, 2, .7
ai(t) = arg  max_ {pia(£)}. (2.8)

ac{l,....5}

We note that (aN)™!'3",1 = (aN)"1 37, F3[¢, A, Z] = 1. We return to the MG
versions that were studied numerically in the preceding section, upon putting A.(¢) —
0 (no external perturbations) and 7 — 1. The standard MG is then recovered for { — 0
(i.e. true market data only), whereas the ‘fake history’ MG is found for { — 1 (i.e.
fake market data only. of the inconsistent type (2.4)).

Two generalization are still to be implemented: adding time-dependent perturbations
to the individual strategy valuations {p;,(£)}, and the introduction of agents’ decision
noise. Both could have been done for an arbitrary S in the present section, but find
somewhat less messy implementations for S = 2.

2.1.2 S=2, decision noise and valuation perturbations

Henceforth we will restrict ourselves mostly to the simplest case .S = 2, where each
agent has only two strategies, so a € {1,2}, since we have seen in Chapter 1 that

4 Tn all our definitions so far the agents behave as *price takers’, i.e. they do not take into account their own impact
on the global bid A(¢). In Chapter 7 we will inspect an MG version where this is no longer the case,
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the choice made for .S has only a quantitative effect on the behaviour of the MG. Our
equations can now be simplified upon introducing the new variables

1
¢ () = 5[]%1(5) — pi2(0)], (2.9)
w' = %[R“ +R7, ¢ = %[R“ - R", (2.10)

and Q@ = N~Y/23" w'. Our previous rule a;(¢) = arg max,{pia(¢)} for selecting
active strategies reduces to a;(¢) = 1if ¢;(¢) > 0 and a;(¢) = 2 if ¢;(¢) < 0 (with
coin tossing to break ties). Thus, the bid of agent ¢ at step / is seen to follow from

A 1. . 1 . .
RO = JR - R+ sanfas(O)[R + R
= w' + sgn[q; (0)]€". (2.11)
The above S = 2 formulation is easily generalized to include decision noise. We
simply replace sgn[g;(¢)] — o[q;(¢), z;(¢)], in which the {z;(¢)} are independent
and zero-average random numbers, described by a symmetric and unit-variance dis-
tribution P(z). The function o[g, z] is taken to be non-decreasing in ¢ for any z,
and parametrized by a control parameter 7" > 0 such that o[q, z] € {—1,1}, with
limp_o o[g, 2] = sgn[g] and limp_. [ dz P(z)o(g, z] = 0. Typical examples are
additive and multiplicative noise definitions such as
Additive : olg, z] = sgnlqg + T'2], (2.12)
Multiplicative : o[q, z] = sgn[q] sgn[1 + T'z]. (2.13)
T measures the degree of randomness in the agents’ decision making, with 7' = 0

bringing us back to a;(¢) = arg max,{pi.(¢)}, and with purely random strategy
selection for T = co. The distributions P(z) chosen mostly in literature are

Gaussian : P(z) = (2r)~/2e1/%%° (2.14)
Boltzmann : P(z) = éK[l — tanh?(K 2)]. (2.15)

The value of K in equation (2.15) follows from the requirement [dz P(2)2% =1,
giving K = {1 [dz 2?[1 — tanh?(2)]}*/? ~ 0.907. It turns out that in our theories
we will in practice only need the averages

old = / dz P(2)olq, 2], (2.16)

It follows from our definitions that the function (2.16) has the following properties:
o[—q] = —olq], limr_ o[q] = sgnlq], limr_. o[¢] = 0, and do[|q|]/OT < 0. For
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additive noise (2.12) we also know that lim,_, 4+~ o[q] = £1. For multiplicative noise
(2.13) we find that o[g] will be of the form

multiplicative : o[q] = sgn[q] A(T), X(T) = /dz P(z)sgn[l +Tz]. (2.17)

Here \(T') € [0,1], with A(0) = 1, A(c0) = 0 and d\(T")/dT < 0 forall T > 0.
For the four combinations defined by the standard choices (2.12), (2.13) and (2.14),
(2.15) the integrations in equation (2.16) can be done without much difficulty, and the
function o|g] is found to be

Gaussian Boltzmann

Additive olq] = Erf[715] olq] = tanh[%4] (2.18)

Multiplicative | o[q] = sgn[q] Erf [%ﬁ] olq] = sgn[q] tanh[L]

Upon translating our previous microscopic laws (2.6) and (2.7) into the new language
of the valuation differences (2.9) for S = 2, we find that now our MG equations close
in terms of our new dynamical variables {¢;(¢)}, so that the perturbation of valuations
can be implemented simply by replacing g;(¢) — ¢;(¢) + 6;(¢), with 6;(¢) € R. Thus
we arrive at the following closed equations, defining our final generalized S = 2 MG
process

G0+ 1) = a0) +0,) = 5= 3B AZIAQ), 2.19)
A

1 1 i
A(é) = Ae(f) + \/ﬁ ; {Q)\+ ﬁ ; O-[Qz(g)a ZZ(E)}f)\}f)\[f, Av Z]a (220)
Fall, A, Z] = VaN 6xaw,a,2) (2.21)

with the information vector A € {—1, 1} as given by equation (2.2). The values of
the overall bids { A(¢), Z(¢, k)} for £ < 0 and of the valuation differences ¢;(0) play
the role of initial conditions.

2.2 Timescales and nature of microscopic fluctuations

In order to appreciate the scaling with NV of the relevant timescales and of the micro-
scopic fluctuations in the MG, we will now study in more detail the stochastic process
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for the simplest case, i.e. S = 2 and inconsistent fake history. Hence we put { = 1 in
equation (2.2), we choose fake history (2.4), and we remove the external perturbations
{6;(€)} and {Ac(¢)} from the process (2.19)—(2.21). Let us also write the state vector
and the vector of decision noise variables at step £ as q(£) = (qi1(£),...,qn(f)) and
z(f) = (z1(£),....zn(£)), respectively. Since for ( = 1 and for inconsistent fake
history the vector A({. A, Z) will take each of its &N possible values randomly,® with
equal probabilities, we make the following changes in our notation (with p = a/N'):

Ae {11} - pe{1,....p}, (&) — (€"0)), X&LAZ) — u(0)
with the random numbers p(¢) drawn independently from {1, ..., p} at each step ¢,
with equal probabilities. We will also define A*[q,z| as the overall bid that would
result when u(¢) = p and z(¢) = z. and when the system state is q. All this simplifies
equations (2.19)—(2.21) to

gt +1) = gi(f) - %5;.“‘7”‘4““3‘ [a(6),z(¢)). (2.22)
_ ;-

Allq,z] = Q, + — ] ot 2.28]
[q,2] = Q, \/FLU[Q. & (2.23)

i
There are two sources of stochasticity in this Markovian process (2.22) and (2.23):
the zero-average decision noise variables z;(#) with {z;(#)z;(#')) = 6;;04¢, and the
statistically independent ‘fake history’ integers u(£) € {1,...,p}.

2.2.1 Temporal regularization

It is straightforward to translate the process (2.22) and (2.23) into the language of mi-
croscopic probability densities p¢(q), where py(q)dq gives the probability of finding
the state vector at stage ¢ of the game in an infinitesimal volume element dq = [ [, dg;
located at point ¢ € R, The resulting equations involve a microscopic transition
probability density operator W(q|q') > 0, which describes the averaging over the
random numbers {z;(£), pu{{)}:

pesr(Q) = / do’ W(ald)pe(d), (2.24)

PN B i 7 : .
Wdd) =3 / dz P(z) ] & [m ~d+ o=t A g (225)

u=1" ; Ve
with the short-hand P(z) = [, P(z;), and where 6| denotes the d-function (see
Appendix A). The quantity W (q q')dq gives the probability of finding the state vector
5 Note that for consistent random history (2.4) and ¢ = 1 this would have been different: there would only be

two allowed values for the history string A(£, A, Z). the lwo options being detlermined by the previous history string
AMe—1,A.7).
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in an infinitesimal volume element dq = [[, dg; located at point q € RY, given that
at the previous iteration step of the process (2.22) and (2.23) the state vector took the
value q'. The solution of equation (2.24) is

mm:ﬁww%wm@y (2.26)

Here powers of the transition kernel W(q|q') are defined in the usual manner, via
W(ald) = [dq” W (ala")W(q"|q).

Our next objective is to carry out temporal coarse-graining, and transform the present
discrete-time dynamics to a new continuous-time process with an appropriately re-
scaled continuous time ¢, which remains well defined in the limit N — oco. To do so we
may use an established procedure for Markovian processes, and define the duration of
each iteration to be a continuous random number, the statistics of which are described
by the probability 7,(¢) that at time ¢ precisely £ > 0 updates have been made. Our
new continuous-time process then becomes

pi(@) =Y me(t)pe(a) = D m(t) / dq’ W*(ala')po(d'). (2.27)

>0 >0

For 7y (t) one chooses the Poisson distribution 7,(t) = %(t/AN)ze*t/AN. Here Ay
gives the average duration of an iteration step, and the relative uncertainty in the value
of £ ata given t € R follows from \/(¢2)r — (£)2/(¢)r = \/An/t. The introduction
of random step durations according to this procedure thus only introduces uncertainty
about where we are on the time axis, which will vanish at the end of the calculation,
provided limy_.o, Ay = 0. Upon taking the time derivative of equation (2.27), we
find that the convenient properties of the Poisson distribution under temporal deriva-
tion, i.e. oy (t) = Ant[me(t) — meya(t)] and dro(t) = =A™ 7o(t) lead us to an
elegant and simple continuous-time process:

i) =X 75 [ aa W e imia)
= o) + Ai > " fme-a(t) — mo(t)] / dq’' W*(alq)po(q')

A
N N >0

- {/dq’ W(q\q’)pt(q’)—pt(q)}~ (2.28)

AN
The advantage of the above regularization procedure is that is delivers a continuous
time formulation of our MG process for any value of N. The continuous time limit
and the limit N — oo have thus been disconnected.
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2.2.2 Kramers—Moyal expansion and timescaling

It will prove advantageous to expand the so-called master equation (2.28) in powers of
the learning rate 7). This implies expanding the transition kernel W(q|q') (2.25) in a
Taylor series. Upon defining the short-hands €* = (&1, ..., &X;), this series becomes

W(dld')= Z/dzP [q—q’+ \/%E“A"[q’,zq

u 1
ni+-+ny o ~ HAR oy n;
Z/dzP 0"l — )y () V) A )
- 7nN>0 gy -+ - Oqy p
=0 Nk/2 o nile--ny! 8q?1 . 8q?[N
1 @ .
<23 [ Py aria ) [T 29)

We see that the k& = 0 term in the expansion (2.29) equals simply d[q — q'], so that
insertion of equation (2.29) into the master equation (2.28) results in the following
so-called Kramers—Moyal expansion

d

@ =2 [Lepl (@) (2.30)

k>1

with the operators

~k

0 , oF
n k7Z'nl
L = "

p
x 1 p(a) Ajlva(ﬁl) -(fj“v)””/dzP(z)(A“[q,z])’f . @230
pn=1

If we integrate equation (2.30) over all {¢;} except one (say: i), we similarly find
the expansion for the corresponding single-particle process, with p;(gx) denoting the
marginal distribution p;(g) = [ dgi - - - dgr—1dgk+1 - - - dgn pe(q) and with (- - -)|g,
denoting an average over pi(q1, - - -, Qk—1, Qk+1; - - - » AN |qr) = Pe(Q) /Pe(qr):

J)

 pula) = pA"N;’qk{p qk[ Zak [z P a2
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Jj

s 2
P Ly [ ,
+ - dz P(z){( A
2pAn Oqi {p(%) [N (&) ‘ z P(z)((4"a.2])%)

M

_."3 ‘)3 -I , ’ .
+ 6;4«- I?? {p(qw [WZ(@J / dz P(z)((A"[q,2])") ql }
+ 07t (2.32)

We note that the first line of expansion (2.32) is the so-called flow term, which more
or less controls the location of the centre of the distribution p; (g ), whereas the sub-
sequent terms control the fluctuations. For short times, and for the initial conditions
normally envisaged for the MG there will be no O(1) correlations between the quan-
tities [ dz P(z)((A”[q,2])")|,, and &, so that

_ {O(ﬁ) for » odd
i O(

(2.33)
N) for r even.

>y [ da P@(A"iaz))

I

We will choose these scaling properties as our general ansatz. We are then automat-
ically led to the choice Ay = O(N 1), since this immediately ensures that the first
and the second line of equation (2.33) will be of order O(NO) (and hence remain well-
defined in the limit N' — co). The higher order terms of the expansion are seen to be of
vanishing order in N. The choice Ay = O(N_l) also ensures that limpy_o Ay = 0,
which was the requirement underlying our time regularization procedure.® In accor-
dance with the accepted convention in literature, we will also en passant pick up some
further distracting terms (to find shorter equations later) and define

Ax = 7j/2aN. (2.34)
The single-particle expansion ( 2.32) thereby becomes
d 7]

) = o {Pr k) L/ﬁsz; ./(lz P(z)(A"q, J)qk”

&P N
*”a;{ ¥ S fan Paatia H

‘ /18

1
0 (;\ ) (2.35)

% The alternalive to equation (2.33), expected 1o becorne relevant [or pathological initial conditions, would imply
having (V') scaling for both  even and + odd in equation (2.33). With Ay = @(N—!) this would reveal itself in
a diverging flow term. which can be understood to reflect the system eliminating structural predictability on a much
faster imescale than accidental predictability.
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Both flow and diffusion terms are of order O(NY), and higher orders vanish as N L.
The fluctuations of individual components ¢g; are therefore Gaussian in the limit
N — o0.

Having determined the canonical scaling with N of the average duration of indi-
vidual iterations of the MG, via equation (2.34), we now find the various terms (2.31)
in the full N-particle Kramers—Moyal expansion (2.30) reducing to

Ok,3>, ns ok
[Lkpl(a Nk/QZ Z M!L(&) (&)™ o o

Bomi,.ny>0

«{pta) [aa P (a2} 2.36)
We may write this, equivalently, in the alternative form
2) ~k—
(L (a) = 2T > < RN ) {a) [a Pt |

(2.37)

Although equation (2.35) tells us that for N — oo the individual components of
the state vector have Gaussian fluctuations, one finds that the cumulative effect of the
k > 2terms in the expansion (2.30) cannot simply be neglected, since also the number
of components ¢, diverges with N. This can be seen more clearly in (2.37) than in
equation (2.36). If, for instance, we work out the evolution of averages of observables
f(q), by insertion of equation (2.30) and integration by parts, we find

d
i =1 [ das@y ng;/qu L pd (@)
~k. k
:2;;17"]“!/61(”0 )ZM: <N1/2¥££‘5%> {p(q) /dz P(Z)(A“[q,ZD’“}
=k
- 22( k"') 3 </dz P(z)(A"[q, 2 Zg > (2.38)
E>1 ’ I

For simple observables suchas f(q) = N~' 3", ¢;¢?™ (with finite ) one has (N ~1/2

S el e V¥ f(q) = O(N—*/2), and hence the & > 2 terms in our expansion will
be of vanishing order. In contrast, for observables that are dominated by fluctua-
tions (such as those in the MG), this need no longer be the case. Let, for instance,
fl@) = N7V232,Gg™+ ! = O(N). Now we find (N2 30, ¢ 2)k f(q) =
O(N~*=1/2) and therefore also the k = 3 term could for N — oo in principle still
contribute to the process.
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2.2.3 The Fokker-Planck truncation

If we concentrate on only the first two terms k¥ = 1 and k£ = 2 of equation (2.36) for
the N-agent process (2.30), and insert definition (2.23) of A*[q, z], we end up with a
Fokker—Planck equation:

2
W =3 g (@) + 5 3 g (@) - 239
i ! ij
with

%Fiq \ﬁZg“/dzP { Z olas, 2] }

J

L. Z(si €))7lg;), (2.40)
%Mij Zgﬂgﬂ /dz P(z ){Qu—l—\/1N;0[qk,zk]££}2
77 2
- zu:fé‘ﬁf{ﬂu + > ol )
LS el S ()21 — 0} (2.41)
0 k

and with the function oq| as defined in equation (2.16). In our expression (2.41) for
the diffusion matrix elements of the Fokker—Planck equation we recognize the two
distinct sources of fluctuations in the MG: the second term, which vanishes for 7" — 0
reflects mostly the decision noise in the process, whereas the first reflects the noise
due to the random selection of the fake history variables ji(¢).

We note that the two expressions (2.40) and (2.41) are exact, but that the issue of
whether or not we will be allowed to truncate the Kramers—Moyal expressions after
the first two terms in equation (2.39) has not yet been settled. We will prove in Chapter
5, using more advanced methods, that this is indeed allowed in the limit N — oc.
Furthermore, since the diffusion matrix (2.41) is still dependent upon the microscopic
variables g, even the truncated process (2.39) remains quite non-trivial.

2.3 Overview of MG versions to be analyzed

We are now in a position to state explicitly which MG models will be studied in the
rest of this book, and how they are related. They will increase steadily in complexity,
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reflecting our increasing confidence and ambition as we go along, dealing in stages
with the three technical obstacles that we identified earlier: the disorder (the randomly
drawn strategies), the non-equilibrium nature of the dynamics (no detailed balance
in the stationary state), and the non-Markovian nature of the process (via the market
history). Most of our MG models will have S = 2 (two strategies per agent), and
all are variations on the two basic sets of formulas (2.19)—(2.21), where we allow for
true market history, and (2.28) and (2.34), which are the continuous time limits of
(2.22) and (2.23) (for fake history only). All models below will be analyzed in the
limit N — oo, with o > 0 fixed:

Chapter 3: Fake history MG—stationary state(s) in absence of fluctuations
Here we first study a simplified version of equations (2.28) and (2.34) where we
neglect all fluctuations, i.e. we truncate the Kramers—Moyal expansion after the first
term. This gives

d
%M = —“Zlg“/dzp “la(t), z], (2.42)
1
Allq,z] = Q + i Z olai, €L (2.43)
1=1

This simplified process has neither history nor fluctuations, but has retained the
disorder. In Chapter 3 we carry out a pseudo-equilibrium analysis of the stationary
state(s) of equations (2.42) and (2.43), based on replica theory. This is found to
work only above the critical value of «, in the ergodic regime.

Chapter 4: Fake history MG—deterministic discrete-time (batch) dynamics
The next stage is to study the dynamics directly, initially again for a simple history-
free MG version similar to equation (2.42) and with A*[q, z] again given by equation
(2.43), but now with discrete time and with the decision noise fluctuations included
(i.e. we no longer average over the variables z):

qi(t +1) = qi(t f Zé“A“ 2 (t)]. (2.44)

The advantage of discrete time is that it allows us to introduce and apply the for-
malism of generating functional analysis, and to obtain exact dynamical solutions
of our MG models (formulated for correlation and response functions, and in terms
of a single ‘effective agent’) in the ergodic and in the non-ergodic regime, without
as yet having to involve path integrals.
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Chapter 5: Fake history MG—stochastic continuous-time (on-line) dynamics
The natural next stage is to return to the original MG with fake history, and solve
the full stochastic dynamics (2.25), (2.28), and (2.34) with all fluctuations included,
1.e. to return to the stochastic version of (2.42) and (2.43):

%pt(q) = 1N{/dq’ W(ald')p:(a') —pt(q)}, (2.45)

N

W(q|d') = N Z / dz P(z 11 ) [qZ q + \/n—NSZ“A“[q’, z]] , (2.46)
with Ay = 77/2aN. This continuous-time process includes randomness due to the
fake history realizations and the decision noise. Its generating functional analysis,
leading again to exact closed dynamical laws for correlation and response functions
in terms of a single ‘effective agent’, will now involve path integrals. In the limit
1 — 0, i.e. for zero learning rate (where all fluctuations will vanish), the process
(2.45) and (2.46) reduces to (2.42) and (2.43).

Chapter 6: A study of the overall bid statistics in the previous models
This chapter rounds off the analysis of the more conventional MG versions, as
studied in the previous chapters, by calculating the distributions P(A) of the overall
bids, and by inspecting their dependence on having finite sizes N or finite relaxation
times in the process.

Chapter 7: Fake history MG—batch models with new transition types
Here we inspect two variations on the basic batch MG, which show phase transitions
that are qualitatively different from those in the previous models. In the first we allow
the agents to (partially) correct their strategy valuation updates for their own impact
on the market: we replace A(¢) — A(¢) — pN—V QRZI("Z()@. This gives, again with
definition (2.43):

p
Gt +1) = ailt Zs“{A“ 0] = [t ol z )]}
(2.47)
In the second model we allow agents to play linear combinations of their strategies,
rather than pick their best. Here one is led to a linear theory. If we subsequently re-

store non-linearity by imposing a spherical constraint on the microscopic variables,
we obtain a so-called spherical batch MG:

(14 A+ D]g(t+1) = gt \ﬁ Zg“ AP[q(t)], (2.48)
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N
1
Atlql = Q, + — 1 2.49
1 “+\/N;q§ (2.49)

There is no decision noise, and the only nonlinearity is in global constraints >, ¢?(t) =
N2 (for all t), which determine the Lagrange parameters \(t).

Chapter 8: Real history MG—stochastic continuous time dynamics
The most complex level in our hierarchy of analyses is a generalization of the
original non-Markovian game, with decision noise. Here the external information
fed to the agents interpolates between fake and real history:

Gi(t + An) = g;(t) — 2AnVa Z E\FAlL, A, Z]A(1), (2.50)
) = Al + = S {0t ia DIE Al A2,
aN A N i=1 A
2.51)
Falt, A, Z] = VaN o a,4,2), (2.52)

with the information vector A € {—1, 1} (where 2™ = a/N) as defined in equa-
tion (2.2), which is a controlled interpolation between real (¢ = 0) and and fake
(¢ = 1) market history. Here one finds again closed equations, but now involving
correlation and response functions relating to both an ‘effective agent’ and to the
evolving global bids themselves. When ¢ = 1 and A(t) = 0 for all ¢, this process
reduces to the Markovian process (2.45) and(2.46).

Chapter 9: Batch MG variations aimed at increasing economic realism
Finally we discuss two MG versions that aim to bring the model closer to real markets
by introducing agent diversity into the game. There are many such variations, but
only a few have so far been solved mathematically. In the first model one incorporates
‘trend followers’ into the MG, which are a fraction of agents who aim to make
majority rather than minority decisions, as well as non-uniform decision noise levels,
which gives

25
Gt +1)=qt) + —= Z e AFq(t), z(t)), (2.53)
1
Ablq,z] = Q, + i z; olqi, 21| T})E, (2.54)
where £; = —1 for the usual ‘contrarians’, and ¢; = 1 for trend followers, and T;

measures the decision noise level of agent 1.
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In the second model one relaxes the requirement that all agents must place a bid
at all times, by distinguishing between ‘producers’ (who must indeed always trade)
and ‘speculators’ (who only trade when there is a profit incentive). In its simplest
form (where all agents have but one strategy, and without decision noise) one finds
the following equations

9 alN
G(t+1)=q(t) —ei— —= > RIAF[q(t)], (2.55)
S
1 N
Al = — S 0[¢;|R™. 2.56
[ \/N; [4i] R (2.56)

Here the agents will trade only if ¢; > 0, and the variables ¢; € R control their
individual appetites for risk (one chooses €; = —oo for producers, so that the latter
will always trade).
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3. Pseudo-equilibrium replica analysis

The first serious attempt in literature at solving an MG model using statistical mechan-
ical techniques dealt with the simplest case of having fake and inconsistent market
histories, i.e. with ( = 1 in equation (2.2) and with equation (2.4) describing fake
history statistics, two strategies per agent (i.e. S = 2), and additive decision noise
(2.12). It employed a strategy that had in the past proved effective in the study of non-
equilibrium neural network models. The idea is to find a Lyapunov function H(q)
for the MG process, with q = (g1, . . ., gn ), which would allow one to determine the
stationary state properties via an analysis of the minima of H (q). This is mathemati-
cally equivalent to the ground state analysis of an equilibrium statistical mechanical
system, and hence allows one to use equilibrium statistical mechanical techniques af-
ter all. Although in order to apply this idea it was initially found necessary to neglect
all fluctuations in MG, including those induced by the random histories, the resulting
theory proved remarkably successful.

3.1 The Lyapunov function
3.1.1 Deterministic approximation of the process

Our starting point is the Fokker—Planck equation (2.39), i.e. we truncate the Kramers—
Moyal expansion (2.30) after the first two terms. Physically, this means that we assume
the weak non-Gaussian fluctuations in our process not to conspire to an O(1) effect
in the limit N — oo:

@ =% g dn@[S2 4 5 Y6 )l ]

2
' ;nz Gooe {mq) [+ e [z Pa) 40,2}’ } R

Clearly, the MG’s fluctuations scale as O(N?) for N — oo. This follows already from
the O(N?) scaling of the diagonal elements of the diffusion term in equation (3.1),
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even if we were to remove the decision noise. Thus the fluctuations of our process
will vanish only for 77 — 0.

Suppose that, in a first attempt at gaining some insight and against our better judge-
ment, we were to forget for now about exactness and simply neglect the fluctuations
altogether? We would then retain only the first term in equation (3.1), which describes
the following deterministic evolution of the variables q:

d €0 1 0
—qi = 2=+ = (& -§)olg] = — L(q) (3.2)
dt { JN N ZJ: } do(q;]

with, using the shorthand (2.23):

L) = 30§ Ot —= Y€l

-3 / dz P(z)A[q, z]}Z. (3.3)

Clearly L(q) > 0, i.e. bounded from below. For most of this chapter we will restrict
our discussion to the additive decision noise examples in equation (2.18), so that the
function L(q) will be also smooth and continuously differentiable. For multiplicative
noise the situation is different; here some form of regularization will be required, to
which we will turn at the end of this chapter.

From equation (3.2) it now follows, in combination with the inequality do[q]/dg >
0 (since monotonicity of o[g] was built into our decision noise definitions), that

, 2
) = Za’[qi]wq) dai _ Z o’ (4] [aL(q)] <0. (34

dt dolq] dt 0o qi]

The function L(q) is bounded from below, continuously differentiable (at least for
additive decision noise as in equation (2.18)), and its value is monotonically non-
increasing in time. It hence plays the role of Lyapunov function for the deterministic
equations (3.2). We conclude that in the absence of fluctuations, i.e. for  — 0, the
system’s evolution will be directed towards a (possibly local) minimum of the function
L(q), although not via strict gradient descent as would have been the case for the
deterministic limit of Langevin-type equilibrium systems with continuous variables.

3.1.2 Interpretation of minima and frozen agents

Upon reflection, the inequality (3.4) together with definition (3.3) make perfect sense
in the context of the MG: for  — 0, i.e. absent fluctuations, the system aims to
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suppress the noise-averaged magnitude of the overall bid, averaged over all possible
realizations of the fake information (i.e. of the variable 1). The lower bound L(q) = 0
(the ideal situation) would be achieved if

1
Vue{l,...,p}: Q“—l—mzj:ﬁfa[qj]—o. (3.5)

These represent p = aN disordered linear equations to be obeyed by NV real variables
{o[¢]}. Forlarge o one therefore expects equation (3.5) to not have a solution. Further
complications arise due to the constraints on the outcome of the function olg]|, viz.
olq] € [—1, 1], which could limit the potential for solving equation (3.5) even more.
More generally, we can say that equation (3.4) predicts evolution towards an asymp-
totic stationary state, which is the solution of a minimization problem with inequality
constraints, namely the conditions o[¢;| € [—1, 1] for all 4. This minimization problem
is solved using the method of Lagrange, i.e. from

. 0 0
Vie{l,...,N}: aqu( q) = AZ@THU[%] (3.6)
in which the {A;} denote the Lagrange parameters associated with the N constraints.
This, in turn, implies that the solution g must be one where the agents can be divided
into two distinct groups G4 and G g, characterized by whether their particular La-
grange parameter is non-zero (i.e. A; # 0, so the solution has o[g;] = +1) or zero
(i.e. A; = 0, so the solution has —1 < o[g;] < 1), respectively

GA:{Z"& [n+—25 q]béo} 3.7)

GB:{Z"& [Q+—Zgj q]}_o} (3.8)

Comparison with equation (3.2) and the definition (2.16) shows that group G4 must
consist of agents that at the relevant minimum of L(q) have do|g;]/dg; = 0 and
therefore values of ¢; that diverge linearly with time

i(t RN VI |
lim qi ) = —2{5\/N+N;(§i'€j)0'j} =v; #0 (3.9)

t—o0

with 0; = lim;_.o o[v;t] = sgn[v;]. Such agents apparently become fully devoted
to just one of their two strategies, in the course of time. With additive decision noise
they will never again change their active strategy during the game, and group G4
must therefore be identified with the population of ‘frozen’ agents as observed in our
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simulations. Only when the size of group GG 4 vanishes, should we expect to see a state
with L(q) = 0, i.e. with Zu{fdz P(z)A*[q,2]}? = 0.According to equation (3.5)
this ought to happen for small values of o, which is perfectly consistent with the data
given in Figure 1.6.

3.1.3 Conversion to a statistical mechanical problem

Our brutal decision to throw out all fluctuations in the evolution of q has already
proven surprisingly fruitful. Let us now attempt a quantitative analysis of the minima
of the function L(q). Since L(q) depends on q only via the quantities {o[g]}, it
makes sense to switch to the variables o; = o[g;] € [—1, 1] explicitly. We will write
o = (01,...,0n). We will also re-scale our Lyapunov function and define instead
H(o) = a~'L(q), to give us somewhat simpler equations later, so

H(a):iZ{Q#Jr;NZgyaj}?, oec[-1,1"V. (3.10)
1= j

Finding the minimum of a scalar function H (o), which is bounded from below, and
its dependence on control parameters such as «, is a familiar type of problem in
equilibrium statistical mechanics. There such calculations, which are equivalent to
finding the so-called ground state of a physical system in thermal equilibrium, with
Hamiltonian H (o) (which in physics specifies the dependence of the total energy of
the system on the microscopic degrees of freedom o), are carried out with the help of
the partition function Z and the free energy” F":

Z=Trge @)  Fp=_pllogZ. (3.11)

Here the operation Tr, (the ‘trace’) is defined as Tr, = f_ll . f_llda, since for now
we deal with additive noise only. Our Hamiltonian (3.3) scales as H (o) = O(V) for
N — o0, as required in statistical mechanical calculations. We may now define the
free energy per agent as fy = F'//IN, from which one obtains
1
lim fy =~ lim ——log[Try ¢ @] = min H(o)/N
gt I == it gy loe e e o2y 7/
P

1 { 2

— min - dz P(2)A"[q,7]} (3.12)

min >~ { [dz P#)Ala.2
pu=1

In the context of MGs we may obviously forget about any underlying similarities

with calculations of physical systems, if we wish, and regard equation (3.12) simply

7 Note that the variable 3 in equation (3.11) is not related to the inverse of the decision noise level T, in spite of

notational similarities with the temperature 7" and its inverse 8 = 1/7 in conventional equilibrium calculations in
physics.
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as a mathematical trick that allows us to calculate properties of minima of functions
without knowing the actual coordinates of these minima.

We now also see a second reason why it was appropriate to switch from the variables
q to the variables o. Since the set [—1, 1]V is finite and H (o) is bounded from below,
the trace in equation (3.11) is finite. In contrast, had we continued working with our
original variables q, we would have found ourselves with the alternative partition
function Z = [, dq exp[—gL(q)], which diverges due to the saturation of L(q) as
|gi| — oo, requiring us to introduce unnecessary and distracting regularizations.

Our expressions still involve frozen disorder, namely the realization of the randomly
drawn strategy look-up tables. To deal with this problem we focus in our analysis
on disorder-averaged quantities; such averaging will henceforth be denoted by ﬁ
Thus for large N we concentrate on the evaluation of 7 =limy_oo E, which can be
written as

f=—lim (3N)'log Z

N—o0

= — lim (3N) " log [Tro. o~ BT A ANVII T, 0} (313)
— 00

Apart from pathological cases, in statistical mechanical models of the present type the
free energy per particle (or agent) is normally found to be self-averaging in the limit
N — o0,i.e.dependent only on the statistical properties of the disorder {§2,,, £} rather
than on its detailed microscopic realization. From equation (3.13) we can now obtain,
provided the two limits § — oo and N — oo commute (which, again, experience
with similar models suggests)

2
E=lim f= lim min 12 {/dz P(z)Au[q,z]} . (3.14)
n

B—00 N—oo qeRN p

In a nutshell, the power of the statistical mechanical approach is that it allows one
to extract exact mathematical statements regarding macroscopic quantities without
knowing the outcome of the underlying microscopic process: we will be able to cal-
culate equation (3.14) and related quantities without solving equation (3.2).

3.2 Dealing with disorder: replica theory

Carrying out the disorder average in equation (3.13) is seen to require averaging the
logarithm of the trace of an exponential function of the original disorder variables
{Rj*} (withy =1,...,aN,i=1,...,N,and a = 1,2), which at first sight would
seem impossible to do analytically. The replica method resolves this technical problem
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by using the identity log Z = lim,,_.o n~! log Z®, which when inserted into equation
(3.13) gives us

Fo_ B/0) =, AV S, oy}
f=— lim lm nNﬁ log | Try ¢~ } . (3.15)

At this stage one makes a number of somewhat tricky but very powerful moves: one
(i) writes the nth power of Z as the product [ [|,_, Z (which strictly speaking would
be allowed only for integer n, whereas here we need n — 0), (ii) writes this latter
product as a single n-fold trace (by introducing n copies o of the original state vector
o), and (iii) interchanges the limits N — oo and n — 0. The result is®

f=—lim 15 hm — log Trgr - - Tron e~ /@) 20 C AWV T, s}
n—0mn

(3.16)

The point of this exercise is that in equation (3.16), in contrast to equation (3.15), we
can carry out the disorder averages (which will now simply factorize over the statis-
tically independent entries {Rff} of the look-up tables) and continue our calculation.
Henceforth Greek indices {«, 5} will be used to label the copies (or ‘replicas’) of the
system, and run from 1 to n.

3.2.1 Calculation of the disorder-averaged free energy

Upon inserting into equation (3.16) the definition of €2, as given below (2.10), and
upon linearizing the np squares in the exponential of equation (3.16) via Gaussian inte-
grals, i.e. inserting e1/2*" = [ Dz e*# with the short-hand Dx = (27)~1/2e~(1/2)2*
we obtain

- 1
= — i — H
f TIL% nh N hm log /H [Dzh]

8 This mathematical procedure regarding the variable n could be (and often is) phrased in terms of analytical
continuation from integer to real values of n (using convexity properties of f to guarantee uniqueness). However, in
practice it is only possible to do this analytical continuation carefully for trivial cases. Yet, since its conception, the
replica method (including the interchanging of the N — oo and n — 0 limits) has been applied with remarkable
success to many different problems, and has been shown by various mathematical means to be much more trustworthy
than it was initially thought to be. A proper discussion of replica theory would unfortunately bring us too far away
from the present subject (for this I refer to appropriate specialized literature). Furthermore, our main mathematical
tool for solving MG in subsequent chapters will not involve replica theory. Finally, choosing the notation o (which is
already in use to denote the ratio 2 /) for labelling the product of partition functions seems illogical, but reflects
our desire not to deviate from established conventions in literature.
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 Trgn « - Tron @ O/D) P E, 5, ok 5, ) +€505] } ' (3.17)

We now restore the definitions (2.10) of {w!',¢!'}, ie. ! = §(RI + RZ) and ¢!' =
3(Ri!l — Ri2), and carry out the disorder average

CRRRICLILED S0 SPE D SN R

— ol(B/20) 23, 50 RV S wh(14+05) Gi(B/2p)1/2 30, 32, RIZ S, wa(1—0F)

_ j[M[ {cos <§)> v S+ o) (fp)m > an(i - cf;’“)] }

— H e~ (B/Ap) [,z (1+05)]2=(B8/4p) [, 24 (1—0f)]*+O(N 2)
Ju

COSs

— H o~ (8/20) 5 ahaf[14+(1/N) 32, 0507 | +O(1/N) (3.18)
w
The (9(%) finite size correction term in the exponent is seen not to survive the limit

N — oo in equation (3.17). Thus, with x = (z1, ..., x,), expression (3.17) becomes
(see Appendix B for multi-variate Gaussian integrals)

- o1 1
f= —}Llir%)w]\}gnooNlog{Tr,,l---Tran

[/ ( d;(/z e (1/2) s s (Sap+(B/)[1+(1/N) I, U;‘Ufl)]p}
2m)n

~ lim = lim 1log{Tr,,1...Tr,,ne(p/2> logdet[”(ﬁ/am(“)l}. (3.19)
N

n—0 nﬁ N—oo

Here 1 and D(o) denote, respectively, the identity matrix in R", and the n X n matrix
with the following entries

1 o 8
Dap(0) =1+ ;aj ol (3.20)

The only object in equation (3.19) which involves the microscopic variables {o{'},
in the relevant orders in NV, is found to be the n x n matrix with elements ¢,3 =
N7y j a?aj (the usual object to play the leading role in replica calculations). This
matrix is isolated from expression (3.19) by inserting the following representation of

unity
1 «
1= H/dq(m 0qap — NZU]-O'?].
af J

If we write the above §-functions in integral representation, using §[z] = [(d2/27) e!**
(thereby generating n? new integration variables, to be called §,s), use boldface
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symbols for the n x n matrices q = {qas} and qag = {Gap}, and finally write the
n X n matrix with all entries equal to 1 as E (so E,3 = 1 for all a, 3) we obtain the
following expression

1 dadq N[5, , desgas—(1/2)alog det[1+(3/) (B+q)]]

n—~0 nﬁ N—oo N

: 5 a B
X Tra_l e Tro_neilzj Za,@ 4op0; 0

1 1 N
— — lim — lim —1 q eN¥la,a]+0(log N) 21
tny 5 i, 1o dadae 321

with

N - 1
V[q,q] =i angqaﬁ - §alogdet I+ g(E +q)
af
+1og Try, . g, € 2as G070, (3.22)

In the limit N — oo the integral in equation (3.21) over the matrices q and q can be
evaluated by steepest descent® (see e.g. Appendix A for definition and origin of the
saddle-point method), and we obtain an appealing result in which we just need to find
the relevant extremum (saddle-point) of the function (3.22), and subsequently analyze
the behaviour of this extremum for n — 0:

- .1 .
f=- 711136 @ex‘crq,q Vlq, q]. (3.23)

3.2.2 The replica symmetric ansatz—background

Although expression (3.23) looks very simple, the continuation of a saddle-point
which is an n X n matrix to values where n < 1 (which we are here asked to carry
out) is in fact highly non-trivial, and has given rise to an enormous body of litera-

9 Tt is appropriate at this stage to make a few clarifying notes on technicalities. Firstly, we have arrived at the
present stage of our calculation upon choosing a specific scaling with N of the dummy integration variables {z4 }
and {Gn3}. We have applied the rule that those exponents within our control must scale in exactly the same way
with IV as those where we do not have a choice. Here the Hamiltonian H(q) as N'!, hence must all exponents which
were introduced via dummy variables. Deviation from this prescription is allowed mathematically, but would give
us different equations. However, if one were to continue the calculation with the alternative choice of scaling with
N, one would either find a trivial saddle-point, or diverging finite /N corrections (this is easily checked in simple toy
models). In both cases one would thus be forced to re-trace one’s steps and amend one’s choices. Secondly, in the
steepest descent evaluation of the integrals over {q,q} one will find an imaginary saddle-point ¢G* for §. Since q was
real-valued this implies that first we have to shift the 4, integrations in the complex plane according t0 o5 —
Gap + G ;- and confirm that the extra integration contour segments in this plane generated by the shift give zero
contributions to the original integral over §. In practice this is often a nasty exercise and is done only if there are
reasons for suspicion.
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ture of which we can here only mention those results which are of relevance for the
present calculation. To see how to proceed from stage (3.23), we first make a detour
and return to stage (3.13). We define the (disorder-dependent) microscopic measure
p(o) = Z~ ! exp[—BH(0o)] and the associated averages (G(o)):

Try G(o) R PIR (VRS DU

B L 2
Tr, e 2ul 2ty X600}

(Glo])

(3.24)

In physics this is the so-called Boltzmann measure corresponding to the free energy
F' in equation (3.11). We may now use the following version of the replica method,
which is taylored towards the evaluation of disorder-averaged expectation values

n—1
Try G(a)e—ﬁH(a)} Tre G(o)e PH() [Tra e—ﬁH(a)}
Trs e—BH(o) B |:Tro. e—ﬁH(a’)} n

Gt = |

= lim Trgr - - Tron G(ol)e P =1 o™
n—

n

1 n P 1 no_n\2
= lir% — Trgr - Trgn G(Uo‘)e_g T Sho {2t 2, €00} )
n—0n
o=t (3.25)

As with the first version of the replica method, we have again used an intermediate
step, which strictly speaking is allowed only for integer n. We may also introduce a
second copy of our system, o’ = (01, ..., 0’y ), with the same state probabilities p(co”’)
and the same realization of the frozen disorder. A simple generalization of equation
(3.25) allows us to express also averages involving two such copies in replica language

TroTry G(a" g’)e—ﬁH(U)—ﬁH(O”)
2
[Trc, e—ﬁHw)}

(G(o,0") =

[ n—2
Tro Tror G(o, 0')e—BH(@)—BH(o! [Tr,, e—,@H(a)}

[Tra e*ﬁH(U)} "

= hm Tro_l .. Tra_n G’(o-].7 0-2)6_6 E:}L=1 H(aﬂl)

n—

1 n

:1‘ - N T 1"'T n

s n(n—1) Z to to
V#P
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% Glo7, ar)e™ 4 Tima Tim {20t o T 07} (3.26)

We will now apply these general tools (3.25) and (3.26) to the calculation of the
following two disorder-averaged quantities

P(Q) = lim ( L o2 (3.27)
P(g) = lim ({d[g - —Zcrrl, (3.28)

}3@ represents the distribution of (re-scaled) lengths of the state vector o, and P(q)
the distribution of overlaps between o and o’ when both system copies have the same
statistics (3.24) and the same disorder. It can be shown that for large N and in the
case where in this ]imil there isjust one ergodic sector in the system, the fluctuations
in quantities such as - >_, o7 and + >, ;07 must vanish, and that their values must
be self-averaging, i.e. depend only on the statistical properties of the disorder rather
than on its microscopic realization. Hence one must have

PQ) = J[Q - lim < Z (2 } (3.29)
Plg) = 5{@ — xlﬂléc 7]\; Z(c—,)z} : (3.30)

i

On the other hand, if we make the choices G(o) = §[Q — + 3=, 0%l and G(o,0') =
olg — % L 3", 0:0!] in our two expressions (3.25) and (3.26), respectively, and repeat

the very same mampulatlons which led us earlier from equation (3.13) to equation
(3.21),¢ we find

J_ T d d () . - 0}\-’\]_1 q, q]+o ]L)g \}
PQ) = lim = 3" Jim 49999916 L i TN (3.31)
n—0 N £ N—oo ]dqdq gV¥ia.q 08 4
1 n dada s _ 1eNVlad+0(log N)
(q) = lim — lim " qdddlg —q ‘(]0 - . (3.32)
n—0n(n —1) &~ N—x [dqdq eN¥la.dl+O(log N)
g5l ’

As before, both these integrals are for N — oc and finite » dominated by the saddle-
point of the function ¥|q, q, so that the result can be written solely in terms of the
values of {q, G} at the saddle-point, i.e. at the extremum of equation (3.23):

n

v RO " i :
P(Q) = lim — E OIQ — G| |saddle; (3.33)
n—0n
=1
10 We ulso use the general normalization identiyy [dgdg eV ¥la@+0o2 N} — § which follows upon making

the trivial choice ({o) = 1 in equation (3.25).
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n

— 1
P(q) = lim nn=1) > 6la = aypllsadane- (3.34)

Upon combining equation (3.30) with equations (3.33) and (3.34) we must conclude
that assuming ergodicity and self-averaging for N — oo of quantities such as % > o?
and % >, 0i0} translates in replica language into the following (so-called replica
symmetry, RS) ansatz for the structure of the matrix q at the saddle-point

Gap = dap Q + (1 = dap) ¢ (3.35)

with the physical meaning of () and ¢ as prescribed by equation (3.30), i.e.

N
Q= lim %Z@ ¢= lim %Z@ﬂ (3.36)

3.2.3 The RS ansatz—consequences

The ergodic (or RS) ansatz (3.35) is the final ingredient that will enable us to finish
our calculation. We can now diagonalize the matrix D = E + q in equation (3.22),
whose elements become D,3 = 1 + ¢ + d,3(Q — ¢) and whose eigenvectors x and
eigenvalues A are easily seen to be

x=(1,...,1): A=Q—q+n(l1+¢q), multiplicity = 1

x-(1,...,1)=0: A=Q —q, multiplicity = n — 1.
Hence
Bpl = Bio_ _ Bo-
1ogdet[1+aD}_1og L+ 21Q =g+ n(l+ 9| +(n—1log |1+ =(Q —q)
_ Bl +4q) B } 2
= n{oz—i—ﬂ(@ — + log[1 + a(Q q)] ¢+ 0. (3.37)

One can easily convince oneself that the structure (3.35) for q implies a similar struc-
ture for the conjugate matrix q (via the coupled saddle-point equations), for which we
now put, with a modest amount of foresight: Gog = 3i3%R6ap + 5i3%r(1 — 0ug). We
insert also this latter RS ansatz for q, together with equation (3.35) and (3.37), into
the function (3.22) to be extremized. In the result we can achieve factorization of the
remaining traces in the last term by linearizing the quadratic exponent, to give us

2
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1 1192 2
+-10g Tty o, /Dw ea P (Hm) Lo 0itBavr Yo o L O(n)

e o 1 B0+4q) oo |14 PQ—d)]
=5 ler - QR {a+ﬁ(Q—q)+lg1+ - }

2
1 132 2
+E log /D:U {Trg e/ (=)o +ﬁxﬁ”}n + O(n)

e o 1l B0+ oo |14 PQ—d)]
=5 ler - QR {a+ﬁ(Q_q)+lg1+ - }

2 L -

+ / Dz log Tr, ez (B +0uvra 4 0 p). (3.38)

Insertion of expression (3.38) into expression (3.23) then leads to a clean and replica-
free expression for the disorder-averaged free energy per agent, in RS ansatz

?RS - eXtrq,Q,nR f[Q7 Q? T, R]? (339)
1 - 1 1+¢ 1 B(Q—q)
f[q,Q,T,R]—iﬁ(QR qr)+2a |:04+B(Q_Q)+ﬁlog 1+ o :|:|
; / Dz log Tr, e2? (B-r)o*+bzay/r (3.40)

The extremization of the function f[g, Q,r, R] gives us the following four coupled
saddle-point equations:!!

Tr, 02038 (R—r)o?+pBzay/r
©= /Dx Tr, e3B*(R—r)o?+fzoy/r |’ (3.41)
132 2 2
Tr, o 28 (R—r)o*+Bxa/r
q_ /Dx Tr, e3P (R—r)o?+Bxoy/r |’ (3.42)
a(l+q) a(1+2q—Q)—a2/ﬁ
B 20 T 5 (3.43)
[+ B(Q — q)] [a+3(Q—q)]
We note that from equation (3.43) one also obtains the useful relation
a
Blr—R)= =50 (3.44)
oLy BQ@—q)

According to equation (3.14) we must solve the coupled equations (3.41)—(3.43),
insert the outcome into equation (3.40), and take the limit 5 — oo in the result.

11 1p contrast to more conventional statistical mechanical calculations, i.e. those without replicas, we cannot here
assume that the relevant saddle-point of f[g, Q, 7, R] is a minimum, since in the space of n X n matrices q one will
find curvature sign changes at n = 1. The standard example to show this is the minimization of the simple function
g9(q) = 225:1 qiﬁ, which in RS ansatz (3.35) reduces to grs(q) = nQ? +n(n —1)g?. We see thatatn = 1 the
saddle-point (¢, @) = (0, 0) turns from a minimum (for n > 1) into a saddle (for n < 1). In practice, an effective
method to determine the nature of the physical saddle-point is by first inspecting the high-temperature (i.e. small (3)
regime, where the solution is usually known.
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This immediately gives us the following relatively simple expression for the disorder-
averaged ground state energy per agent F in the limit N — oc:

1 alN 2
P, min 2 {/ de P(z)Atla, Z]}
1 B 1 1+gq 1 BQ —q)
ﬁhﬁo{zﬁ(QR qr)+2a[a+ﬁ(Q—q)+ﬂlog{1+ « H
—; / Dz log Tr, e (B-r)o*+bzoy/r } (3.45)

3.3 Harvesting the ground state

The hard work has now been done. All the information on the ground state that is
accessible by equilibrium statistical mechanical techniques is contained in expression
(3.45), in combination with the saddle-point equations (3.41)—(3.43).

3.3.1 The limit 3 — oo

To take the remaining limit in equation (3.45) we need to know how the relevant
solution {q, @, r, R} of the RS saddle-point equations (3.41)—(3.43) scales with (3 as
(8 — o0. To obtain this information we return briefly to the Boltzmann measure (3.24).
We note that if we were to add a simple generating term to our original Hamiltonian,
of the following form

H(o) — H(o)+v> oi, 7ER (3.46)

(with ~y small), then upon repeated differentiation of the disorder-averaged free energy
per agent f with respect to v one would obtain the following expressions, involving
the so-called susceptibility y:
. O*f .1
x=-lim 5 =6 lim > (oioj) — (i) (o)

= N—oo —
ij

= (31lim lim i< Z[ai — <Ui>]>2. (3.47)

v—0 N—oo N

(2

This quantity is clearly non-negative, and zero only if (0?) = (0;)? for all 4, i.e. when
the system is completely frozen. Inspection of our derivation of the saddle-point eqns
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and of the ground state energy (3.41)—(3.45) reveals that the modification (3.46) would
only lead to the following replacement in all formulas that contain a trace over o:

e3P (R=r)o*+Bxoy/r _ (368°(R—r)o+Bzoy/r—Byo (3.48)

Thus, for small v we would find equation (3.40) being modified according to

Tr, o240 (=)t 620y
f[qa Q,r, R] = f[qv Q. R”’Y 0~ 7/87 /D e;ﬁ2(R—r)02+ﬁxo\/;

Tr, o e%ﬂz(R—T)O'z-f-B.’IJO'\/F 5
v, e | (OO (349
From this, via x = — lim.,_,o 8% f /972, follow the following two equivalent expres-
sions for y in RS ansatz
(3.50)

%ﬂz(R—'r')oz—&—ﬁxaﬁ
— 1/Da::c Trooe (3.51)

Tr, o1 RNz

A diverging susceptibility marks a phase transition in the system, since it implies that
an infinitesimal persistent energy perturbation of the type (3.46) manages to induce a
finite change in the value of the observable m = limy_..c N1 Y, (o) (the disorder-
averaged magnetization, which is itself obtained as the first derivative with respect to
~ of the free energy per agent, and is zero for v = 0).

It is clear from the saddle-point equations (3.41) and (3.42) that 0 < ¢ < @ < 1.
Upon assuming 0 < y < oo in the limit § — oo it now follows immediately from
(3.43) and (3.44) that

1
lim T:L—i_q;, lim f(r — R) = R
B—o0 (a+x) B—00 a+x

(3.52)

In the leading two orders in 5! we may now eliminate both @ and R from our
equations via Q@ = ¢+ x/B+---and R=1r — a/B(a+ x) + - - -, and write our RS
results purely in terms of the 3 — oo limits of the observables ¢ and x:
Do li Tr, o2 e*(015/2(Ot+><))(0*96\/(lJrq)/a)2
z lim ,
Tr, e~ (@B8/2(at+x))(0—ay/(1+q)/e)?

p—o0

—(aB/2(a+x))(0—z1/(1+q)/a)?
XI& Dz x lim Troo¢ . (3.54)
a(l+q) B0 | Ty, o (@B/2a b)) oy Ha) /)2
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(a+x)(a—1—-q)+ax(l+q)
2(a + x)?

1 2
Dzt {ﬁlog Tr, o~ (@8/2(e+x)0—2y/(T0) /) } (3.55)

FE =

Clearly the above traces over ¢ are for § — oo all dominated by the value for which
the exponential term which they have in common is maximal (via Laplace’s argument,
which is just the simplest version of the saddle-point method). We write the value of
o € [—1, 1] which minimizes the quadratic exponents in the above traces as

a for |a| <1

senfa] for o] >1° (3-56)

s(a) = arg min, e[y 1) (0 —a)?= {

This allows us to write the results of taking the remaining limits 5 — oo in the above
equations as

o= [ (SE0). e MIRERTTEL, e
po 1 {(a+x)(a—1—q)+ax<1+q)

2(a+x) a+x

—|—04/D:c[ (‘T Vita )_xv;a—qu}_ (3.58)

Finally we compactify our equations with the shorthand u = /«/2(1 + ¢) > 0, and
simplify our expression (3.58) for E' by working out the square inside the Gaussian
integral and by subsequently using the saddle-point equations for ¢ and x. This gives

¢= / Dz s? (J/ﬁ) o aa_f fg;;/(z/; 1;;/3)2) (3.59)

a*(1+q) 2 o
= Y, U =_——".
2(a + x)? 2(1+q)

(3.60)

Clearly E > 0, as it should be. We also see that one has £ — 0, which we expect to
happen at sufficiently low «, only if ¥ — oco. Hence we anticipate that upon reducing
« the lower bound of L(q) can only be achieved following a phase transition.

3.3.2 The volatility and the fraction of frozen agents

In order to assess the accuracy of the present analysis, it would help if we could also
extract a prediction for the volatility o and the fraction ¢ of frozen agents, which
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could then be tested against our numerical simulation results. In this chapter we have
randomly drawn fake histories, we have neglected all fluctuations (so we also need no
longer worry about correlations between the randomly drawn history indices p(¢) and
the microscopic variables q(¢')), and we have assumed self-averaging. Thus within
the present approximations we may write the volatility in the infinite system size limit
as

2

= lim — 1 dt [dz P(z A2

o= Jm oy ZTEBOT/ [ P

T 2

= lim — lim — dz P(z)A*|q(t
tm L ZngOT/ [z P@)aviate). 2]
+L}\1/rgooaN2Lzu:Z/dZP
:E+L}\lfr£ooaN2LZZZ

pn =1 1ij

2
Z 6# C_h Zz )] - U[Qz(g)})]

x ghet [ / dz P(z)o(q;(€), zi(0)]olq;(£), z;(£)] — U[Qi(g)]U[Qj(@]]- 3.61)

Inthe sum ), - - - we use the fact that the random variables {z;(¢)} at different sites
are independent. Hence we retain only those terms where ¢ = j and find

UZZEJFL}@OOaN?LZZZ (€21 = o?lai0)]

n =1 1

:E+;{1— lim lim Nz } (3.62)

B—o0 N—oo

Comparison with the definition (3.36), and with the property limg_,o(Q — ¢) = 0
(as established earlier) reveals that, within the assumptions and approximations of the
present chapter, one has the simple relation

1
o’ =E+ 5(1 —q). (3.63)
In contrast to the volatility, it seems that an expression for the fraction of frozen
agents ¢ requires again a further replica calculation. We had identified frozen agents
earlier as those agents ¢ for which lim;_,~, ¢;(t)/t = v; # 0, and hence o; = £1 in
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the stationary state. We may therefore define, with the Boltzmann measure (3.24) and
with the step function §[z < 0] = 0 and f[z > 0] = 1:

1 -

— 1 . - 2 )

) 151%111 Jim Z (Blo? — €)). (3.64)
7

To calculate equation (3.64) we may once more apply the replica identity (3.25), here

to the observable G(o) = 0[o? — €2], followed again by the familiar manipulations

that we used to calculate the ground state and by taking the limit N — oo:

el N—oo

¢ =lim lim &Zw[ag—@p

Tr, 002 — €2] e (@8/2atx))(o—2y/(1+g)/a)?
=lim [ Dz lim
€l B—o0 Tr, e~ (@B8/2(atx))(o—ay/(1+q)/0)?
—lim [ Dz 6 |s? "”)—2}, 3.65
i freol (a) 659

with, as before, u = \/a/2(1 + q).

3.3.3 Final predictions for additive decision noise

We can now proceed to the finish by inserting the function s(a) as defined in equation
(3.56), viz. s(a) = sgn[a] + 0[1 — |a|].(a — sgn[a]). All the remaining integrals in
equations (3.59) and (3.65) can be done, see Appendix B for details (upon choosing
A = 1 in the expressions found there), which gives the more explicit results

1—2u? 1 e B o
~ a Erflu] _a*(1+4q)
=B T oo
B a?2(l+q) 1 .

We first solve the transcendental equations (3.66) numerically, upon inserting the
expression for u into the equation for g, giving us ¢ as a function of «. The result is
substituted into equations (3.67) and (3.68) to give the susceptibility x, the ground
state energy F, the volatility o, and the fraction of frozen agents ¢. We are only
allowed to have solutions with 0 < y < oo. Hence the acceptable solutions are found
in the regime u > Erf ! [a]. We see that the susceptibility diverges, and hence a phase
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transition occurs, when v = Erf~! [a]. Inserting this specific condition into equation
(3.66) leads us to a simple closed equation from which to solve the corresponding
critical value a:

1 >
e 3.69
” ﬁe (3.69)

Numerical solution of equation (3.69) is found to give the value . =~ 0.33740, which
agrees remarkably well with our earlier simulations in Chapter 1. We also see that
the phase transition (3.69) occurs exactly when o = 1 — ¢. This condition has a
transparent dimensional interpretation: the MG tries to find a solution of the zero
energy equation (3.5), and is seen to succeed in doing so exactly at the point where the
ratio of the number of free dynamical variables (the number N (1 — ¢) of agents that
are not ‘frozen’) over the number a/N of random constraints becomes exactly one.

Below the transition point a. we would find x < 0, so that our calculations in
principle no longer apply. If we nevertheless try to extract information from our
saddle-point equations for o < a, the only physically acceptable continuations must
be those where we maintain xy = oo (which is the value at the transition point) and
E = 0 (see our earlier discussion regarding the interpretation of the energy minimum,
where we argued that E' should be a non-decreasing function of ). Thus for a < a
we would predict u = Erf~'[a]. This in fact allows for two possible continuations,
since we are left with two expressions for ¢:

ac = Erfluc] : Erfluc] =2 —

branch 1 @ 1 e el (3.70)
ranchl: ¢=—— = +1—-—a— ——, .
2 [Erf~![o]]? VErf o]

branch2: g = > 1. 3.71)

2 [Elrf_l[aH2

Expansion of these two expressions for a — 0 gives ¢ = 1 — (2/3)a + O(a?) for
branch 1, but ¢ = 2/am + O(a) for branch 2. Since ¢ < 1 by definition, we see that
the only candidate continuation for o < o is expression (3.70).

Before showing the predictions of the present theory in full, upon solving the vari-
ous coupled saddle-point equations (3.66) numerically, including formulas (3.67) and
(3.68) for the susceptibility, the ground state energy, the volatility and the fraction
of frozen agents, let us quickly check what the present theory predicts in the limits
a — oo and a — 0. For o« — oo we find

1
lim ¢g=0, lim x=1, lim F=—, (3.72)
a— 00 2

a—00 a—00
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lime=1, lim ¢=0. (3.73)

[8 S do ol [ S &)

These predictions are seen to be in perfect agreement with our earlier simulation
results in Chapter 1. For @ — 0, in contrast, we find upon taking the limit « — 0 in
our expressions (on the basis of continuation (3.70)) that

limg=1, limy=o00, lim FE =0, (3.74)
a—0 o—0 a—U
lime=0, limp=1-—oa. (3.75)

a—0 a—0

It is already clear from equations (3.74) and (3.75) that for small « the present theory,
based on neglecting fluctuations, does not generally work. Both the volatility o and the
fraction of frozen agents ¢ fail to reproduce the observed behaviour in the simulations
shown in Chapter 1, except for very strongly biased initial strategy preferences, which
do indeed lead to a state with low volatility, scaling as o = O(/a) for a« — 0.
Numerical solution of our coupled equations (3.66)—(3.68) leads to Figs 3.1 and
3.2. In the figurcs for ¢, o, and ¢ we also show the corresponding simulation data, as
measured under conditions identical to those of the fake history MG of Figure 1.9,

2.0 — 1.0 -
08
1.5F
06
1.0F q
0.4
E
05F e A
02
0.0 ; . 0.0 :
0.01 0.1 1 10 100 0.01 0.1 1 10 100
vy o

Fig. 3.1 Results of the pscudo-equilibrium replica symmetric theory, based on neglecting fluctuations and
analyzing the ground state, {or the “Take history’ MG with 5 = 2 and absent decision noise. Left: the predictions
for the susceptibility x (upper solid curve), and the disorder-averaged ground state energy per agent F (dotted
curve). Right: the predictions for g = N ! Zem (dotted curve), together with the values observed in
numerical simulations (connected markers) of the fake information MG of Figure 1.9. Initial conditions:
lg:(0)] = A forall 4, with A £ {0, 0.1, 0.5, 1, 10} (from bottom to top in the region & < a.). In both
pictures the vertical dashed line marks the critical value v = 0.33740 where the susceplibility x diverges,

marking a phase transition.
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Fig.3.2 Left: the predicted volatility o (dotted curve), together with the simulation data (connected markers),
for the fake history MG of figure 1.9 and absent decision noise. Right: the predicted fraction ¢ of frozen agents
(dotted curve), together with the simulation data (connected markers). Initial conditions: |g;(0)| = A for all
i, with A € {0, 0.1, 0.5, 1, 10} (from top to bottom in the region o < a. for o; from bottom to top for ¢).

Again the vertical dashed line marks the critical value c.

for comparison (as yet without decision noise, so 7' = 0). Our figures show that the
present crude approximation based on neglecting all fluctuations works amazingly
well for & > a¢, and in fact appears to predict the location of the critical point quite
accurately. It fails, however, to describe the correct phenomenology of the MG for
small a (where our equations strictly speaking do not even apply). For o < « the ad
hoc continuation of our theory is found to single out only the low volatility solution
corresponding to strongly biased initial strategy valuations.

Looking back at our final equations (3.66)—(3.68) we also note the rather surprising
fact that none of these equations contains the noise parameter 7'. Apparently, the
present theory predicts en passant that additive decision noise plays no role at the
macroscopic level of quantities such as the present order parameters {q, x, ¢, E'}.
Numerical simulation experiments, see e.g. Figure 3.3, confirm that this rather counter-
intuitive prediction is correct in the regime of the theory’s validity (viz. for a > a.)
but that below «, additive decision noise has in fact a drastic effect in bringing both
the high volatility curves (emerging for ‘tabula rasa’ initial conditions) and the low
volatility curves (emerging for significantly biased initial conditions) closer to the
‘random decision making’ benchmark value o = 1. Since in the additive noise case
the parameter 7" defines a natural scale for the variables g; (see equation 2.18), we must
conclude that at least above the phase transition point (i.e. for @ > «.) the physics
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Fig. 3.3 The predicted volatility o (dotted curve), together with the simulation data (connected markers),
for the fake history MG with additive decision noise of strength 7" = 1. Initial conditions are as in the previous
figure (the curves for A = 0 and A = L are virtually indistinguishable). The differences between this case
and that of Figure 3.2 is only in having switched on the (additive) decision noise, which according to the present

theory should make no difference. This prediction is seen to be true only for o > ac.

of the MG evolves only around the occurrence and multiplicity of the frozen agents,
which indeed have diverging values of the {g; }.

3.4 Predictions for multiplicative noise

The above results were all obtained for additive decision noise, where the func-
tion o[g] is smooth, and there are hence no singularities in equation (3.4). In the
case of multiplicative noise (2.17), in contrast, we have o[q] = A\(T")sgn]g], so that
o'lq] = 2X\(T)é]q] and our pseudo-equilibrium replica analysis requires some form
of regularization. One way to do this is to replace o[q] temporarily by

olg] = M(T) tanhlkq], (3.76)

where we must take £ — oo in our final result (although at this stage we do not yet
know which of the limits £ — oo, § — 00, and N — oo commute).

3.4.1 Derivation of a phase diagram

With the choice (3.76) our previous analysis for additive decision noise requires
only minor modifications. Once more we find the function L(q) as given by
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equation (3.3) playing the role of Lyapunov function (3.4), and we may still use the
equilibrium formalism based on equations (3.10) and (3.11), provided we now choose

o € [-M\T),\T)]" and hence re-define the trace operation as Tr, = j‘f&% e

f:\g%)da. Thus we may take over in full detail the replica evaluation of the free
energy per agent (3.16), which has indeed been written in the language of the trace
(rather than in terms of the specific integrals appropriate for additive decision noise)
for this very purpose. In fact we can move directly to equations (3.59) and (3.60),
provided we re-define the function s(a) in these expressions to

_ . s Ja for |a| < X\(T)
s(a) = arg ming¢;_\(y () (0 — a)” = {)\(T).sgn[a] for |a] > A(T) ° (3.77)

Careful inspection shows that also our earlier approximate expression (3.63) for the
volatility remains valid, whereas the earlier formula (3.65) for the fraction of frozen
agents is to be replaced by the new formula

6=lim [ Dz [52 <uf@> — EW(T)], (3.78)

with, as before, u = /«a/2(1 + ¢). With multiplicative decision noise, however, one
has to be careful in interpreting the observable ¢. As with additive noise, ¢ equals
the fraction of agents ¢ for which |g;| diverges as time progresses, but it is no longer
identical to the fraction of agents who never change strategy in the stationary state,
since with multiplicative noise every agent ¢ will continue to undergo such (random)
changes, for any value of ¢;. As a consequence ¢ can no longer be measured by
counting strategy switches.

The details of the calculation of the three relevant integrals in the coupled order
parameter equations can again be found in Appendix B. Now we choose A = A(T)
in the expressions in the appendix, which then gives us the following set of coupled
equations

1 — 202 1 2
g = NA(T) {1 n T;Erf[v] - =" } (3.79)
B a _ aErfly] ~ a*(1+q)
v=AT) Mrg) X~ a—mf] E= sty | O80
2(1 1
J:\/m+2(l—q), é=1—FErfle]. (381

It is satisfactory to note that for 7' — 0 (the limit of absent decision noise) we
have A\(0) = 1, and we therefore return to the previous set of equations describing
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additive decision noise (which themselves did not depend on 7). We also sce that the
regularization constant k in equation (3.76), which was to be sent to infinity at the end
of the calculation, has in fact disappeared from our equations (similar to the vanishing
of T from our additive decision noise theory).

As with additive decision noise, a phase transition occurs when the susceptibility
diverges as we lower the value of «, and exactly at that point the disorder-averaged
ground state energy F becomes zero. It is curious to observe that this happens (as
before) precisely when ov = 1 — ¢, irrespective of the value of T', strengthening our
earlier dimensional interpretation of the MG’s phase transition, Here, however, in
contrast to the situation of additive decision noise, the critical value for e will depend
on the noise level T. It is now given by «.(T) = Erf[u,(T)], where v, (T) is the
solution of the transcendental equation

A(T) {Erf[“u] P e_"'z} =l (3.82)

VAT

The solution of equation (3.82) defines a transition line in the («, T') plane, which
separates a high a region with normal response (i.e. with x < oc) from a low « region

10—

0.001

o

Fig. 3.4 Phase diagram in the (o, T) plane for the fake history MG with § = 2 and multiplicative decision
noise, as predicted by the pseudo-equilibrium RS replica theory, which is based on neglecting fluctuations and
analyzing the ground state. Here o = limx . 2% /N and T controls the noise strength. The transition line
separates an ergodic phase with normal response (y < oc) from a non-ergodic one with anomalous response

(x = og).
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with anomalous response (i.e. with y = 00), giving rise to the phase diagram shown
in Figure 3.4. At T' = 0 (vanishing decision noise) we recover the earlier critical value
ae(T = 0) ~ 0.33740, as we should.

3.4.2 Properties of the ground state

Below the transition point, where our present theory in principle no longer applies

since x < 0 is forbidden by equation (3.47), we could try to continue the o > a(T)

solution similarly to how we proceeded for additive decision noise. This implies that

for o < a(T') we have to choose ¥ = 0o, E = 0, \(T)u = Erf~'[a], and
~[Exf = [a])?

o e
—tl-—a— — ;. (3.83)
2 [Erf'[a]] 2 VrErf1a]

The limit « — oo is found to come out exactly as for additive noise, for all our order

q=X(T)

parameters. For o — 0, the only difference with additive decision noise is in the limit
found for ¢, here being lim,_.o ¢ = A3(T).

Numerical solution of the various equations derived in this section for multiplicative
decision noise lead to Figs 3.5 and 3.6, here with the noise strength chosen to be
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Fig. 3.5 Results of the pseudo-equilibrium RS replica theory for the fake history MG with S = 2 and
multiplicative decision noise of strength 7 = 1. Left: the predictions for the susceptibility x (upper solid
curve) and the disordered-averaged ground state energy per agent E (dotted curve). Right: the predicted
(dotted) and observed values (connected markers) for the order parameter g. Initial conditions: |g;(0)| = A
for all 4, with A € {0, 0.1, 0.5, 1, 10} (from bottom to top). The vertical dashed lines mark the critical value
ac(T = 1) =~ 0.20693 where the susceptibility x diverges.
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Fig. 3.6 Predictions of the pseudo-equilibrium RS theory for the volatility (dotted curve) in the fake history
MG with multiplicative decision noise of strength 7" = 1, together with the corresponding simulation data
(connected markers). Initial conditions: |g;(0)| = A for all 4, with A € {0, 0.1, 0.5, 1, 10} (from top to

bottom in the region a < ac). The vertical dashed line marks the predicted critical value ae (7' = 1) & 0.20693.

T = 1. In these figures we also show the corresponding numerical simulation data
for the observables ¢ and o, for comparison. It is clear from our data that our crude
approximation of neglecting all fluctuations again works amazingly well for o > a,
and also once more appears to predict the location of the critical point quite accurately
(including, it seems, the dependence of the critical value for o on the noise strength
T), but again the theory is not capable of describing the correct MG phenomenology
for small . This is consistent with our knowledge that our equations are invalid below
the critical point. For small « the theory again generates only the solution that emerges
following strongly biased initial conditions, i.e. for large A. We also see that in both
theory and experiment, in contrast to the case of additive decision noise, there will
never be a solution with vanishing volatility for « — 0. This, of course, makes perfect
sense: even if all agents were to have diverging values of |g;|, for multiplicative noise
they would all continue to undergo noise-induced changes in their active strategy, with
direct implications for the global fluctuations in the system.

3.5 An assessment

Itis difficult not to be impressed by the achievements of our pseudo-equilibrium replica
analysis. The calculation was systematic and had the inevitability and autonomy of
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a tank engine in motion, which distinguishes a good theory from ad hoc patchwork:
once the assumptions were made, the final predictions were already written in stone,
including its failure to explain the high volatilities for « < a. (following ‘tabula
rasa’ type initial conditions) and the effects of decision noise in the low a regime,
its apparent accuracy for o > a,, and its correct prediction regarding the irrelevance
of additive decision noise at the level of macroscopic order parameters for o > a.
Moreover, granted the deterministic approximation that was its starting point and
granted the standard tricks and assumptions of the replica method, the subsequent
calculation was elegant and formulated in terms of physically sensible and natural
quantities.

Alimitation of the present replica calculation is that it can only make safe predictions
above the critical point, for o > .. At . the susceptibility diverges, and the replica
solution brakes down. We have only been able to draw graphs in the regime o < o by
ad hoc continuations of relations derived for a > a, the status of which therefore does
not extend much beyond wishful thinking, and as a result the predictive quality of these
graphs was (not surprisingly) rather poor. Yet, in principle there is no mathematical
problem in having x = oo (since, after all, x was not one of the fundamental original
order parameters), provided we retrace our steps to the specific stage in our calculation
before the finite x assumption was introduced and used. This would bring us back to
equations (3.41)—(3.45), which continue to hold, but in which for & < a,. we must now
find an alternative scaling with 3 of our order parameters as 3 — oo. Such an exercise,
although leading in a mathematically cleaner way to solutions with &/ = 0, would still
be of limited merit, since it follows already from equation (3.63) that, contrary to the
observations in our simulation experiments, we can never find volatilities exceeding
o? = % The reason for this is that the high volatilities are caused by oscillations,
which no pseudo-equilibrium theory can ever reproduce. A further limitation of the
pseudo-equilibrium replica method is that it is unlikely ever to apply to the MG with
real as opposed to fake market information, in view of the serious general difficulty
to find Lyapunov functions (on which the method ultimately relies) for strongly non-
Markovian processes.

Had we not known that the very basis of our calculation was in principle flawed
(the assumption of vanishing fluctuations), we would on balance have been rather
pleased with our progress at this stage, and probably confident that with further work
we would find some way of deriving also the correct theoretical predictions in the non-
ergodic (i.e. small o) regime regarding the high volatility solutions and the effects of
decision noise. As it is, however, the present replica calculations have in a way only
deepened the mystery. Since we are painfully aware that the fluctuations in the MG
do not vanish in the limit N — oo, we are now presented with the additional problem
of how to explain why this calculation worked so well, at least above the transition
point, since there appears to be no obvious reason why it should. It seems intuitively
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clear that the reason why for o > «, we got away with neglecting all fluctuations
in our present replica analysis must be related to the crucial role played in the MG
by the ‘frozen agents’. This is borne out by the observations that the phase transition
could be defined purely in dimensional terms (i.e. in terms of the fraction of frozen
agents relative to «), and that additive decision noise had no impact at all on our
macroscopic order parameter equations for & > «.. Frozen agents have expectation
values of their microscopic variables ¢;(t), which diverge linearly with time; adding
finite fluctuations to these diverging expectation values (whether caused by decision
noise or otherwise) should indeed asymptotically be of no consequence. This situation
is different, however, for those agents who are not frozen, so why then do these ‘fickle’
agents fail to play a role in macroscopic phenomenology?

We have so far largely followed the historical route towards the pseudo-equilibrium
replica calculation. One could in principle try to construct repairs and adaptations
aimed at either obtaining the previous results in a more acceptable manner, or at
building in the neglected fluctuations. One such adaptation involves studying the
stationary state equations for the averages (¢;(t)) themselves, leading to exact de-
terministic microscopic equations in terms of the variables {(g;), (c[q;]) }, where we
write (f(q)) = [dq pi(q)f(q). To see this one may return to the Fokker—Planck
equation (3.1) and use it to derive

=220 1 R
0
= —amH(<U[q]>) (3.84)

with again the function H (o) as defined in equation (3.10). It is now possible to show
that the Lagrange equations corresponding to constrained minimization of H ({o[q]))
are equivalent to the long-time limit of equation (3.84), which allows one to repeat most
of the previous replica analysis, and enables the calculation of those stationary state
observables that depend only on the quantities (o[g;]), without assuming vanishing
fluctuations. In order to describe also the effects of the fluctuations on the volatility, a
different approximation was introduced to simplify the diffusion term in the Fokker—
Planck equation (3.1) in the stationary state

/dz P(z){A"[q,2]}® — ;Z < /dz P(2){A"[q,7] }2> —o2 (385)

v

This implies neglecting in equation (3.1) all dependences of the fluctuations on time
and on the variables q themselves, and reduces the Fokker—Planck equation to
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1 1
+§770'2 2 [N(Si : 5j)] mpt(oﬂ (3.80)
ij

This equation was subsequently used to derive an approximate equation for the volatil-
ity . As a result one can now also find solutions of the replica equations in the low
« regime which exhibit lim,—,go > 0, upon adding a further symmetry breaking
term to the Hamiltonian H (o). However, this solution is still subject to the bound
0% < %, so it is not the high volatility state observed in simulations following ‘tabula
rasa’ initialization. One can even progress beyond the RS ansatz (3.35) and calculate
non-ergodic stationary states where RS is broken.'? All this and more has indeed been
tried, but in the end it will be clear that such strategies cannot be the most efficient
and natural way ahead. The pseudo-equilibrium replica calculation gave us important
information on which to build, but has by now brought us as far as can be expected.
We need a truly dynamical method, to take into account all relevant fluctuations in all
observables of interest (including those which are not functions of the {(o[g])}), to
probe the MG in the region o < ., and to ultimately also analyze the non-Markovian
MG versions with real market history.

12 Replica symmetry breaking (RSB) in itself, i.e. without also incorporating the microscopic fluctuations, will not
help us much. One can already deduce this from the simple fact that, for additive decision noise, the noise strength
parameter 1" (which we know from simulation experiments to have an important effect for o < a) vanished from
our present formalism already at stages (3.10) and (3.11), before replicas had even entered the stage.



4. Dynamics of the batch MG with
fake memory

One of the main tools for analyzing the dynamics of disordered stochastic many-
particle systems is generating functional analysis. This formalism allows one to carry
out the disorder average (which in MGs is an average over all strategies) of dynamic
macroscopic observables and take the N — oo limit exactly.

Here we apply this technique to the MG with fake market information. As a first
stage we redefine the original MG equations and choose a so-called ‘batch version’ of
the strategy valuation updates. This will allow us to explain the method in its simplest
possible setting, without as yet having to use path integrals. We will do this in consid-
erable detail, allowing us to be more brief on technical details in subsequent chapters.
In the original MG with fake market memory there were two sources of fluctuations:
those due to the randomly drawn external information, viz. the random variables y(¢)
in equation (2.22), and those induced by decision noise, viz. the Gaussian vectors
z(¢) in equation (2.22). In the batch MG we no longer have the former source of
fluctuations, but we retain the latter.

Dynamical studies of disordered systems based on generating functional analysis
always consist of two distinct parts. The first part is the derivation in the limit N — oo
of a set of exact closed equations for dynamic order parameters, which can be inter-
preted as describing the dynamics of a single ‘effective agent’. Due to the disorder in
the process, this single-agent acquires an effective ‘memory’, i.e. will evolve accord-
ing to a non-trivial non-Markovian stochastic process, even if the original microscopic
MG equations are themselves Markovian. The second part is the study of this effective
single-agent process.

4.1 Definitions

4.1.1 The batch version of the game

Let us first return to our original (stochastic) laws (2.22) and (2.23) for the MG with
two strategies per agent and ‘fake’ market memory
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ai(l+1) = () — jﬁsfw{ﬂum + =S olgi (0,501}, @D

In Chapter 3 these laws were approximated, in a nutshell, by replacing the micro-
scopic variables {¢;} in equation (4.1) by their averages over the random variables
() € {1,...,p} and over the Gaussian random variables z(¢) € RY (where
p = «aN). In order to concentrate on the core of the problem, viz. solving the
dynamics and dealing with the disorder in a mathematically clean way, we will
here replace equation (4.1) by a set of slightly different stochastic equations, which
imply that the agents in the MG update their valuations on the basis of the aver-
age present performance of their strategies over all possible choices of the external
information:!3

Gilt +1) = qi(t) + 0:(t) — \/% S+ jﬁ > eiolaj(t), %)} @2
p=1 J

with ¢ € {0,1,2,3,...}. We have also added external perturbation forces {6;(¢)} in
the sense of (2.19). All other definitions, such as that of the decision noise function
ol.,.] (2.12) and (2.13) or of the strategy statistics, i.e. the definitions of {£!'} and
{Q,} (2.10) remain unaltered. We also retain expression (2.23) for the global market
bid that would be found upon presenting the fake market memory variable p, given
the actual strategy valuation differences q and given the decision noise realization z:

1
Alq,z] = Q, + i > olg, 1€l (4.3)

Thus, apart from the perturbations {6;(¢)}, the only differences between equation
(4.2) and the starting point (3.2) of the replica calculation is that in the latter we had
continuous time and replaced the variables {¢;} by their averages over the decision
noise variables. We will in this chapter write averaging over the discrete-time stochastic
process (4.2) simply as (- - -), and averages over the Gaussian decision noise variables
{z(0)} as (- )a

The new definition of our microscopic process (4.2) implies also a redefinition of
the volatility o. Since now by definition all p possible values of u will occur precisely
once at each iteration step, the volatility is now to be written as

2
T P P

0? = lim = 34 23U a(®) 2 - | - S (Arat) 2(1)
T T t=1 pu:l pu:l

(4.4)

13 In addition we choose 7 = 2, which is of no consequence beyond setting a specific scale for the time axis, but
will be found to give the simplest equations later.
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We will find in our analysis that it will be advantageous to define also a more general
object to characterize the global bid fluctuations in the system, namely the volatility
matrix = :

< [4a(e).20] = > (A alt), 2(¢)] > . (45)

v=1

This latter object measures not only the magnitude but also the temporal correlations
of the market fluctuations, with 0% = lim, oo 771 >_7_; E¢. Inthe limit 7' — oo (i.e.
purely random decision making), where (o[g;(t), zi(t)]) = 0, we simply find upon
substitution of equation (4.3) and upon using the statistical properties of the strategy
variables {&!, w!'} that for N — oo

lim lim S = ;V zu: Zj: < [wy + olai(t), Zi(t)]} [wj* + &folg;(t), Zj(t’)]} >

N—o0oT—00
1
= o 2 O [t |
Kooig

1 1
- 5 + §5tt'- (46)

In particular, limy_, limr_, o, 0 = 1, as expected.

4.1.2 The generating functional

In contrast to equation (3.2), the present process (4.2) is truly stochastic, so the natural
language for our analysis is that of probability densities, similar to equations (2.24)
and (2.25). Here the details of the microscopic transition probability density operator
W (q|q") will be slightly different, however, in that the sum over p now occurs in-
side rather than outside the §-functions and that the operator carries an explicit time
dependence. If we write the J-distributions in the expression for the present kernel
Wi(q|q’) in integral representation, we obtain

per1(q) = / dg’ Wi(alqd')pe(d'), 4.7)

Witala') = [dz P[]0 |a—ai—0u0)+ = > fa'ld’ .2
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_ / dz P(z) / (2C71:)1N GT a0+ E S, Al g
with P(z) = [, P(z;). The disorder-averaged expectation value at time ¢ of any
observable f(q) (which can and often will itself depend explicitly on the disorder)
would be written as ((a(?))) = fda pi(a)f(q)-

The moment generating functional for a stochastic process of the type (4.7) (4.8)
is a direct generalization to the case of multiple times and multiple components
of the more conventional moment generating (or ‘characteristic’) function Z[¢)] =
(exp[itpz]) of a single ordinary random variable z. For a stochastic process with
dynamical variables q(t) this generating functional would normally be defined as
Z[] = (exp[id ;>0 2_; Yi(t)qi(t)]). In the MG, however, the main quantities of in-
terest ultimately depend on the actual bids submitted by our agents, i.e. on the variables
olqi(t), zi(t)], so instead we will define

2] = <eiztzozi wi<t)a[qi<t),zi(t>1> _ (4.9)

Here ) is taken to denote the full collection of real-valued variables {1);(t) }, at all sites
¢ and all times . The brackets denote an average over the stochastic process (4.7). Since
equation (4.9) involves multiple times, this average is in effect an average over all pos-
sible ‘paths’ of the microscopic state vector q, where each path {q(0),q(1),q(2),...}
has probability density p(q(0), a(1),q(2), . ..) = po(a(0)) [;5o Wi(a(t+1)la(t))."*
Note that for equation (4.9) to be well defined we need to specify an upper limit £«
in the summation over times; unless indicated otherwise, all time summations and
time products will therefore henceforth run from ¢ = 0 to ¢t = tyax. By taking suitable
derivatives of the generating functional (4.9) with respect to the variables {;(¢)} one
can generate all moments of the random variables {c[g;(t), z;(¢)] }, at arbitrary times,
including their derivatives with respect to perturbations. For instance

. z:(]) = — lim —82
(ol (02O lay(¢). 30 )) = = lim o Z ), @)
2
O lola®, =) = —i tim =z @12)

69]' (t/) ¥—0 awz (t)aej (t/)

Alternatively, one could also view equation (4.9) simply as the Fourier transform of the
joint probability density p(s(0),s(1),s(2),...) for finding the N-component vector
14 We can now appreciate the mathematical advantage of the present ‘batch’ dynamics, with discrete time, over

the continuous time ‘on-line’ alternative: in the latter case the integrals over paths {q(0), q(1),q(2), ...} would be
replaced by path integrals over continuous trajectories {q(¢)} with ¢t € R.
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s = (o|q1, z1], .- .,0[qn, zn]) taking any given path {s(0),s(1),s(2),...} through
state space, from which this joint probability density can in principle be recovered via
an inverse Fourier transformation

/d¢(o)---d¢(tmax)z[¢] S, W (0)si(t) _ < —a[qi(t),zi(t)]>
pis

(2t l

(s(0 ) »8(tmax))- (4.13)

Either way, we may safely conclude that Z[«] contains all the information we are
interested in. Averaging (4.9) over the disorder (i.e. over the microscopic realization
of the strategies) allows us to obtain from equations (4.10—4.12) similar statements in
terms of disorder-averaged observables. In particular, we will find a prominent role in
our dynamical theory for the asymptotic disorder-averaged single-site correlation and
response functions Cy and Gy, which are defined as

Cy = lim ;]Z<0[qz-(t),zi(t)]0'[qz'(t’),Zi(t’)]>

N—o0
: 1 0?
" N 2 e w9

G = Jm 3 g,y P10 50

82

coon 1
= % 2 anaman 7Y 1

4.1.3 Generating functional analysis and disorder

The property that makes the generating functional (4.9) an ideal tool with which to
achieve our objective of solving the dynamics of the MG is that its disorder average
m can be calculated relatively easily. All that is required is for us to define suitable
auxiliary quantities (or fields), via d-distributions, whose purpose is to transport the
disorder variables into exponentials. The simple relation Z[0] = 1 ensures that, in con-
trast to the situation with the measure (3.24), there will be no awkward normalization
factor that contains the disorder. This removes the need for replica theory.'5

15 The generating functional method was in fact initially presented in literature as a mathematically more respectable
and acceptable alternative to the replica method.
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Let us now be more explicit and show precisely how this preparatory work is done in
practice. We insert first equation (4.8) into equation (4.9) and subsequently substitute
the definition (4.3), with the shorthand s;(t) = o[g;(t), z:(t)]:

ditdAitiA. ; —q.(t)—0,; . (t)s,
2] = </p0(q(0))[1—[ G ()G (1) g, (1)lau (1) ~au()-0.(0) v () ]

- 2
it

X H v sl o)A [q(t),z(t)]>

[ z

Agi ()G (1) 3.0 las (1) s (604 ()] i (15,
_ </P0<‘1(0))[H Gi()AGi(t) g (1)(a: (t41)a.(0) 0, (8)] +eu (1) ]

- 2w
it

% HeNé‘ 2 aiOw] +s;(8)E] ]> (4.16)

ijp 2

In order to decouple all occurrences of the disorder variables {¢!', w!'} we introduce
the two shorthands w!' = (2/N)z Y2, Gi(t)€" and ot = (2/N)= Z i(t)El, via
substitution into the generating functional of integrals over appropriate J- functlons:

1= H / dwl dmf; 5 ﬁv Zdi(t)ff]é[xf - \/\/JEV Zs,-(t)gﬂ.

Writing these -functions in their integral representations, via §(u) = [[dd/2n]el®,
subsequently generates conjugate integration variables {1}', Z}'}. Upon also abbrevi-
ating Dq = [1,,[dgi(t)/v2n], Dw = [[,,[dw{ /v2r], and Dx = [],,[dat'/v/27]
(with similar definitions for Dq, Dw and DX respectively), the generating functional
is seen to take the following form

_ / PwDWDXDx o S b wh it et twl (VI tat)]

" / DDA po(q(0)) (07 S & bt a0+ O+ . i (0si(0)y

s ol S 6 ()]gu (111)~q. (£)—0: (1) 4.17)

with, as always, 2, = N ~3 >, wt'. The disorder variables {&',w!'}, and therefore
also the strategy look-up table entries {RL“}, are now seen to appear linearly in ex-
ponentials only, so averaging Z[] in its present form (4.17) over the disorder has
indeed become trivial.
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4.2 The disorder-averaged generating functional

4.2.1 Evaluation of the disorder average

We can now calculate the disorder average Z[1] of equation (4.17), upon restoring
the deﬁnitiqns of &' = %(Rf} — Ri?) and Q, = %Nfé Zj(Rf} + RJ?). We recall
that the {RL“} are all statistically independent, each taking the values -1 with equal
probabilities. If we restrict ourselves to times t,,,x that do not scale with NV, we may
write the relevant disorder-dependent part of Z[v] as

V2T, W= TS [0 o0+ (1)

- H ovaw L[ (R RID)w — (R = Ri2)[w} 4 (8) +2 s: (1)]]

i
= { [ Sl - () - it 0]
X COS {;N Z[wf + Wy i (t) + 24 31(75)]} }

- He—ﬁ(Zt[wi‘—wé‘c}i(t)—i?&i(t)] P O [wi @ 4 () +4 s4(1)])*+O(N?)
i

— H e—ﬁ{(Zt wi' )+ (X, [ s ()2} 55 (1)])* }+O(N°)
iy

= o3 Dpuwr [wh w0} L 0] 2 K0, 43 Cur [+ ON®) (4.18)

where we introduced the temporary abbreviations
G = SosBsilt), K= Sos0a), L = - 3 a0t
tt N : 7 % ) tt N : 7 7 9 tt N : ) 7 .
(2 7 (2

We isolate these two-time functions'¢ in the usual manner by inserting appropriate J-
functions (in integral representation, which generates associated conjugate integration
variables), and define the corresponding shorthands DC' = [[,,,[dCi /27|, DK =
1,/ [dKw /v/27), and DL = [],,.[d Ly /v/27] (with similar definitions for DC, DK,
and DL, respectively). As in the case of the replica calculations in the previous chapter,
we must ensure that those new quantities in the exponentials of which the scaling with
N is still open will scale similarly to those terms where we have no choice, i.e. they

16 Note that we chose to use again the notation C};/, which has already been assigned a meaning via equation
(4.14). This has been done for reasons of economy, since we will find below that in the limit N — oo the two will
indeed become identical.
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must all be of order N. This implies that we will therefore insert the following terms
into equation (4.17):

1= N(tmax+1)2 /DCDO eiN Ett/ éttl [Ctt/fﬁ 21 Si(t)si(t/)}7 (419)
1 = Nmaxt1)? / DEKDK eiN Liw KK =% Xy s:(0a:(t)] (4.20)

1= N(twectl)? / DLDL &N Sewr Luvr Lo =3 4603 ()] 4.21)

Note that now the quantities {C, K, L} are no longer shorthands, but have become
integration variables. Substitution into Z[1)], followed by some simple cosmetic rear-
ranging of terms, then leads us immediately to

7101 = [[DODCIDKDRIDLDL) ™ Sl Cort il 000t

X /DWDWDXD& ol 2 [0F wi +2 2 +wi ]

@3 Ly [WH W H0Y Ly )y 280 Ky ), 484 s

X / DADG po(q(0)) (et 2 & Ola: (D) =a:(O=0: ()4 3, i ()si(1)

x o712 R [Crursi®si @)+ Ko si (08 () + L i (D3 ()] (4.22)
We see that upon assuming simple initial conditions of the form po(q) = [ [, po(¢;), the

i-dependent terms in the disorder-averaged generating functional (4.22) will factorize
fully over the agents ¢, and we arrive at

Z[y] = / [DCDCODKDK][DLDL) N VHE++0(og(N) (4.23)
with, in viewof u =1,...,aN,
U= iZ[étt/Ctt/ + Ky Ky + Ly L], (4.24)
tt/

o = alog [ / DwDiDxDi e 2Dt twne]
X ez

0=+ > tog( [ PaDim(a(0))

2 [wewy + e Ly yr s +28 Ky 0y +24Cyr 24/ , (425)
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¢ ol S aa(t+1)—a() 0.+ (D)o la(D). 2]~ S, 4O Lord(t)
N o [éwo[q(t),z<t>1a[q<t'>,z<t'>1+f«,,,,/a[q(tw(tna(t/)]> . (4.26)

z
The sub-dominant O(log(/N)) term in the exponent of equation (4.23) is generated
by the various factors of IV in front of the integrals (4.19)—(4.21) and by the sub-
dominant contribution to the exponent of (4.18), and is therefore independent of the
generating fields {1;(t), 6;(t) }. The contribution (4.24) is a ‘bookkeeping’ term, link-
ing the dynamic order parameters to their conjugates. The term (4.25) reflects the
statistical properties of the agents’ strategies, and boils down to a Gaussian inte-
gral. Finally, in the non-trivial term (4.26) we see that the decision noise averages
have been reduced to single-site (but multiple-time) ones: (g[z(1),2(2),...])z =

JTLId=() P((1))] g[2(1), 2(2), . . ].

4.2.2 The saddle-point equations

Since all the quantities appearing in equation (4.23) are seen to be macroscopic (the in-
dividual microscopic variables have been integrated out) and since all three functions
{W,®,Q} are seen to scale with the system size as O(N"), we reach the impor-
tant conclusion that equation (4.23) can be evaluated by steepest descent integration,
leading to coupled saddle-point equations from which to solve the dynamic order
parameters kernels {C, C,K,K,L, f/}. As in our previous replica calculations, we
will here again encounter imaginary saddle-points. As before, these are dealt with
by shifting integration contours in the space of {C, C,K,K,L, i}} (see our previ-
ous notes on the mathematical background to this). Extremization of the extensive
exponent N[¥ + & + Q] of equation (4.23) with respect to {C,C, K, K, L, L} is
straightforward and gives the following saddle-point equations

Cur = {alg(t), 2(®)] alg(t'), 2(t)] ), (4.27)
K = (alq(t), ()] 4(t') ), (4.28)
L = (4(0)a(t') ), (4.29)
. 10P . 10P - 10P

Cw = @7 it = 0Ky tt = Ly (4.30)

The notation (- - -), in the above expressions is at this stage just a shorthand for the
following operation (since it still contains imaginary terms, we are not yet allowed to
interpret it as an average or expectation value)

(9la. 4.2} = Jm > ol{a.d, 2} @31)

)
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_ IDgDg (M;[{q, 4, 2}gl{a. 4, 2}])z

q, q'\’ z 7y — ~ ~ ) (432)
(lte. 4.2} TDqDi (Mi[{4.4. 2)))s
M;[{q, 4, z}] = po(q(0)) e = AT =aO=0: O 32, wi(B)ela(),=(0)
o o1 S Cruola(t) 2(Oola(t) 2]+ Ko ola(t) 2(0]d(1)]
w e 1w Lewd(®)d(t) (4.33)

4.3 Simplification of the saddle-point equations

Our saddle-point equations (4.27)—(4.30) seem somewhat unwieldy, but they can be
simplified in a number of ways. Firstly, after deriving the physical interpretation of
our dynamic order parameters we can discard the generating fields {«;(¢), 0;(t)}. Sec-
ondly, we will find that a number of the order parameters must in fact be zero. Thirdly,
we can carry out the integrals in ® (4.25) and subsequently work out equations (4.30)
explicitly. Fourth, we will show how the conjugate variables {G}, as appearing in
equation (4.28) and (4.29), can be transformed into derivatives with respect to the
perturbation fields, as a result of which the effective measure (4.33) can be simplified
considerably.

4.3.1 Identification of order parameters

Let us return to our two expressions (4.14) and (4.15) for the correlation and response
functions C' and G, and insert into the latter our formula (4.23) for the disorder-
averaged generating functional. Let us also insert equation (4.23) into the trivial iden-
tity 022[0]/00;(t)06;(t') = 0. In doing so we will make use of the fact that only the
term {2 in the exponent of equation (4.23) depends on the fields {¢;, 6;}. In working
out the resulting three equations we encounter the following derivatives

o = 30,0
o =~ elaO0lolate), 200
~(olalt),2O):lola(t), (0]}
e = ol 201 — (o). 2O}

2
o~ — L0~ a0
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Using the shorthand {D} = DCDCDKDKDLDL and the normalization identity
lim,, g Z[] = (1) = 1 we now find

QJ+O(N°
R o e

Cy = — 15[1OO 1})1310 N Z [{D} eNT+2+A]+O(N?)

O2NP ON® OND Q4+O(N°
{D}[aw 900 @) T o0 oney )€ O

== ]\}Enoo 1}}1&10 N Z [{D} eN¥+2+2+O(N?)

_ D }N (oq(t), 2(t)]olq(t)), z(t)])jeN ¥ +E+A+ON)
N—oo ¢H0 [{D} eNT+2+Q+O(N?)

= lim0<a[q<t>, z()]eolq(t), 2(t)]), (4.34)

f{D}WE)&(z&')eN[\I}+®+Q}+O(NO)
[{D} eN¥+e+Q+O(N?)

1
RIT I
Gyt i lim wmb N g

0? 9 9 0
S0} [aatiaer + duangy oo

=—i 1\}£noo 1},2110 N Z f{D} eN[P+2+Q]+O(N°)

— —i lim lim f{D}% S i{ola(t), 2()] ()N T+ AFONT)

T Neoogo0 [{D} eNT++0+O(N)

= —i $1m0<a[q(t),z(t)]@(t’>>*, (4.35)
f{D}aa N[\IJ+LI>+Q}+O(N“)

ae @)
0= Jm 1},131 N Z f{D} N[O+ +O(NY)

O*NP ON® ON® | \N[T+P+Q]+O(N®)
— lim lim — Z {D} [89 (t)00;(t") + 00, (t) 96, (t,)]e
 NocogpO0N [{D} eN¥+2+Q]+O(N°)
— lim JIDH/N S0 )+ 4900)
TN e p0 [{D} eNF+E+A+ON)
= - 1iimO@(t)d(lt/))*. (4.36)

The final expressions (4.34)—(4.36) are to be evaluated at the physical saddle-point
of ¥ + 2 4+ ®. We conclude from equation (4.34) that our previous claim regarding
the correlation function interpretation of equation (4.27) was indeed correct. From
equations (4.35) and (4.36) we extract, in combination with equations (4.28) and
(4.29) that for all (¢,t")
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Ktt’ = ’L'Gtt/, Ltt' =0. (437)

At this stage we may send the fields {1); } to zero, and we choose the perturbations {6; }
to be independent of 7. This results in the measure M;[{q, 4, z}] losing its dependence
on ¢, and our saddle-point equations (4.27)—(4.30) are consequently simplified to

Cuw = (olq(t), 2(t)] ola(t"), 2(t')] ), (4.38)
G = —i(olq(t), ()] 4(t') ). (4.39)
10® - . 0P A
b ey, K= Mg, L= mars (@40)
with
/DgDG (M[{q;q, 2}]g[{q, d, 2}])=
,Z - - , “4.41)
Wi @21 == p g ({4, . 2 ).
M[{q,d,2}] = po(q(0)) e 132, d®)[q(t+1)—q(t)—0(t)]
« e 1 X [Crvrala(t),z()]olg(t),2(t")]+ K ola(t),z()]a(t)]
% o1 e Lo d(®)a(t') (4.42)

4.3.2 Evaluation of ®

Next we turn our attention to the function ® (4.25), which, according to equation
(4.40), we only need to know for small L. Integration over the variables {z;} in
equation (4.25) immediately yields [ [,[v/2md[Z¢ 4+ wy]], so that

P = alog /prw ei Zt u?twtfé Ztt/[wtwt/+uA)tLtt/’Lf1t/72ithtt/uA)t/+wtCtt/’wt/]. (443)

It will be efficient to define the two matrices 1 and D, with entries 1; = dy and
Dy = 1+ Cyy, respectively. The integration over {w;} now gives (see appendix B
for multi-variate Gaussian integrals), with the notation GL, = Gy

= alog /H |:dﬁ7t } 0 3 Do Wi Loy —% S 0 [(14G) DT A4,

—la log det D

= Oélog /H |:dwt :| 1-— 1/2) Ztt’ thtt/wt/ + O( ) _% Zttl ’lf)t[(1+G)-‘-D71(1+G)Lt/1f1t/
V2r] det™Y2 [(1+G)ID-1(1 + G)]

fia log det D — ialog det[(1+@)'D71(1+ @)
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5 o (1/2) Sy e [(1+6) DTN A+, by
=alogql— 1ZLtzs/ /H {dwt] Wiy €
24 S Lven det™12 [(1+G)ID-1(1+ G)]

—%alog det[(1+ &) (1 + @)+ O(L?)
— _aTrlog(1 +G) — %az L1+ 6) D 1+ Q)5 + oL, (4.44)

tt’

where we have also used the general matrix identity log det U = Trlog U. Expression
(4.44) allows us to write the saddle-point equation (4.40) in fully explicit form, using
the further general matrix identity 9Trlog U/OUysy = (U~1)yy:

Cipr =0, (4.45)
Ky = —a(1+G)y/, (4.46)
Ly = —%m[u + @)D 4+ Gy (4.47)

These results lead to a further simplification and compactification of our saddle-point
equations (4.38)—(4.40), which now involve only C' and G:

Cuw = (olq(t), 2(t)] ola(t"), 2(t)] ), (4.48)
G = —i( olq(t), 2(t)] 4(t') )+, (4.49)

with

_ JDqDq (M[{q. 4, 2}9[{a, 4 2}])a
JDgDG (M[{q,4;2}])x 7

M[{q, 4, 2}] = po(q(0)) &' e dDlalt+D)—a(t)=0(0)+a 3=, (146) sola(t).2(t")]]

% o= 30 T AOIA+6) DA+ (e, @51)

<g[{Q7 qu Z}])*

(4.50)

4.3.3 The effective single-agent equation

Our final simplification consists of the elimination of the integration variables {G(¢)},
by exploiting the implications of causality. We note that Gy = 0 for ¢t < ¢’ (since
perturbations can only affect the future), so that the term 3, (1+G) ;' o/[q(t), 2(t')] =
Y onso(—D)™(G™)wolq(t’), z(t')] in equation (4.51) involves only values of ¢(t') with
t' < t. This property will allow us to calculate the denominator of the fraction (4.50)
by integrating out the variables {q(¢)} iteratively, first over q(¢max) (Which gives a
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term of the form §[G(tmax — 1)]), followed by integration over ¢(tmax — 1) (which
gives a term of the form §[¢(tmax — 2)]), etc. All the powers of 27 hidden inside the
shorthands DqDq are seen to be absorbed precisely by the emerging J-functions, and
the result is simply

/DqDé M[{q,q,2}] = /dQ(O) po(q(0)) = 1. (4.52)

This, in turn, implies that

We may now carry out the remaining integrations over {q}, and write our saddle-point
equations in the yet simpler form

9(alg(t), 2(D)])«

Cr = (olq(t), 2(D)]ola(®), 2(t)])s,  Guw = a0(t')

(4.53)

with (g[{q,z}))« = [[I1,dq(t)] (M[{q.z}19[{q,}])z i.e. the effective measure
(- - )« no longer involves a fraction, and

d(j t _1lg - -1 0N=11 a4
M{a,2)] = po(a() [ T] [0t Buw 01040 D+6) i)
t

wel 2 A [a(t+1)—q(t)=0()+a 32, (1+G) o la(t),z(t)]]

= otato) [T] [*517)]

welVa X aWn(t) =33, d0)[(1+G) T DA+GT) 1, 4(t)

y 1:[ 5 [n(t) gt 1) —q(t) - 0(t) + a%t,(l +@)lolg(t), z(t/)q

_ ( (0)) /H |:d7’](t)i| e_% Ztt/ U(t)[(1+G)71D(1+GT)71]”/77(75’)
bod o Vo7 N P [ e o W e ey

><H6

t>0

q(t+1) = q(t) = 0(t) + @Y _(1+G)ylola(t), =(t)] — ﬂn(t)] :

+

(4.54)
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We recognize that the representation (4.54) is mathematically fully equivalent to the
measure corresponding to a single-agent process of the form

g(t +1) = q(t) +6(t) —a Y (14 GQ)ylola(t), 2(t)] + Van(t) 455

t<t

in which 7(t) is a Gaussian noise, with zero mean and with temporal correlations
given by (n(t)n(t')) = S

Y=(1+G)'DA+GHt (4.56)

Causality ensures that Gy = 0forallt’ > t,50 (1+G)y;' = 3,50(—=1)"[G"]w = 0
for t/ > t. Hence the third term in the right-hand side of equation (4.55) represents a
retarded self-interaction, and therefore also the effective single-agent process (4.55)
obeys causality. The correlation and response functions (4.14) and (4.15) are the dy-
namic order parameters of our problem, to be solved self-consistently from the closed
equations (4.53), in which (- --), now denotes averaging over the effective single-
agent process (4.55) and over the zero-average Gaussian noise variables {z(¢) }, with
(z(t)z(t")) = 6w . These results represent a fully exact and closed theory, describing
both the statics and the dynamics of the MG for N — oo.

4.3.4 Overall bid statistics and volatility

Finally we would like to be able to express statistical properties of the overall bid such
as the volatility, or more generally the volatility matrix (4.5), in terms of the solution
{C, G} of our effective single-trader problem (4.53) (4.55) and (4.56). It turns out
that this requires only minor adaptations of our calculations so far. We define again a
generating functional, in the spirit of equation (4.9):

Z]¢] = <ei\/§zf,20 2, ou (DA [a(0),2(0)]) 4.57)
Here ¢ denotes a new set of generating fields {¢;(t)}, and the definition of the average

is identical to that in definition (4.9) (the extra factor v/2 will give us somewhat cleaner
equations later). From equation (4.57) one obtains

)
(a2} = - 75 lim S5 (4.58)
(Ala(t). 2] A (). 2 = — tim D20l g s9)

240 8q§#(t)8¢,,(t’)

Close inspection of our previous calculation of Z[v)] reveals that, provided we follow
exactly the previous route of manipulations, we may find the desired expressions for
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Z || and Z[¢] by making suitable replacements in the corresponding expressions for

Z[1] and Z[1p]. In particular, we find that in equation (4.17) we need just make the
simple substitution

el i Vi)si(t) o3, du(t)[V2Qutal]
After a simple shift of the integration variables w}' this then gives us
Z[¢] = / DwDWDxDk o Lo b [0t =6, (0] a4 2wt (V20 +ab)]
X /Dqu po(q(0)) (e% > & Zt[@féi(t)+@fsi(t)]>z
x o e G (0)[gi (t+1)—q: (1) —0: ()] (4.60)

The disorder average (4.18) is seen not to be affected at all by our modification, so
for initial conditions of the factorized form po(q) = [[, po(¢:), instead of equations
(4.22) and (4.23) we now have

Z[¢] = /[DCDO] [DKDK] [DL'Dﬁ] eV 2w (Cror Covr+ Ko K+ Ly Ly ] +O(N°)

y / PDwDWDxD% ol S 04wk~ (0)] +a4 2t 4wl ]
% e 5 D [wh wh, b} Lyl 428 Kyt +4 Cpr 24

" / DD po(q(0)) (e Ser d:(Dla:(-H1)=a.()=0.(0)

X e_i 27 Ett’ [C’tt/ Si (t)si(t/)'i‘j(tt’si (t)’jt (t/)+ﬁtt"ii(t)‘ii(t/)] >z

= / [DCDO|DKDK][DLDL) N VHE+A+OMN?) (4.61)
with
U = iZ[étt’Ctt’ + f(tt'Ktt' + itt’Ltt’]a (4.62)
tt’

1 C s R
—_ " o 1Zt[wt[wt*¢u(t)}+$tﬁft+wt$t]
P = N gﬂ log [ / DwDwDxDz e

% 67% Ztt’ [wtwtl+UA)tLtt/’Lf)t/+2itht/uA)t/+aA?tCtt/it/] (4 63)

0= > | Pavim(a()



Simplification of the saddle-point equations 83

o ol S0 A0+ —a(t)—0: ()]~ s (1) Errrd(t')
" <e—izw[c,,,,/a[q(t)z(t)}o[q(t’)z(tfn>+f%t,,/a[q(t>,z<t>m<t'>1> (4.64)

z

Apart from the obvious absence of the previous generating fields 1) in equation (4.64)
(which were ultimately put to zero in the previous calculations as well), the present
equations differ from those which gave us the effective single-agent process (4.53)
(4.55) and (4.56) only in the modification of the function ¢ (4.63), which is seen to
revert to its previous form (4.25) for ¢ — 0. At the physical saddle-point we have
L =0and K = iG, so with Dyy = 1 + C} and upon integrating in (4.63) over {z;}
we obtain

1 : - 1
=y 2_log / DDy ¢ S El5 (G =0, (0] -1 5y Doy
I

dupdw
= —alogdet( 1+GT Zlog/H[ urdid( Ithtut

X e_%Ztt/[ut-‘r@m(t)][(l-i-G) "D(14+GT) " o e+ ()]
= —alog det(1+ GT)
Z Z ou(O)[(1+G) 1D+ GT)_I]tt'Qbu(t/)- (4.65)

tt’

We may now calculate the two derivatives required to work out the overall bid moments
(4.58) and (4.59):

oN® » o ,
b0 =~ LA+ E DAL EN e, ), 460

PN » -
()0 (t) w1 +G)T DA+ G (4.67)

and find, with our previous shorthand {D} = DCDCDKDKDLDL and using the
normalizaton identity Z[0] = 1,

o TARTeT o JD}0/0¢,(t))eNVHEFATOWNT)
yim (Arla(®), z(8)]) = V2 M (ilfb [{D}eN e+ FON)
i i i f{D} eN[\Il+<I>+Q]+(')(N0 (aN(I)/a¢# ))
NG N qub [{D}eNT+E O TON)

_o, (4.68)
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lim (A*[q(t),z(t)]A¥[q(t’), z(t')])

N—oo
~ Lo JPY g me T HON
T 9 Noso #—0 f{D} eN[P+24+Q]+O(N°)
0 PNo IN® ON®
I R D} NB+E+aLOWT) | -GN 1 Ole, ove |
DY Ve s [{D} eNT+2++O(N)
1
= 0w (1 + G)'D( + G Yy (4.69)

The disorder-averaged expectation value of the overall bid itself is thereby confirmed
to be zero (as expected). Upon making the (safe) assumption that quantities like
pt n—1(A"a(t),z(t)]) must for N — oo be self-averaging (i.e. lose their de-
pendence on the microscopic realization of the disorder) we see furthermore that the
disorder-averaged volatility matrix (4.5) is for N — oo equal to

p

=, = lim 1 I Z u N gt
Zy = Jlim p;m la(t), z(t)] A [a(t’), z(t')])
1 <& 1
_[p,;<A a(t). z(0)])] [pz (1))
= %[(1 +G) ' DA+ Gy = %Ew (4.70)

with the matrix X as defined in equation (4.56). Thus the noise term 7)(t) in the effective
single-agent process (4.55) represents the overall market fluctuations.

4.4 The first few time steps

It is quite remarkable that our problem of solving the batch MG dynamics has for
N — oo been reduced to the analysis of the effective single-trader equations (4.53)—
(4.56), with the volatility and other statistical properties of the overall bid subsequently
following from equation (4.70), without as yet having used any approximations. Stage
two of the generating functional analysis approach is to try to solve the order parameters
C and G from the trio of equations (4.53), (4.55), and (4.56). With the exception of the
so-called spherical batch MG version (to be introduced in Chapter 7), this is generally
non-trivial, and we will therefore have to restrict ourselves either to stationary state
solutions, or to solving the first few time-steps of our process.

Especially in solving the first few time steps we will be able to rely heavily on the
simplifications that follow from causality. For instance, we always have (1 + G)~! =
> n>0(—1)"G™, with causality enforcing
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[GMw =0 for ' >t—mn. 4.71)

For simplicity we will regard the external fields (which indeed have so far never been
included in our numerical simulations) only as infinitesimal perturbations, required
for finding response functions but to be put to zero at the end of every calculation. We
will also choose the simplest types of initial conditions, viz. po(q(0)) = [¢(0) — qo],
and limit ourselves to the additive and multiplicative decision noise definitions (2.12)
and (2.13), with P(z) = (271)‘%‘522. In the extreme parameter limits « — 0 and
a — oo we are able to go beyond just a few iteration steps, and solve (4.53), (4.55),
and (4.56) for all times ¢ > 0 that do not scale with «.

4.4.1 Finite time solutions for o« — oo

The easiest limit to handle is & — 0o, where we must expect to see a solution corre-
sponding to effectively random decision making by our agents. Upon going back to
(4.53), (4.55) and (4.56), one may confirm iteratively that for finite times £ > 0 and
in leading order in « our effective agent ¢(¢) will oscillate according to

additive :  q(t) = a sgn[q(0)](—1)" + O(Va), (4.72)
Co = (—1)l=01 4 (9(\/1&)7 G =0 <\/1&>, 4.73)
S = % + %(—1)‘”" +0 (\/1&> (4.74)
t—1
multiplicative :  q(t) = a sgn[g(0)](—1)~"I T] sgn[1+T2(s)] + O(Va), (4.75)

s=0

Cy = (_)\(T))Itit/‘ + O(\/la)v Gy = O <1)7 (4.76)

Q

(=AD" +0 <¢1&> 4.77)

DN |

— 1
S = 5 +

with A\(T') = Erf[1/Tv/2]. Our system thus immediately enters a period-two oscilla-
tion, which is perturbed by noise in the case of equation (4.75), with the role of initial
conditions reduced to determining the phase of this oscillation. In both cases we have
lim, .0 Z¢¢ = 1, which confirms the ¢ = 1 bid fluctuation amplitude consistent with
random trading, already from the start of the game. We also see that for additive noise
the noise strength 71" has dropped out in leading order in «, whereas for multiplicative
noise both the microscopic solution ¢(t¢) and the resulting order parameters depend
onT.
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4.4.2 Finite time solutions for « — 0

As could have been expected, the limit . — 0 is more subtle. This is illustrated by the
potential for the response function as well as the strength of the effective noise 7(t)
to diverge when qg — 0. We will return to the latter scenarios in more detail below. If
for now we first restrict ourselves to initial conditions with gg = O(a") # 0, we find

t—1
at) = a0+ Y |0(¢) +van(t)] +Oa) (4.78)

t'=0

with
additive :  Cipr = A (T/|qo]) + 6t [1 — N2(T/|qo])] + O(Va), (4.79)
2 1.2 2

G = T\\CEQ_Q%/T + O(\/&), (4.80)
multiplicative :  Cyr = A (T) + 6 [1 — N2(T)] + O(Va), (4.81)
Gy = O(Va), (4.82)

One gains additional macroscopic information and insight into the microscopic state
by working out the noise covariance matrix > (4.56). For both noise types we have
Ci = S + (1 — du)e + O(y/a), with ¢ = X2(T/|qo|) for additive noise and
¢ = A(T) for multiplicative noise, so we may in both cases write

n(t) = 1+ Gyt [2ve+ 2(t)WI—c] + O(Va) (4.83)

t<t

with transformed zero-average Gaussian variables z and {Z(t)}, which obey (2?) = 1,
(zZ(t)) = 0and (Z(t)2(t")) = du.
In the case of additive decision noise we thus find, more explicitly

0(t) = 2T/ |aol) Y_(1+ Gyt + VI=N(T/laol) Y_(1+ Gl 2(t') + O(Va).

v<t v<t

Upon introducing the shorthand g = (v2/T/7)e 2%/T" we may write Gy =
g+ O(a) for all t > t' (with Gy = 0 for t < ¢/, due to causality). For such
response functions one finds!'” that 3, (1 + Gyt = (1—g)t, s0

17 To see this, one simply writes the sum to be calculated as Sy = Zt’ <t (1+G);,1 ,one multiplies both sides of this
identity by (14 G) s¢, and one performs a summation over ¢. This gives the equivalent problem Sy = 1—g Zi’;lo Sir.
The solution Sz = (1 — g)* is trivially correct for ¢ = 1, and easily verified to be correct for arbitrary integer ¢ > 1
by induction.
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n(t) = 2(1=9)'\(T/|go]) +V1=X(T/|qo]) Y _(1+G) ' 2(t') + O(Va). (4.84)
t'<t

For {6(t)} — 0 we may now apparently sharpen and expand our previous statements
(4.78)—(4.80) on the short-time solution for additive decision noise to

o0 =a+va{Zli-a- gﬂA(T/mo\)

t—1 t
VI=R (T lao) Y- D1+ G)7tE(s) } + Ofa), (4.85)

t'=0 s=0
Crer = N (T/|go]) + 0 [1 = N(T/lqo])] + O(Va), (4.86)

2 '
Gw =9g+0(\a), g= T\\[f —/T, (4.87)
— , 14+ 0\ a) fort =1t/

= = (1 — t+t 4.88
S { DT l) + OWa) fort At

The crucial impact of the initial conditions ¢gg in the small « regime is immediately
clear in equation (4.85). The key quantity is the short-time value g > 0 taken by
the response function, which decreases monotonically with |gq|. For sufficiently large
values of |go| we have 0 < g < 2, and the oscillations are damped. For small values
of |qo|, on the other hand, we may have g > 2, leading to oscillations that grow
exponentially in amplitude.

For multiplicative noise we no longer have a finite value for the response function,
in leading order in o, so

n(t) = XNT)z+ 2(t)/1 = 2(T) + O(Va (4.89)

Thus for {#(¢)} — 0 our solution on finite times takes the form

()—qﬁf{ T)zt + /1 — X2(T Zz }—i—@(a), (4.90)

=0
Cuo = ¥(T) + elt = XT)] + O(VB), @1
G = 000 (4.92)
=, = 1+ 0(Va) fort =t
o {%[1 FA2(T)] + O(a) fort#t. (4.93)

In contrast to the limit &« — o0, for small «v and short times the differences between
additive and multiplicative decision noise are profound (unless, of course, we put
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T — 0, where the two solutions above are indeed seen to become identical). For
multiplicative noise there are no short-time oscillations whose amplitude and/or sign
depend on qg. In particular we find for the global bid fluctuations (of which the volatility
is the time average)

additive:  Zy = (1 — 9)* + O(Va) (4.94)
multiplicative : =y = 1+ O(v/«). (4.95)

4.4.3 Short times and intermediate o

For the first few time steps one can still calculate the order parameters for intermediate
values of « explicitly, including the volatility. We recall that Dy = 1 + Cy and that
Cy = 1 for any ¢. Furthermore, we note that expression (4.56) for the matrix % can
be written as

Y = Z (_1)n+n, Z [Gn]tsDSS’[Gn,]t’S’

n,n’>0 $,8'>0
t t’ t—n t'—n’
D9 SIS ) B IR NCL MR
n=0n'=0 s=0 s'=

This gives, for instance, for the first few iteration steps

Y00 = Doy = 2, 4.97)
Y10 = D1o + G10Doo = 1 + C19 — 2G1o, (4.98)
Y11 = D11 — 2G10Do1 + (G10)* Doo

=2 — 2G1o(1 + C1o) + 2(G10)*. (4.99)

We are now in a position to calculate the entries of all order parameter kernels that
involve times ¢, ¢’ < 2. Equation (4.55) tells us that

a(1) = g(0) + 6(0) + v/a 5(0) — aclg(0), 2(0
4(2) = q(0) + 6(0) + 6(1) + Valn(0) + n(1)]
—aalg(0), 2(0)] — aclg(1), 2(1)] + aGroalg(0), 2(0)].  (4.101)

], (4.100)

From these expressions we extract, in turn, using the previously introduced functions
= [dz P(2)o[q, 2] and o’[q] = do]g]/dg (where o[—q] = —olg)):

d _
Cio = < \/#Tooe =00 glgy + v n — aclqo, z0), #1] U[QO>ZO]>

20,21
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= </Dm o [qo + V20 — aU[qoyzo]} U[Qo,zo]>

20

= /DZDl’ o [(qo + xV2a)olqo, 2] — oz} , (4.102)
G hmi dn 6_§0'[ + 600 + Van — aoclqo, 20, 21]
10 = o 900 Norom, 4o T bo Ui 4o, 20} 21 .
= /DzDa: o [(qo + zv2a)o(qo, 2] — a} . (4.103)

We first work out the above formulae for additive decision noise (2.12), i.e. for
olg, 2] = sgn[q + Tz] and olq] = Erf[q/T/2]. Here we find, using integral (B.16)
in Appendix B, that

Cio [ DD [0+ rVIR)sgnl: ¢ lnl/T) ~ o

V2
17 - 17 V2
= —— 1—Erf’q—0‘ /DxErf[a+|q0+x a}
2 | LTv/24 ] TV?2
17 - 17 — ol — zv/2
L g ol /DxErf O‘ lg0] — O‘}
2| LTv/21 | V2
o ] -
N P 90| Erf[ o+ [qol }
2 | L Tv/21 ] T2+2a
1 " o] 7]
o 1+ Eef [ 1] | Erf [ } 4.104
2| LTv/21 T2+2a ( )

Gro—= Y2 / DD o= 30 +ov22)Sgnls+jao|/T]—al?/ T2

—2(lgol+)?/(T*+20)
1 {1—Erf[ |q0] H V2e

T2 TV2 (T2 ¥ 2q)
1 |0l ] V2 e~ 3 (a0]=a)*/(T?+20)
4= |1+ Exf . 4.105
2 [ ' [T\/ﬂ T(12 + 20) (103

In the limits « — 0 and o — oo we recover from these expressions our earlier results,
in Sections 4.4.1 and 4.4.2. Let us now inspect these expressions (4.104) and (4.105)
and the resulting values for the noise covariances (4.98) and (4.99) for the special case
of ‘tabula rasa’ initial conditions (i.e. gy — 0). Here one finds (4.104) and (4.105),
and (4.98) and (4.99) reducing to

«
Cio = —Erf [7%2172 n 404}7 (4.106)
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26—012 /(2T?+4a)

= — 4.107
0 /r2T + da) (107
o 4efa2/(2T2+4o¢)
Y10 =1— Erf — : 4.108
0 [\/QTQ + 4oj V(212 + 4a) (109
4efa2/(2T2+4a) a 4efa2/(T2+2a)
Y= { - f[}}+2'
(2172 + 4a) V2T? + 4o (T2 + 2a)

(4.109)

The negative value of C'g indicates that the effective agent initially starts alternating
his strategies. In contrast to the situation where gg # 0 we also see that for ‘tabula
rasa’ initialization and at 7" = 0 one will find a diverging value for the response G1g
for small o, viz. limp_o G1o = (7a) "2 + O(y/a).

Let us finally work out expressions (4.102) and (4.103) for multiplicative decision
noise (2.13), i.e. for o[q, z] = sgn[g]sgn[l + T'z] and o[q] = sgn[g]\(T):

Cio = A(T) / DzDx sgn[(|qoy + 2v/2a)sgn[l + T2] — a}

1 lqo| + 1 a — |qol
=-XT)< =[1 = \T)|Exf| —— —|1 T)|Erf | ———
G e R e o B
4.110)
Gio =2X(T) /Dsz (5[(|qo| + zv2a)sgn[l + Tz] — a]
AT) (1 B ) 1 otz
_AMD) [ pyie—tatlao?da Ly 4y opyie—(a—laah?/aa |
D G- A AL ADe
4.111)
For ‘tabula rasa’ initial conditions we find these formulae simplifying to
Cho = —\(T)Exf E\/a] : (4.112)
MT)e i@
G = (\/)ﬁ7 4.113)
1 2T 1
Sho =1 — \(T)Erf [2\/5] - 3&% e i (4.114)

2AT) _: 1 223(T) _.
Y11=2— \/273(3_40‘{1—)\(T)Erf[2\/&]} + a7('r )e—ga. 4.115)

Comparison with the equivalent expressions (4.106)—(4.109) for additive decision
noise leads to the conclusion that, in the small « regime, additive noise has a much
stronger impact on the short-time dynamics of the batch MG, changing the leading
order in « of order parameters such as Cg and G by a factor of \/c. In contrast, for
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multiplicative noise, raising the noise level from 7" = 0 to a non-zero value induces
only a re-scaling of C1p and Gg by a factor A\(7"). We recall that in the pseudo-
equilibrium replica calculation we could not make any statements on the behaviour
of the system in the low o regime at all, except by ad hoc interpolation of the large
« equations.

4.5 Stationary state in the ergodic regime

If the batch game has reached a time-translation invariant stationary state without
long-term memory,'® then Gy = G(t — ¢') and Cyy = C(t — t'). It now follows
from equation (4.56) that also Xy = (¢t — t’), and that therefore all three oper-
ators {C, G, X} as well as their powers commute. In this section we assume that
the stationary state is one without anomalous response, i.e. the integrated response
X = lim; .o >, G(t) is a finite non-negative number, and we will try to calculate
persistent stationary state observables such as y and ¢ = lim; .., C(t) from the closed
equations (4.53) (4.55) and (4.56). For such TTI states we may write

St :Z[ N Gt~ 1)t~ t2) - Gltn—z— ta-1)G(ty_1— ')

=x Y, Glt—t)G(ti—ta), -+, G(tn2— tn 1)

tr,ytn—1

G (4.116)

Hence also

A+ M-t => ()" G-t

t’ n>0
1
=) ()" = (4.117)
n>0 1 + X

Given the desire not to introduce too many symbols, and given that the disorder
averages are now well behind us, we will use the the following notation for time
averages whenever there is no risk of ambiguity: T = lim, oo 771 > 7_; z(¢).

4.5.1 Closed laws for persistent order parameters

In a stationary state of the original N-agent process (4.2) one generally finds agents
who change strategy frequently (the ‘fickle’ agents), but also agents who do not ever
change strategy (the ‘frozen’ agents). We expect the latter to correspond to values of

18 Even if TTI solutions exist, it is not immediately obvious that they will necessarily be approached and reached
(given that we have taken the limit N — oo for finite ¢). In Chapter 7 we will deal with this issue in more detail.
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|gi| that grow linearly in time. Our effective process (4.55) has replaced the original
population statistics of equation (4.2) by the statistics of a single effective agent, so the
original fraction ¢ of frozen agents has now become the fraction of ‘effective agent’
trajectories that end up growing linearly over time. It will turn out that in this section
we no longer need the perturbation fields, so we put {6(¢)} — 0.

To separate effective single-agent trajectories {¢(¢)} into fickle versus frozen ones,
we introduce transformed variables G(t) = ¢(t)/t. The fraction of ‘frozen’ agents in
the original N-agent system, for N — oo, will now be given by ¢ = lim, o lim_.
(0[]q(t)| — €])«. Carrying out this transformation in the process (4.55) gives the fol-
lowing equivalent equation in terms of {g(¢)}:

9(0)  Va

q(t) ===+~ ——ZZ 1+ Q) lofsq(s), z(s)]. (4.118)

1
t’ =0 t’=0 s>0

The tricky term in equation (4.118) is obviously the one that represents the retarded
self-interaction. We may, however, use the property (4.117) to establish that, if our
process indeed evolves towards a TTI state with y < oo, and for all sequences {z(t)}
for which the limit lim, oo 771 Y], 2(t) exists

t—1
59 WIBTCRERYED 9 WIBHC RS

t'=0 s>0 =0s>0
=
—Zl—i—G ) lim = Yzt —s)
t—>oo t
s>0 t'=s
s 1 t—1—s
/
=> (1+a6)"! hm(1—¥)t_szx(s)
s>0 s'=0
T
=z (1+G) Ys) = . 4.119
§< o) = 1 (4.119)

The crucial step was taken in the first line, where we used the fact that only those
terms with ¢’ = O(t), where time-translation invariance may be assumed to hold, can
survive the limit ¢ — 00). We now define ¢ = lim;_,~ G(t), assuming that this limit
exists, and send ¢ — oo in equation (4.118). The result is

i = . 4.120
q 1Ty (4.120)
Here 77 = lim, oo 771 32, n(t), and & = lim, oo 771 3, 0[qt]. We note, given

the general properties of the function o[g|, thatin those cases where § # 0 we must have
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T = sgn[g|.o[oo], whereas for ¢ = 0 we know that [&| < o[co]. We can now inspect
the two possible solutions ‘fickle’ (¢ = 0) versus ‘frozen’ (§ # 0), noting that in both
cases we must have sgn[g] = sgn[7j]:

o _ ()7

olod]  ofoc]Va

1+ — 4/ Vel
ooo]v/a

We make the crucial observation that the two existence conditions in equations (4.121)
and (4.122) are complementary.'® Hence, which solution type of (4.120) one will find
depends solely on the value of the zero-average Gaussian variable 7. This allows us
to invert the above statements and write directly

o[oc]y/a
1+x '
oloo
1

aleolve (4.122)
+ X

‘fickle’ :

exists if |7j] < (4.121)

‘frozen’ : sgn[q] = exists if |7 >

L7

7| < ale]va . ‘fickle’ solution, o = m, (4.123)
1+x Va

7l > a[looj\;& : ‘frozen’ solution, T = o[oo]sgn[7)]. (4.124)

The explicit and convenient classification provided by equations (4.123) and (4.124)
will be our main tool in deriving closed stationary state equations. The remaining pro-
gramme of work is: (i) calculating the variance of the zero-average Gaussian variable
77 from equation (4.56), (ii) calculating the persistent correlations ¢ = lim;_, C(t)
from equations (4.123) and (4.124), (iii) calculating the frozen fraction ¢ from (4.123)
and (4.124), and (iv) finding an expression for the susceptibility .

® The variance of i} follows directly from equation (4.56):

T

(7*) = lim % Y1 +6)'DA+GH Mw
tt’=0

= Z(l + @) s +G) 7S T]i_)nolo % ZT: zT: 1+C(t—s—t'+5)]

ss’ t=s t'=sg’

__-Tc (4.125)

19 Here we have used the assumption that 1 + x > 0, which seems physically natural in view of the definition
of the response function. However, in contrast to equilibrium calculations, in the present dynamical formalism one
cannot rule out solutions with 1 4 x < O purely on mathematical grounds. Such solutions would describe a situation
where the retarded self-interaction term in the effective single-agent equation (4.55) has switched from acting as a
negative feedback to a positive feedback, and would generate remanence effects in our process.
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® The persistent correlations can be expressed in terms of the effective single-agent
via ¢ = lim, oo 772 > tw<rola(t), z()]ofg(t), z(t)])x = (72). At this stage
we must distinguish between the two cases in equations (4.123) and (4.124):

z/an(n){ﬁ[U[ ooly/a s @ (1+x)2772+9[|n|_0[10d\§5}02[00]}

1 + X +
2(1(3_6)/0 Dz 9{%—2]22—#202[%] /OOODZG[Z—U[O;];/Ca]
_ 1+c o oo/ a 2 ofoo]y/a _f;fioif;
T {Erf[m] B \/;ﬁ
+02[od] {1 — Erf[a[;(j]g} } . (4.126)

® Given our conditions (4.123) and (4.124), the frozen fraction ¢ can be calculated
similarly. Here we have

¢ = /an 9[ﬁ— Ej\;a]_Q/OOODze[Z—%

BN

. 4.127
2(1+¢) ( )

® To find the susceptibility x = lim; o0 ;. G(t) we note that it is identical to the
asymptotic response of the system to a time-independent external perturbation, viz.
6(t) = 6 for all t:
1 ( 0 _
= ——\=—0
Va'ton
1 N 7 (14 x)? o
=— [d7 P()—==—~= [d P
/ 7 (")aﬁ N A (mmno
1 0 1
ST PR L BV
a(l+c) Oz V1+e
ooo]y/a
—G—H{z —7}0005 nz}
1= 7 222 | csenl

¢ | olxlve |
2(1+¢)

(4.128)

This gives, together with equation (4.127):

__1-9
ST (4.129)
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We have now arrived at an exact and fully closed set of equations involving only the
persistent scalar order parameters {c, ¢, x} (given the assumptions of time-translation
invariance and finite integrated response x > —1):

1 — 202 1 2
¢ = 0[] {1 + T;’Erf[v] v } (4.130)
¢ =1— Erfv], (4.131)
_ Exf[v]

with the shorthand v = o[oo]/a/2(1 + ¢).

We see already in equation (4.129), as was found earlier in the approximate replica
calculation in Chapter 3, that the phase transition marked by a divergence of x occurs
when the relation ¢ = 1 — « holds. We now know this intriguing statement to be
exact for the batch MG, irrespective of either type or strength of the decision noise.
Insertion of this condition into equations (4.130) and (4.131) shows that the transition
line in the («v, T') plane is given by ae(T') = Erf[v.(T)], where v.(T) is the solution
of the transcendental equation

1 2
o?[oc] {Erf[v} —1+ e’ } =1. (4.133)
v/
4.5.2 Additive decision noise
In the case of (Gaussian) additive decision noise (2.12) we simply have o[oc] = 1,

and we immediately recover from equations (4.130)—(4.132) within the present (exact)
generating functional analysis formalism the stationary state solution that we had found
earlier using the pseudo-equilibrium analysis based on the replica method

1— 202 1
c=1+ WEI{['U] - ﬁe s (4134)
Erf
¢=1—FEtfp], y= 19 [v] v — _ Ve (4.135)

a — Erf[v]’ 2(1 +¢)

(apart from a simple re-scaling by a factor « of the susceptibility y, which is caused by
the different definition of time units in Chapter 3). The role of the RS order parameter
q is now seen to be played by the persistent correlation c. We note again that the noise
parameter 1" has dropped out completely, i.e. additive decision noise is once more
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predicted to be of no consequence in the ergodic stationary state. The phase transition
line is independent of 7', and given by a, = Erf[v.], where v, is the solution of

1 2
eV =2 (4.136)

Erf[v] +
VT
Numerical solution gives, as noted earlier, o, ~ 0.33740.
The present solution formally applies only to the regime o > ., where 0 < 1+ <
oo as required. Its natural (ad hoc) extension into the regime o < ., following the

logic applied earlier with success in the pseudo-equilibrium analysis chapter, would be
to continue with y = oo and sacrifice the identity v = \/a//2(1 + ¢). The result is

« 1 2
a <o c:l—a—I—ﬁ—vﬁe”, (4.137)

p=1-—aqa, Erf[v] = « (4.138)

In Figs 4.1 and 4.2, referring to the noise levels 7' = 0 and T' = 1, respectively,
we show how the predictions for ¢ and ¢ (based on numerical solution of the coupled
equations (4.134) and (4.135) and their ad hoc extension (4.137) and (4.138) into the
non-ergodic regime) compare with the results of carrying out numerical simulations of
the batch MG with additive decision noise. One has to be careful in such simulations,
since additive decision noise has a non-negligible effect on the relaxation times in the
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Fig. 4.1 Left: the predicted persistent correlations ¢ = lim;—, 4+, C(t) (dotted curve), together with the
simulation data (connected markers), for the fake memory batch MG without decision noise. Right: the pre-
dicted fraction ¢ of frozen agents (dotted curve), together with the simulation data (connected markers). Initial
conditions: |g; (0)| = A for all 4, with A € {0, 0.1, 0.5, 1, 10} (from bottom to top in both pictures). The

vertical dashed line marks the predicted critical value o =~ 0.33740.
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Fig. 4.2 Left: the predicted persistent correlations ¢ = lim;— 4.0 C(t) (dotted curve), together with the
simulation data (connected markers), for the fake memory batch MG with additive decision noise of strength
T = 1. Right: the predicted fraction ¢ of frozen agents (dotted curve), together with the simulation data
(connected markers). Initial conditions: |g; (0)| = A for all 4, with A € {0, 0.1, 0.5, 1, 10} (from bottom to

top in both pictures). The vertical dashed line marks the predicted critical value a.c = 0.33740.

MG; for T' > 0 it is very easy to find spurious results caused simply by insufficient
equilibration. It will be clear from our figures that the present equations are correct
only in their proper regime of validity, i.e. in the ergodic phase o > «.. Below the
transition point, for small «, the macroscopic observables of the batch MG do depend
strongly on the strength of the decision noise (which is consistent with our earlier
observations in solving the first few time steps of the dynamics).

4.5.3 Multiplicative decision noise

In the case of (Gaussian) multiplicative decision noise (2.13), in contrast, we have
oloc] = MT) = Erf[1/T+/2], and the noise does play an important role at the
macroscopic level, even in the ergodic regime. Again we recover also for multiplicative
noise from (4.130)—(4.132) the stationary state solution which we had found earlier
using the replica method (modulo the re-scaling of x)

VT

1 — 202 1 2
¢ = N(T) {1 + T;Erf[v] e } : (4.139)
v

¢ =1 — Exf[v], :O%, v = m (4.140)
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Now the phase transition line does depend on 7', and is given by o (T') = Erf[v.(T)],
where v (7T') is the solution of

MN(T) {Erf[v] R e_”z} =1. (4.141)

VT

This result was found earlier with the pseudo-equilibrum analysis, and implies the
phase diagram shown in Fig. 3.4. We can now be confident that for the batch MG
these early results are exact.

Again the above solution applies only to the regime o > «.(T'), due to the require-
ments 0 < 1 + y < oo. Its (ad hoc) extension into the regime o < «.(T"), based on
the assumption that y = oo throughout, now becomes

1 2
et c=XA(T){1—a+ — Exf[] — - 4.142
a<a c=X(T) a+2v2 rf[v] vﬁe ( )

p=1-aq, Erf[v] = a. (4.143)

In Fig. 4.3 we show the resulting predictions for the persistent observables ¢ and ¢
(based on numerical solution of the coupled equations (4.139) and (4.140), and their
ad hoc extension (4.142) and (4.143) into the non-ergodic regime), compared with

i 0.0 I
100 0.01 0.1 1 10 100

Fig. 4.3 Left: the predicted persistent correlations ¢ = lim;—, 4+, C(t) (dotted curve), together with the
simulation data (connected markers), for the fake memory batch MG with multiplicative decision noise of
strength 7" = 1. Right: the predicted fraction ¢ of frozen agents (dotted curve), together with the simulation
data (connected markers). Initial conditions: |¢;(0)| = A for all 4, with A € {0, 0.1, 0.5, 1, 10} (from
bottom to top in both pictures). The vertical dashed line marks the predicted critical value ac(1) ~ 0.206930.
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the results of carrying out numerical simulations of the batch MG with multiplicative
decision noise, of strength 7' = 1. We see again that the equations for our persistent
order parameters work perfectly in the regime where they are supposed to, i.e. for
a > ac(T).

4.6 Volatility in the ergodic regime
4.6.1 The exact expression

Although also in the generating functional approach the volatility is not itself an order
parameter, here we have the considerable advantage that we can express it exactly in
terms of our (dynamic) order parameters, via equation (4.70):

02:hm4£§:KL+GYUX1+GU4M (4.144)

In TTI states, and using C'(—s) = C(s) as well as equation (4.117), this formula can
be simplified. We separate the correlations into persistent and non-persistent contri-
butions, viz. C(t) = ¢ + C(t), where lim;_,, C(¢) = 0, and find

TILIEO—TZZ 1+G) 7t —s)1+C(s— )1 +G)Ht—s)

72 (1+G)Hs)14+C(s — )1 +G) ()
- 1+C S+ = §:1+G )C(s — 8)(1+ G)~L(s). (4.145)

This expression is still fully exact, but it will be clear that we cannot hope to find a
similarly exact statement involving only the persistent order parameters {c, ¢, x }. The
volatility involves short-term fluctuations, via C (t), which can only be neglected at
the cost of approximation.

The only fluctuation measure that can be expressed in terms of persistent order
parameters only, without approximations, appears to be the following quantity, which
measures the global bid correlations at widely separated times

T—00 N—00

-

Z(o0) = lim lim ]19Z(A“[q(t+7'),z(t—I—T)}Al‘[q(t),z(t)])
pn=1

S (avfate+ ), + )] |

p=1

) ()

D | =
’@M—‘



100 Dynamics of the batch MG with fake memory

1+¢
_ _ 4.146
2(1+ x)? ( )

The fact that this latter quantity is nonzero for & > . implies that in the ergodic
regime of the batch MG there is potential for global bid prediction.

4.6.2 Approximation in terms of persistent objects

Although there is no objection in principle to working with the exact formula (4.145),
in practice there would be obvious benefit in not having to solve our order parameters
{C, G} for all times. Thus we might wish to find a decent approximation of equation
(4.145) in terms of the persistent quantities {c, ¢, x} only, which will always be a
somewhat messy exercise compared with the rigour that our generating functional
formalism has allowed for so far.

The conventional route towards such approximations is to concentrate on the corre-
lation function in equation (4.145). We obviously have C(0) = 1 and C(0) = 1 — ¢;
the problem lies in the values of C (t) for t # 0. Let us work out a number of possible
ways of dealing with the latter:

® An approximation similar to that obtained earlier in the context of the replica calcu-
lation, viz. (3.68) (with the role of the replica order parameter ¢ now being played by
the persistent correlations c¢), can be obtained from equation (4.145) by just putting
C(t) — 0 fort # 0, giving

1+e¢ 1
2(1+x)2+§
[(1+ &)1+ &N~ 1(0). (4.148)

o3 (1—c)V, (4.147)

Vv

This still leaves us with the task to evaluate or approximate the operator product
(4.148). We will come back to this intermediate result below.

® Let us first turn to an alternative approximation. For ¢ > ¢’ we may average in
(o[q(t), z(t)]olq(t'), z(t")])« directly over the Gaussian variable z(t), and subse-
quently separate these correlations into a ‘frozen’ and a ‘fickle’ contribution

C(t - t/) = ¢<U[Q(t)]U[Q(t/)a Z(t,)]>frozen + (1_¢) <U{Q(t)]U[Q(t/)> Z(t/)DﬁCkle'

Here (- -)fickle and (- - -)frozen are conditional averages over the effective agent
process, with the defining conditions referring to the realization of the persistent
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effective noise 7, following equations (4.123) and (4.124). For frozen agents we
obviously have

(ola@®lofa(t’), 2(¢")]) trozen = 0[00]. (4.149)
Thus we may write, without approximations as yet
o’ = 2(1+1X)2 + %V + %(;502[00] YD A+G) (A +G) NS
s#s’
%(1 —¢) Y (1+G) (&) + Q)7 ola()lola(s"), 2(s)]) e
s#s’
o%[oo
_ er;(lgbaz[oo])V (4.150)
%(1—@) > +@) T ()A+G) () ola(s)]olals'), 2(5)])ekte-
s#s’

There are two obstacles left: the ‘fickle’ correlations in the last line, and (again) the
operator product (4.148). We will simply assume the fickle co-variances at different
times to vanish (in effect treating the fickle terms as pseudo-random ones), giving
us an alternative approximation

1+¢o?foo] 1 9
T R TR CONE (.151)

® In our third approximation we return to the as yet exact stage (4.150), but now deal
with the fickle correlations differently. Here we write

> (1+G) Hs)1+G) () (ola(s)]ola(s'), 2(s")]) ek

o =

s#s'
= ([Ca+a ol 26 ) -3 [are o)
= lim < [Z(HG);}U[q(t’), z(t')]} 2>ﬁckle —V (4.152)

We recognize the summation over ¢’ inside the first term as the retarded self-
interaction of our effective single-agent process (4.55). For ‘fickle’ solutions one
should expect this term, which in disordered systems is usually responsible for
memory effects and slow dynamics, to be absent (apart from the instantaneous con-
tribution ¢’ = ). We may therefore replace >, _, ... simply by o[q(t), z(¢)], and
find equation (4.150) reducing to -

1+ ¢ 0?[o0]
2(1+x)?

+ 516 0oa)V + 2 (1-9)(1- V)

2 _
0o = 9



102 Dynamics of the batch MG with fake memory

_ 1+ ¢ 0?[o0]

2(1+ x)? *

S0-0) + 26(1 — o*[oa))V. (4.153)

In all three approximations (4.147) (4.151) and (4.153) we are still left with the task to
evaluate or approximate equation (4.148), except for the case of additive (or absent)
decision noise, where o2[cc] = 1 and V is seen to drop out of equation (4.153).

A rigorous calculation of (4.148) would still involve knowing our time dependent
order parameters for intermediate times, whereas the whole point of our present efforts
is to find ways of avoiding this. We are therefore forced to make a final step: given
the intuitively very similar assumptions that went into approximations (4.151) and
(4.153) we demand that the results (4.151) and (4.153) must be identical.20 This
immediately leads us to the conclusion that V' = 1, and we end up with just two
distinct approximations for the volatility in terms of persistent quantities, namely

s 1+4c } _

A= 5y tallm 9 (4.154)
s 14+¢0%oo] 1 9
op = 30+ )2 —1—5(1 ¢ 0°[0]). (4.155)

We see that equation (4.154) is now identical to equation (3.68), and that the dif-
ference between the two expressions (4.154) and (4.155) is only in the substitution
¢ 02[o0] — c.

The results of testing the two volatility approximations (4.154) and (4.155) against
numerical simulations are shown in Figs 4.4 and 4.5. These figures reveal that approxi-
mation (4.155) is the more accurate one in the absence of decision noise, whereas with
decision noise the two approximations are either virtually indistinguishable (multi-
plicative noise) or of a similar quality (additive noise). We also note that, in contrast
to the observables ¢ and ¢ (and in contrast to the approximated formulas (4.154) and
(4.155)), the volatility does show a dependence on the strength of additive noise for
a > ac. In terms of the market interpretation of MG, the introduction of additive deci-
sion noise is seen to have the beneficial effect of removing the high volatility solutions
following tabula rasa initialization in the low « regime (unlike multiplicative decision
noise). The explanation is that the noise disrupts the oscillations responsible for these
high volatility solutions. As mentioned earlier, in order to avoid spurious results in

20 Alternatively, one could say that we use equation (4.153) to determine the unknown quantity V' in equation
(4.151) (or vice versa).
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Fig. 4.4 The approximations for the volatility o in terms of persistent order parameters only, together with
simulation data (connected markers), for the fake memory batch MG without decision noise: viz. formula
(4.154), derived earlier in the chapter on replica theory (short dashes), and formula (4.155) (dotted line, slightly
higher). Initial conditions: |¢;(0)| = A for all 4, with A € {0, 0.1, 0.5, 1, 10} (from top to bottom). The

vertical dashed line marks the predicted critical value o =~ 0.33740.

numerical experimentation one has to be aware that in the case of additive decision
noise the relaxation times are significantly larger than those of the noise-free MG.

In view of the assumptions that were found to be necessary to eliminate non-
persistent observables from our expression for the volatility, we would seem obliged
to at least clarify the implications of finding V' = 1. To do so we introduce the Fourier
transform G(w) = 3,5 G(t)e !, with w € [, 7], which allows us to write

T dw A 9
= [ = .
Vv /WQW‘ + G(w)]

If, for instance, we would approximate G(¢) by an exponential function, the constraint
x = >, G(t) would force us to choose the form G(t) = x(e* — 1)e~*" with z > 0.
For such functions one would have G(w) = x(1 — e™?)/(el¥ — e~*) and

T w _ ,—2|2
v:/‘w M e . (4.156)
o271 |eW —e7 4 x(1 —e?)|?

We conclude that, in combination with the constraint ), G(t) = x, the statement
V' = 1 implies that the relaxation of the response function must be very slow (i.e. z is
close to zero).
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Fig. 4.5 The approximations for the volatility o in terms of persistent order parameters only, together with
simulation data (connected markers), for the fake memory batch MG with decision noise: viz. formula (4.154),
derived earlier in the chapter on replica theory (short dashes), and formula (4.155) (dotted line, slightly higher).
Left: additive noise, of strength 7' = 1. Right: multiplicative noise, of strength 7' = 1. Initial conditions:
lg;(0)] = A for all 4, with A € {0, 0.1, 0.5, 1, 10} (from top to bottom). The vertical dashed lines mark the
critical values a. & 0.33740 (left), and (1) = 0.20693.

4.7 Stationary state in the non-ergodic regime

In the non-ergodic regime o < a, we know that exact results will be very difficult
to obtain, but at least we have an exact starting point, namely the effective single-
trader equations (4.55). We also know from our analysis of the solution for short
times that, dependent upon the realization of the effective noise, the system has the
tendency to develop asymptotic solutions which are either fixed-points, or period-
two oscillations, or randomly perturbed period-two oscillations. In this section we
show how such special solutions can be constructed, via suitable ansatze, restricting
ourselves to the case of absent decision noise.

It should be made clear at the outset that the level of rigour of the procedures to
be explained below is lower than that which we have by now become accustomed
to. Solving the effective single-agent dynamics in the non-ergodic regime is without
doubt the one stage of the generating functional analysis research programme where
much more work is needed. Taking a more optimistic view, one could equally argue
that it is precisely the high level of exactness of the generating functional method and
its broader range of applicability that makes this particular stage of the programme
stand out.
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4.7.1 Approximate stationary solutions: the ansatz

In the absence of decision noise we may put o[q, z] = sgn|q|, and our effective single-
agent process (4.55) simplifies to

g(t+1) = q(t) + 0(t) — Y _(1+ G)y'senlg(t)] + Van(t). (4.157)
1<t
We restrict ourselves again to TTI solutions, but now (in view of the very definition
of the transition to the non-ergodic regime) with anomalous response, i.e.

Ciw =C(t—t), Guw=G{t—-t), x= Z G(t) = oo. (4.158)
¢

It follows from Y — oo that now also Y_,(1 + G)~(t) = (1 + x)~* — 0. The role
of the static susceptibility x will here, it turns out, to some extent be taken over by the
susceptibility x of the system to persistent oscillatory perturbations

X=> Gt)(-1)". (4.159)

A simple adaptation of our earlier proof (4.117) of >°,(1 + G)~1(t) = (1 + x) ¢
shows that now we must have >_,(1 + G)~1(¢)(—1)! = (1 + x)~*. In view of the
special roles of both y and x we restrict ourselves to perturbation fields of the form
0(t) = 01 + 02(—1)*, so that we may compute our two susceptibilities from

o .. 1 . .
X = g Jim > (sgnlg(t)])s, X = 5 lim = > (=1)"(sgng(t)])s.
t<rt t<t
(4.160)
We will make an ansatz which is equivalent to the claim that our system consists only

of agents which are either frozen, or oscillating with period two, i.e.
Ct)y=¢+ (1—¢)(—1)" (4.161)

This enables us to calculate the covariances of the effective noise 7(¢) in equation
(4.157):

St—t) =) A+ (t—s)|[1+¢+(1-¢) (-1 |1 +G) (' —5)

ss’

1—¢)(—1)"
= ( ) _ 2) . 4.162)
(1+%)
We then find, in turn, that we may write our effective noise variables as
21— ¢ .
ty = —(-1 4.163
w0 = 0D 4163

with z denoting a zero average and unit variance frozen Gaussian variable. In fact z
is the only remaining source of randomness in the process (4.157), apart from initial
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conditions, and thus plays a role similar to that of the persistent noise 77 in our analysis
of the stationary state in the ergodic regime. Insertion of equation (4.163) into equation
(4.157) gives in the stationary state

alt+1) = qft) + 1+ (1) + VIO

1+ ¢
—a ) (1+G) "t —t)sgnlq(t)). (4.164)
t' <t

Strictly frozen and strictly oscillating (fickle) solutions must at all times obey
sgn[q(t)] = Sg versus sgn[q(t)] = Sg(—1)%, respectively, with Sg,, Sg € {—1,1}.
According to equation (4.164) we must therefore have

) _ t Y a(l—¢)
. B ' zy/a(l—9¢) aSg
fickle : q(t +1) = q(t) + 01 + (—1) {92 R e x} (4.166)

Solution of these two equations for ¢(t), followed by determining the associated
conditions for existence, based on the required behaviour of sgn[q(¢)], gives

_ o 1 ¢ z/a(l1—9)
frozen: q(t) =q+ 01t + 5(—1) {92 + Tf(}’ (4.167)
Sg = sgn|q + 61t], (4.168)
1 v oa(l—
condition : [g + 61t] > 7j02 L 2/all=9)) (4.169)
2 1+x
_ 1 ' zy/a(l—¢)  aSg
o) = Lo - 4.1
fickle: ¢(t) =q+ 01t + 2( 1) {02+ T+ 3 1_’_)2}7 (4.170)
zy/a(l—¢) Sy
_ _ 4.171
S = —sn|fy + o - %] (4.171)
. B 1 z/a(l1—09) aSg
: t|< =0 - ‘ 4.172
condition |q+91\<2)2+ T % Ty ( )

It should be emphasized that the long-time averages g in these expressions do not rep-
resent only the initial conditions, but rather the cumulative effect of initial conditions
and the (stochastic) transients of the dynamical process. Finally we may also extract
from equation (4.162) an expression for the volatility o

Vi-é

Al A (4.173)
V2|1 + x|
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4.7.2 Self-consistency and simplification

It is clear from equation (4.172) that, due to t — oo, the average (sgn[q(t)]), will
depend discontinuously on whether #; = 0 or #; # 0, so that via equation (4.160)
we confirm that indeed y = oo at 1 = 0. We have thereby established the self-
consistency of our ansatz. The fields #; are now no longer needed and can be put to
Zero.

We may also work out the second identity in equation (4.160), using the fact that
derivation with respect to the field 65 can be replaced (modulo constants) by derivation
with respect to the Gaussian variable z (upon which the field #5 can be put to zero and
the z-derivative be dealt with via integration by parts)

= Jim 0 tim 25 (1) 6058 osen + (1~ 6)(Sa)ackae(—1)'

oo
02—0 692 T—00 T <y

1+ x _
= 7X [(_1)t¢<z Sgn[Q]>frozen + (1 - ¢)<2Sﬁ>ﬁckle:| . (4174)
a(l—9)
Since the left-hand side of this identity must be independent of ¢, we conclude that for
a — 0 the following two statements must both be true

1 1—¢
1+x

<ZSﬁ>ﬁCklea <Z Sgn[abfrozen = 0. (4175)

Both perturbation fields {6}, 62} have now vanished from the scene, and our equations
can be simplified considerably. In order to calculate order parameters we no longer
need the time dependence of ¢(t) explicitly, it suffices to know {Sg, S5} and the
conditions for existence of our solutions. Our expressions can be simplified further
by eliminating  at this stage, in favour of the volatility, via equation (4.173). Upon
putting S = sgn[1 + x] and Sgage = Ssgn[z]S(|z]), with S, 5(|z|) = 1, the result
can be written as

frozen: S = sgn[q], (4.176)
1
condition : |g| > S0V 2a 2|, (4.177)
fickle: Sg = Ssgn[z]5(|2]), (4.178)
1 .
condition :  [g] < 50v2a Mz\—-;ifibe(zq), (4.179)

whereas the first equation of (4.175) and expression (4.171) translate into the following

three conditions
VI [T
7= X517 808 e

: (4.180)
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5 =sen[1 - ,/% SIS0 sk .181)
$(12) = sen[$5(12)) - md%]. (4.182)

Numerical simulations show that the correlation function takes the assumed form
(4.161) strictly speaking only for & — 0. For finite o, the assumed strict division into
purely frozen and purely oscillating solutions holds only approximately. Here small
fluctuations will occasionally succeed in inducing frozen agents to oscillate and vice
versa, giving rise to intermediate solutions. For this reason we now turn to the limit
a — 0.

4.7.3 The limit o« — 0: high volatility states

It turns out that for « — 0 there are two types of solutions to be distinguished. This
follows from the structure of our equations, but can also be observed very clearly when
measuring the ratio (1 — ¢)/« in simulations, as shown in Fig. 4.6. The first type of

100E\, 4= 0,4 .

1
10} 2 5

—_
|
<
N
I

0.1

il L PR L L1 L PR
0.01 0.1 1 10
(24

Fig. 4.6 Here we show numerical simulation data on the ratio (1 — ¢)/« in the batch MG without decision
noise, together with the theoretical prediction derived for o« > . (dashed curve) and its continuation in the
regime o < ac. The simulation data correspond to the connected markers. Initial conditions: |g; (0)| = A for
all 4, with A € {0, 0.1, 0.5, 1, 10} (from top to bottom). The vertical dashed line marks the critical value
ac &~ 0.33740. Clearly, for A = 0, % we have limg_.0 ¢ = ¢o < 1 and hence (1 — ¢)/a = O(a~1) for

10
a — 0, whereas for A = %, 1,10 we have limqy—0(1 — ¢)/a = kp > 0.
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solution corresponds to lim,_.g ¢ = ¢g < 1, and the second to lim,_.qg ¢g = 1; our
previous numerical simulations allow us to identify these solutions as the familiar
high volatility and low volatility states, respectively. In fact Fig. 4.6 suggests further
that the low volatility solutions scale more specifically as ¢ = 1 — Kk pa + - - - for
a — 0, with k 4 decreasing monotonically with the bias A = |go| in the initial relative
strategy valuations.

Let us first deal with ¢y < 1. Here the two existence conditions (4.177) and (4.179)
become complementary in leading order in «, and lim,_.¢ S(|z|) = —1. We are just
left with equations (4.180) and (4.181), which take the simpler form

Nier: -
o= \/i(b’l—l—\/ad) S{12)) e, (4.183)
1_
S = sgn[l + Td) S(\z|>ﬁckle] (4.184)

To obtain a fully closed set we finally need to work out expressions for ¢ and for
(|z|) fickle» @ task which has by now become relatively easy

b0 = / Dz / dg P(ql2) 0 [!q\ - ;a@\z\], (4.185)
(ehsce = 1= [D= 1 [a Plal=) 0 | 3ovaalel ~ ] catso
— %o 2

It immediately follows from equation (4.185) that o = O(a‘é), since otherwise we
would run into the contradiction ¢9 = 1 (after all, we assumed ¢g < 1). This explains
the observed power law of the high volatility solution, for small « (see the data in
Fig. 4.4).

To say more, we will have to make further simplifying assumptions. These will,
however, lead to remarkably accurate predictions. We put o = & /1/a + O(a"), and
we will assume that the effective initial conditions g are statistically independent of
the frozen noise z, i.e. P(q|z) = P(q). This allows us to integrate out the Gaussian
variable z, and replace equations (4.185) and (4.186) in the limit « — 0 by

o= [aar@ [D:0| 25 - ]
~ [aa P@ Bxtlal/a), (4187

(ehsose = 5 [daP@ [Dz 6] 55Vl - ]
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Fig. 4.7 The re-scaled volatility & = o+/a as observed in numerical simulations (connected markers), as
functions of the degree of initial bias A = |go|, for the fake memory batch MG without decision noise. Data
are shown for a € {0.01,0.02,0.04,0.08}, from bottom to top in the right part of the picture. The vertical
dashed line marks the predicted critical value g = 1/ V2me ~~ 0.242. The horizontal dotted line marks the
predicted upper limit Gmax = 1/4/7 & 0.5642 for o — 0.

1 2 o n
— z = P(a)e— /0
_ 1_%\5 / dg P(g)e /7. (4.188)

Insertion of (|z|)gexle into the condition (4.181) shows that the latter reduces to the
trivially correct statement S = .S. Now all of our existence conditions are satisfied, and
insertion of (| z|)fickle into (4.183) leads us to a very compact description, with a closed
equation for & = lim,_,¢ 0/, and a second equation expressing ¢y = lim,_, ¢ in
terms of 5:

R TR SOy [ s {ql]
U—ﬁ/dqp(q)eq , QSO—/qu(q)Erf . (4.189)

(o

Although ¢ = 0 is always a solution of the first equation, it would give ¢g = 1 in the
second equation, and is therefore to be rejected. We see that any non-trivial solution
solution & would have to be bounded by & < 72, i.e. ¢ < (ma)”2 (which is
found to be a surprisingly accurate claim, when compared to e.g. our earlier volatility
simulations, or to the data in Fig. 4.7).

Finally we may put to use our (exact) solution (4.85) for finite times and small «,
which shows that at least for times which do not scale with o ! the time average of ¢(t)
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(which will asymptotically reduce to our present g) is the sum of the initial condition
go and a zero-average Gaussian variable, whose width A is a highly complicated
object reflecting the transients of the dynamics. Thus we may with reason approximate
P(q) = (A\/ﬁ)_le_é[a_qo]z/ A% and find our equation for non-zero solutions & in
equation (4.189) simplifying further to

52 4 202 = gle240/(57+2A%) (4.190)

We conclude that & = lim,_,g 0y/c can be written in terms of the solution y of a
transcendental equation:

A op2]® 2(0) = Lev. (4.191)

7= Y 27

[2q2(0)

For ¢(0) — 0 we find 0 = (o)~ 2+/1 — 27AZ, hence we must obviously require
A? < 1/27. Since we cannot calculate or estimate the width A of the effective Gaussian
noise term without solving our dynamic order parameter equations more extensively,
it is quite satisfactory that several interesting properties of the solution are found to be
independent of A. For instance, the present solution predicts the existence of a critical
value g, such that for |¢(0)| > g. the high volatility state cannot exist:

ge = max, [Qie*y} P = (2me)"F ~ 0.242. (4.192)
- Y5

Numerical simulations appear to support both the existence and the predicted order of
magnitude of a critical value ¢. = (2716)7% ~ 0.242 surprisingly well, see Fig. 4.7.
Furthermore, also the predicted upper bound ¢ < 772 & 0.5642 is not far off.2! The
observed violations of the upper bound suggest that either the assumed independence
of the variables ¢ and z is violated, or that finite size effects in our simulations are
non-negligible?? (or both).

21 Tt should be emphasized that the prediction in equation (4.192) for the maximum value g. of |go| to allow for
a high volatility state is in fact an upper bound, as this value can be achieved only for A | 0 whereas one should
obviously expect A > 0.

22 Finite size effects unfortunately also prevent us from investigating yet smaller values of o numerically. For
instance, in the simulations of Fig. 4.7 we have used N = 4000. Hence @ = 0.01 (the smallest value of « for which
a curve shown) already corresponds to only p = 40, whereas our theory relies on p diverging.
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Our simple ansatz for the high volatility solution has thereby allowed us to explain (i)
the scaling with o and the magnitude of the prefactor (in terms of a tight bound) of the
volatility, as well as (ii) its dependence on the initial conditions qg, both qualitatively
and quantitatively. Given the approximate nature of the various arguments, one might
call this a surprising harvest.

4.7.4 The limit o — 0: low volatility states

We note that in the above analysis the condition lim,_,o ¢ < 1 can be weakened to
lim,—0a/(1 — ¢) = 0. The above high volatility solution ceases to hold, however,
at the point where the fraction ¢ of frozen agents scales as ¢ = 1 — ke + O(a?). In
this latter regime we can immediately verify that our equations (4.180)—(4.182) admit
a solution with S = 1 and S(|z|) = —1, and

o= 1/%[1+\/E<|z‘>ﬁckle + O(a). (4.193)

The classification conditions (4.177) and (4.179) are now no longer complementary.
leaving a regime where both frozen and fickle solutions are possible

frozen: Sy = sgn[q]. (4.194)

1 3
condition :  [g| > 5V 2a |z| + O(a2), (4.195)
fickle: Sy = Ssgn[z]S(|2]), (4.196)

\/i+(9(o¢

V25K
For o« — 0 all solutions are frozen, which is consistent with our starting point ¢ = 1 —
ko + - - - To determine x we would have to resolve the classification problem posed by
equations (4.195) and (4.197) in the regime [q| € [$v2c |2, 3v/2a |2|+ %], which
requires more detailed knowledge of the transients of the dynamics. Furthermore,
even if one were to reduce one’s ambition and use equations (4.195) and (4.197)
for establishing upper and lower bounds for &, it would soon become apparent that
here the previously successful independence assumption P(g|z) = P(q) followed
by P(g) = (27A2)"ze 2@ ©)*/A* (with ¢y and A independent of o) would fail
to give a finite nonzero value for . There is a limit to what can be achieved with
crude approximations. In a subsequent Chapter we will find that the difficulties in
constructing stationary state solutions for a < . go deeper than just the analytical
treatment of objects such as P(q|z) in the present ansitze; we may have to question
even the time-translation invariance of our order parameters.

3
2

1
condition : [g| < 5V 2a || + ) (4.197)
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4.8 An assessment

It should be clear that, compared with the pseudo-equilibrium replica calculations in
Chapter 3, the generating functional method has increased both the scope and the level
of rigour of our mathematical analysis of MG significantly. The central result is the
effective single-agent equation (4.55), which represents a fully exact and closed theory
for the correlation and response functions {C, G} in the game, in the limit N — oo.
From this description one cannot only obtain as a spin-off all those results of the
replica method that were correct (with these results now being derived in a rigorous
manner), but one has in addition a fully exact description of the MG’s dynamics,
including all transient phenomena and including the dynamics in the notorious non-
ergodic regime. Furthermore, we now even have an exact expression for the volatility
in terms of macroscopic (dynamic) order parameters.

The question of whether one may now regard the batch MG model as solved and un-
derstood can only have subjective answers. Let us therefore instead try to summarize
the state of play as follows. Whereas the main achievement of the pseudo-equilibrium
replica approach was to show that MGs can indeed be analyzed quantitatively with
statistical mechanical tools, the emphasis has now shifted within the statistical mechan-
ics of MGs from finding a method with which to calculate exact dynamical equations
for order parameters and other relevant observables, to the problem of how to solve
these exact equations. This, in a nutshell, is the main achievement of the generating
functional method.

To what extent it is possible to extract such solutions for the order parameters
{C, G} from the effective single-agent equation (4.55) depends on one’s energy and
persistence. Whereas it would appear that the ergodic regime o > o of the batch MG
no longer holds significant secrets, so far only modest advances have been made in
the non-ergodic regime o < a.. For low « it has been possible to find exact solutions
for the first few time steps, and we also have been able to explain the existence and
scaling with o of both the high and low volatility stationary states. However, in the latter
area, the analysis of both transient and stationary state solutions in the non-ergodic
phase, one would hope and expect to see further progress and reduced reliance on
approximations.
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5. Dynamics of the on-line MG with
fake memory

Let us now return to our earlier microscopic equations (2.22) and (2.23), which define
the original S = 2 MG with ‘fake’ memory. In Chapter 3 we first approximated these
equations by replacing the microscopic variables by their averages over both sources of
fluctuations, i.e. over the decision noise variables {z;(¢)} and over the ‘fake’ memory
realizations {y(¢)}, resulting in equations (2.42) and (2.43), and we subsequently
analyzed the stationary state of the model using the replica method. In Chapter 4 we
restored the decision noise fluctuations, but we again replaced the random memory
selections by averaging over all such selections at each time step. We were then able to
solve the resulting ‘batch’ dynamics (2.44), within limits, using generating functional
analysis.

Having sharpened our teeth, we now try to apply the generating functional tech-
niques to the original MG equations (2.22) and (2.23), still with ‘fake’ memory but
now at least with all sources of fluctuations included. Given the considerable level of
detail in Chapter 4, where the generating functional methods were introduced, we will
here be able to concentrate largely on those aspects of our analysis and the dynamical
solutions that differ from their batch MG counterparts. Since time is now continuous,
the generating functional analysis, leading again to exact closed dynamical laws for
correlation and response functions in terms of a single ‘effective agent’, will now
involve path integrals.

5.1 Definitions
5.1.1 The ‘on-line’ process and its discretization

We thus return to the stochastic ‘on-line’ equations (2.22) and (2.23), which we will
study in their temporally regularized probabilistic formulation (2.25), (2.28), and
(2.34):
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d 2p

Grta) = 24 [ad Wialam(a) - @)} 6.0

W(dlq) = Z /dzP Ha[ql—qz jﬁgﬁmq’,z]]. 52)

Although one might be tempted to simply choose 17 = 1 for simplicity, retaining for
now this learning rate variable will allow us to make contact later with the results of
Chapter 3, which one ought to recover in the limit 7 — 0 (where all fluctuations must
be averaged out automatically). We note that, upon writing the various J-functions in
integral representation, the processes (5.1) and (5.2) can also be written in the form

g — g / / / dq i3>, Gilgi—ai]
@ = 77/dq pe(d’) n)v

p -
> / dz P(z) [eﬁ 2 @&l A a] 1]. (5.3)
pn=1

Since we still have fake (i.e. random) memory, long-time averages of global bid co-
variances are again automatically converted into averages over all possible memory
variables i € {1,...,aN}, and the volatility matrix for the present on-line MG is a
simple adaptation of the definition (4.5) which was introduced for the batch MG. If, as
in the batch MG, we accept that quantities such as % P _(A”[q(t"),z(t")]) must be
self-averaging for N — o0, i.e. independent of the microscopic disorder realization,
we may write the asymptotic disorder-averaged volatility matrix again as

=00 = Jim {5 3 a2 )
1< 1< -
[]; (Ar[a(D), =( ] []; 3 (A 2()]) (5.4)

p=1 p=1

where now ¢, ' € R, and averages (- - -) refer to the continuous time process (5.1) and
(5.2). The volatility can subsequently be written as

1 _
0? = lim — dt 2(t,t). (5.5)

At this stage we discretize our continuous time, i.e. we putt — £6 ({ = 0,1,2,...)
with intervals 0 < § < 1 which can be sent to zero independent of the limit N — oo
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(since the regularization procedure followed in Section 2.2 leads to a continuous-time
master equation for any /NV). Equation (5.3) then tells us that

20 dd i alaa
pers(q) = pi(aq) + ? /dq’ pe(d) /(27T)Ne > Gilgi—qi]

P .
X Z/dz P(z) [e% 2 aiArd 2] 1} +0(6%)

d/\ M A‘ R /!
- [ad mta) [ Gatge =il [aa P

26 i el A 2
?ZMZ%“‘*’Zu(l— 735) O (5.6)
o 7

It follows that, in the relevant leading order in ¢, the probability density of finding a
path of microscopic states {q(0),q(d),q(20), ...} in the discretized process can be
written as

Problq(0), q(6), q(26), . . | o) [[Wla®lat—6)] 7
t>0

with

Wiala] = [ Sl [z o

P gt
T(S Zeﬁ >, 4l Ar(d 2] + ( 22(5) (58)

=

We will ultimately be seeking to take the continuous time limit § — 0, and find that the
theory can be developed in such a way that all discrete time summations will indeed
scale according to § >_,[- - -] = O(&°). This confirms once more that the real-valued
time ¢ as established in Chapter 2 gives indeed the natural time unit, with a well-defined
limit N — oo.

Our generating functional methods require the introduction of perturbations to our
dynamical equations, in order to define response functions. Here we have to be careful.
Our regularization method in Section 2.2 was based on the introduction of random
durations for the MG’s iteration steps, so that the state q whose statistics are described
by p:(q) will have been generated by a random number ¢ of individual iterations. If
we were to add our perturbations {6;(¢)} to the equations describing such individual
iterations, we would en passant introduce uncertainty in the real time ¢ at which these
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perturbations are applied. As a result we would find expressions (5.7) and (5.8) being
replaced by

Prob|q(0), q(4), q(29), . 0)) [T We-sla®la(t - )], (5.9)

t>0

~ dag . S
wqqmq=i/Ch3VéEﬂmt%{/dzP@>

p _
< |2y Tl At 00 (1 _ 21?5) . (5.10)
= 7

In contrast, if we add perturbations to the regularized process, we no longer introduce
uncertainty into their timing, and find instead of (5.10) a more convenient expression,
with the {0;(¢)} disentangled from the complicated terms

Wilald] :/(2(;]\] ol 224 dilai—0:(t)—q }/dz P(z)

25 Pu ok an 2pd
7 n

p=1

5.1.2 The generating functional

We may now define the generating functional for our discretized stochastic process,
with the perturbations added to the regularized equations, i.e. with equation (5.11)
rather than (5.10), and with ¢ € {0, 9, 20, 30, .. .}:

Z[,(p] — < izt>o Z wi(t)g[qi(t)’zi(t)]> (512)
/quwatwmm}<<m@mﬂwwmmﬁ
t>0

Derivation of the generating functional (5.12) with respect to the fields ¥ generates
the relevant multiple time observables of the present on-line MG, exactly as before
with the batch version, and again we can move the disorder variables {&!', w!'} into
exponents (in preparation for the disorder average) upon introducing the auxiliary
variables {w}', z}'}:
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with the short-hand s;(t) = o[g;(t), 2;(t)]. Upon putting Dq = [[,,[dg;(t)+/0/27],
Dw = [[,[dwi’/d/2n] and Dx = [] ,[dx}'\/d/2n] (with similar definitions for

Dq, Dw, and Dx), our generating functional (5.12) now becomes
= / DwDWDxDx ¢ v [0 wi & wr]
X / DqDq po(q(0)) e Xe G (B)lai(t+0)=ai (1) =0:(1)]

X (o~ 5B o € TURE GO+ si (04, i (05:(0)y

<IT |1 2 Z [e%iﬁwﬂmﬁx?) ~1/. (5.13)

>0 pu=1

The complications generated by including the fluctuations due to the random fake
memory ‘path’ {(¢)}, which had been ‘defined away’ in the batch MG (resulting in
the much simpler corresponding batch expression (4.17)), are now clearly visible in
the last line of equation (5.13). It is instructive to compare equation (5.13) with the
expression that we would have found in the case where the perturbations had been
added to the non-regularized process (with random step durations)

= / DwDWDXDx oid S [t wt+ital]

X /DqDQPD(Q(O)) 16 37,, 4 (t)[q: (t+6)—q: (1))

x (e By Zt[@i‘dq,(t)Jrii‘Si(t)]JriZu-%(t)si(t))Z

p
T2 3 [ei[%ﬁwi‘(\@ﬁﬁri‘)—ziéi(t)(%:(t)] _ 1} . (5.14)
t>0 pn=1

Clearly, expression (5.13) is considerably easier to handle. We now concentrate on the
last line of (5.13). We note that, as § — 0 and using § >, = O(&°):

[I

t>0

25 Lidwl (VZQu+ah) _ 2 A72
1+2*~(SZ[ S (V2tel) 1}] —TTe" = - 1oy

t>0

m

ED IS [e%iﬁ“’m"“”f’71+0<5N>}
(§]

Hence, if we choose § < N~ we obtain

F— n
~ L0, {(w wh+at ot )+ 2[e2 Tt (ﬂﬂu+wt)—1+61\;}]
:/DWDWDxDxe T
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" / DD po(q(0)) e Ser & Ol (t+8)~a.()-6,(0)

x (e~ Wi & 220 (O +2 s (D] 32, ¢i(t)3i(t)>m (5.15)

where limy_,o, €y = 0. Note that we would not have had the freedom to choose
§ < N1 if we had not carried out our regularization in an N-independent way.
Comparison with the corresponding stage (4.17) also shows that, for N — oo, the net
effect of going from batch to the original on-line dynamics is the replacement

[\

Wl (V20 + at) — S[est T (VEute) _q), (5.16)

i

The batch theory can thus be obtained from our present equations by choosing  — 0
and 0 — 1, which is quite reasonable.

5.2 The disorder-averaged generating functional
5.2.1 Evaluation of the disorder average

We can now carry out the disorder averages, denoted as ﬁ upon transforming the
variables {¢!', w!'} back into our original look-up table entries, via §!' = 3 (R — R2)
and Q, = 33 j(RZ} + RJ?)/V/N. These disorder averages, however, are affected
by our change of dynamics since the quantity €2, is no longer appearing simply as
an exponential term in equation (5.15), and they are consequently similar but some-
what more involved than those in Chapter 4 (to which they reduce only for  — 0).
As before the disorder averaging generates the dynamic order parameters Cyr =

N7V si()si(t) Ko = N7, si(6)i(t'), and Ly = N=1 Y, 6i(0)di(¢)) and
their conjugates. For initial conditions of the form po(a) = [[; po(¢;) one has

Zp) = / DwDWDxDx el Zeul0f wi +i 7] / DaD§ [ [ ro(4i(0))

¢ 618 o 6Ol (t+5)—a: () =01 (0)] <eizu i) (5.17)

« H |: 25 Z 62 il (V2Qu+at') 1+en :| i\\/f% Zlér Zt[w¢qul(t)+§?¢bsi(t)}} >
z

‘We concentrate on the last line of equation (5.17), which actually contains the disorder
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] dQdQ (a2 3 e demmt Earat _pL e
H[}:H{/Qwe Q+2 501 (V) 1]

« H leﬂ;; {%HZ{,[w#éi(t)ﬁ?si(t)]} ff;’—; {%62t[w¢gi(t)+gwsi(t)]]] }

i

- {/ 4049 U S [ed T VA _y ey O(N )
27

P
S [(%wzt[wmu)mysi(tn)2+(%*5 Zt[wmf(tW“(“])T }

H{/deQ Q010 428 5 bl (2o e oVt
m
X e_ﬁ S0 32, [d i (8) &1 s: (1)]])° }

N / [DCDC)DKDK][DLDL) N0 St Cov Covrt Ko K Liss L]
0107 30, 3 [Crvrsi (8)5: (¢)+ K opur 50 ()G (8) +- Ly s (84 ()]

T [A2 eor md e o0y
™
% e —362 Ztt,[wt Lyl 428 Kyl +24 Cpp &Y, ]} (5.18)

Insertion of this result into equation (5.17) then gives us again an expression that is
fully factorized over agents, and which for N — oo can be evaluated in the usual
manner by steepest descent (i.e. saddle-point) integration

Z[Y] = / [DCDC|[DKDK][DLDL) NV H+E+0+en] (5.19)
with now
T = is? Z[étt’ctt’ + Ky Ky + I:tt'Ltt’]a (5.20)
tt/

eg ifwg[utay] 1]

® = alog [/DwaDxDx ol Lt e /Du o 2l

X e (5.21)

)

3 1623, (Wi Ly 428 Ky +2,Clyr xt/}]
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1632, [4(0)[LHE=1D —5-16, ()] +6 14 (t)ola(t),2(1)]

Q= }VZW / DgDG po(q(0)) e

x &8 o Cuvrola®) 2Ol la(t) 2+ Koo la) 2O+ DIy (522)

The term €y will vanish as N — oo, and is independent of the fields {1;(¢)} and
{6;(t)}. We have also used the familiar abbreviation of the Gaussian measure Du =
(27)"ze” 2"’ du. The average (...), has again been reduced to a single site one:
(glz1, 22, .. )z = [T1;[dzeP(2¢)] glz1, 22, . . .]. We observe in the above expressions
that all time summations are paired with a corresponding factor §, which ensures that
all three functions { ¥, ®, 2} will remain of order one when we take the limits N — oo

and 0 — 0, as they should.

5.2.2 The saddle-point equations

In the limit N — oo we can now evaluate (5.19) by saddle-point integration.2? We
define G = —i Ky, and assume as before that imaginary saddle-points can be dealt
with by shifting integration contours in order parameter space. Upon taking derivatives
with respect to the generating fields, and using the normalization Z[0] = 1, we then
find at the physical saddle-point the usual identifications

1
Cur = Jim_ -5 o, =) 7). (523)
, 1 0 ———v
Gy = Am N z; W@[Qz‘(t% zi(1)]), (5.24)
Ltt’ - 0 (525)

Putting ¢;(t) = 0 (as these fields are no longer needed) and 6;(t) = 6(t) then simplifies
(5.22) to

2= log | DyDq (M[{0,d. ) (5.26)

23 Here we are throwing a blanket over the well-known but highly non-trivial issue of the validity of saddle-point
arguments in path integrals. We basically assume that the limits § — 0 and N — oo can be interchanged, whereas
earlier we relied upon our freedom to choose § < N~ 1. In other words: we are using the saddle-point argument in an
integral of which the dimension diverges with N, where it, strictly speaking, cannot be used. Physically, the present
saddle-point argument is correct only if the functions {C, K, L} and their conjugates depend sufficiently smoothly on
their two time arguments. In Chapter 8 we will use a different method for solving the present type of on-line models,
without the temporal regularization procedure used here, and will en passant recover the present results in a way that
shows much more transparently which are the underlying implicit smoothness assumptions.
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R 1657, 4(t) | =90 _5-19(6)—5 3, Kyrpola(t),2(t)]
M[{q,4q,2}] = po(q(0)) e [ ]

« o187 S [Couala(®) 2(]ola(),2(¢)]+(t) L d(¥)] (5.27)

We define the associated measure
(la.d. 23, = 4 PIPL M4, 23919, 21])e
JDqDG (M[{q,q,2}])a
Extremization of the extensive exponent U + ® + € in expression (5.19) with respect
to {C, C.K , K , L} gives us the remaining saddle-point equations, which the above
definitions allow us to write in compact form as

(5.28)

Cw = (olq(t), z(t)] ola(t'), 2(t')] ), (5.29)
G = —i{oq(t), 2(t)] 4(t) )+, (5.30)
Cp = i 0P . 1 09 - i 0P (5.31)

- K ) = —— L ! = s .
200" T 520Gy T T 820Ly

5.3 Simplification of the saddle-point equations

Compared with the previously studied batch dynamics, the main changes in our equa-
tions are to be found in the function €2 (5.27), which we can anticipate to give us in
due course an effective single-trader problem in the form of a stochastic differential
equation, and in the function ® (5.21) where the implications of having on-line dy-
namics are as yet less clear. In order to proceed we have to work out this latter term ®
further.

5.3.1 Evaluation of ®

We first rewrite ® slightly, in order to isolate the tricky part
® = alog /DU)D:L‘ DuwDz /Du o[{x,w},u]
v e—;az S (e Lyyr Wy 428 Ky 1y +3Cpr &40 1416 S, [ we+3 24 (5.32)
in which
20 Lifjw [uta,]
Sl whu] = exp [ D [eH M) )
t
_ 1 /26\" .-
_ —26/ I e 5 [utx:)]
_H{e nzn'(~) emnwux}

t>0 n>0 U



124 Dynamics of the on-line MG with fake memory

_ [nlo' (?)noe—?“;(?)me—ﬂ...e;iﬁz,,mwt[um

n07n17'“120

We thereby see explicitly that ¢[...] can be written in the form of an average over
statistically independent Poissonnian-distributed integers n; € {0,1,2,...}

o{z,w}u] = < exp [%zﬁ Z nyw[u + a:t]] >{n}, (5.33)

where

oDy = > | TT Passalnsl] flnosma, . ] (5.34)

no,N1,...,20

with the Poisson distribution P,[¢] = (¢!)~'e~%a’. We note that the first two moments
of this distribution are given by (n;) = 25/7 and (n?) = (26/7)% + 25/7.

The Poissonnian representation (5.33) allows us to proceed with the integrations
over u, {x}, {#}, and {w} (preferably to be carried out in precisely that order),
upon inserting equation (5.33) into equation (5.32). The various (standard) Gaussian
integrals can be found in Appendix B. It will be helpful in the manipulations below to
define the diagonal random matrix E with entries Ey = %ﬁntétt/ = 0.0une/(n), as
well as the previously encountered matrix D with entries Dy = 1 4+ Cyy:

® = alog < / DwDz DiDi / Du, 312 neweluta]

% o= 502 X[ Lyt +28 Kty 40 Cpr 1]+ Zt[wtwt+£txt]>
{n}

_l 2 v ’ 0 ’ T 7 0 ! T IA ’ ’n/t’n/tl 7
= alog < /Dwa Di e 50722 [thtt, Wyr 284 K 1y +T4 Crpr Tyr +wi 2 Jw, ]

o o0 T, tbew, /H [\/%} eiaz,xt[@t+wtnt/<n>}>{n}

= alog < /D?i)Dw e_%é2 2w [th”/w“erf( ()2 )wt’]HdZ‘th’t

y /H [di’té{i’t n wtnt]}e—%& S [Qitht/wt/+:?:tC’tt/it/]>
t

(n)
=« log < /D’(I] e_%(sz Ztt/ Wi Lyyr iy

o /Dw JRED DIVRNING B8 o'c) AIIENE S S w,,(EDE)tt/wt/>

{n}

fn}
- alog< Det ™3 [EDE]
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X /D’lj) e_%52 Ztt’ uA]t [L—i—(I—i—GTE)(EDE)*l(I-&-EG)]“/’LTQI> (535)

{(n}’

(apart from an irrelevant additive constant, consisting only of the logarithm of the
various factors of 27 and § which are generated by the final Gaussian integration over
{w;}). We finally work out the derivatives of this simplified expression (5.35) for ®
with respect to the matrix elements { Ly, Cy, Gy }, followed by setting L — 0.
Upon also using the causality property Gy = 0 for ¢ < ¢/, which guarantees that
Det(I+ EG) = 1, we find

0 1 —1 try—1

Jim _—2a<[(I+EG) EDE(I+G'E) Lt/>{n}, (5.36)
0D

%13%] aC, 0, (5.37)
lim 0% =—a([I+EG)'E],,), .- (5.38)
L—0 OGyy t't/{n}

According to equation (5.31) this gives the following expressions for the entries of
our conjugate order parameters

N N - 1
Cyw =0, Ky =—aRy, Ly = _Eiaztt/y (5.39)
with the two matrices

2 =52 <(1 + EG)"'EDE(1 + GTE)’1> , (5.40)

{n}

_ 52 -1
R=07"((I+EG)'E),,. (5.41)

5.3.2 Evaluation of Poissonnian averages

It turns out that in the latter two matrices (5.40) and (5.41) the averages over the inde-
pendently distributed Poissonnian random numbers {n, } can be performed exactly, by
using causality of the response function G. We first deal with equation (5.41), which
is somewhat simpler

Ry =62 (~1)[(EG) Elw)n- (5.42)
>0

The crucial observation is that, due to Gy = 0 for t < #/, each of the terms in the
above power series gives factorized Poissonnian averages, so that we only ever have
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to use the first Poissonnian moment (n;). We recall that Ey = 6.04n¢/(n) and work
out the relevant matrix products

((EGY'Elw)iny = Y. ((BuGis,)(Feys,Gsisa) -+ (Bsyyso,Gsrt) Brvr )y

81543801

()T Y Gl

t>81> >80 1>
X <ntn51 o 'n8£71nt'>{n}

= 5"GE,- (5.43)

Insertion of equation (5.43) into the series expansion (5.42) for the kernel R leads to
the surprisingly simple result

R=611+6G)"1. (5.44)

Next we turn to the matrix (5.40), where first we similarly write each of the terms
(I+ EG)~! as a matrix power series, i.e.

S =02 (~1)((EG)'EDE(G'E)" |u) (n}- (5.45)
20'>0

Here we no longer benefit from factorization of the Poissonnian averages in terms
of first order moments. Instead of one ordered string, the causality of the response
functions now generates two ordered strings of time indices. However, here we can
have only averages of Poissonnian terms with at most two n-variables with the same
time index. We thus have to take into account only the contributions coming from
all possible pairings of time indices. Using (n?) = (n;)2[1 + 7/26] we derive, again
focusing on the individual terms in the matrix series (5.45):

<[(EG)£EDE(GTE)£/]SOS' >{n}
- ZDSZS EG ZE]SOSI[(EG) ] 82>{n}

5282

§ \LH0+2
:(®> Y. D Dus Gapsro Gois, GGy,

80> >8¢ 5(,>>5),

X<nso Cr Mg, Mgy v nsg>{n}

We note that in the above average (. . .) {,}, €ach pairing of an index from the ordered
string {so, ..., s¢} with an index from the ordered string {s, ..., s} } produces a
factor (n?) = (1 +1/26)(n)?, whereas each un-paired time index contributes simply
a factor (n). Since the number of such pairings is Zf:o Zﬁ/:o Js,s/, We may write
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((EG) EDE(G'E) |50, (n)

_ et Z Z b i PIHIRD DI
Se5% 28

S0>>8¢ 5> > 8,

X G5051 o Gslg,lsg Gsos1 T Gsé,fﬁ}{
v i
_ Sl +2 , ,
LatiD S SIS | S (R
So>-">8p 56>~~~>82 110]:0
X G5051 -~'GS€713Z GS()SQ ~'-GS;,715}. (5.46)

5.3.3 Effective agent in the continuous time limit

With the results (5.39) we have arrived at a closed set of equations, involving only the
order parameters {C, G}. The latter are to be solved from the two equations (5.29)
and (5.30), which refer to a measure which is now simplified to

1632,4(t) [M 6710(t)—ad 3o Ry alq(t'),2(8)]

M[{q,q,2}] = po(q(0)) e
% 6_%0{62 Ett/ q(t)zu/ﬁ(t'). (547)

Since we may expand R = 61 )", ((—0G)*, we know that Ry = 0 forall ¢t < ¢/,
It now follows, similar to the reason_ing which we followed for the batch MG,24 that
the present measure M |. . .] is normalized according to [DgDg M[{q, ¢, z}] = 1. We
may now replace the conjugate variable ¢(¢') in equation (5.30) by differentiation with
respect to the perturbation field 6(¢'), and thereby obtain order parameter equations
that only involve the physical variables {q(t)}:

Cur = (ola(t), 2(t)]ola(t)), =), (5.48)
G = 808(t’)<0[q(t)’ 2(t)])«- (5.49)

Upon integrating over the conjugate variables {g(¢)} we find the corresponding ef-
fective measure (g[{q, z}])» = f[]_[t dq(t)] M{q, z}|gl{q, 2}])z, with

[{q7 Z} /H %0‘52 D A B 4(t)

i632,4(t) [w%’w(t)ﬂﬁ 2 Revolq(t'),2(¢)]
xXe

24 Again one integrates iteratively, starting with the variable q(tmax ), which gives [G(tmax )], and so on until one
reaches ¢ = 0, where one uses the normalization of po(g(0)).
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d _la2 5 LGt
= po(q /H 77 ] iVad 3, 4(t)n(t)=508% 32,0 4(1)Berd(t')

q(t + 5) —q(t)/0+0(t)/0 —ad ), Ruwalgt'), 2(t)]

XH‘S[ iE }
e — 3 S S n(t)

/H 5@ /Doty

t+5 q(t) 9?) +a8 > Ruola(t), ()] - \/577(0]-

t/

Ha

t>0

(5.50)

Here Ry = (5*1[1 + (5G]l§,1, and X4 is given by equations (5.40) and (5.46). As in
the case of the batch MG we finally end up with a mathematical representation of our

measure which describes an effective single-agent process. Here this process is found
to be defined as follows, with 0(t) = 0(t)/4:

W0 =80 _ i) — 053 Ruola(t)), «()] + van(t) (55D

o
<t
in which the disorder-generated zero-averages Gaussian noise variables 7)(t) are char-
acterized by the covariance matrix (n(¢)n(t')), = Xy . The averages (.. .), in equa-
tions (5.48) and (5.49), from which we have to solve our dynamic order parameters
{C, G}, now refer to averaging over the process (5.51) and over the Gaussian decision
noise variables {z(t)}.

Finally we can take the limit § — 0 and restore continuous time. The bookkeeping
of §-terms is found to come out right in the above equations, with partial derivatives
with respect to the perturbation fields converting into functional derivatives, with
time summations converting into integrals, and with matrices converting into integral
operators (with the usual convention I,z — 4.6[t — ¢']). Upon making the ansatz
that our order parameters are smooth functions of time, we also lose the remaining
dependence on the microscopic variables {z(t)} in the retarded self-interaction term.
The latter is automatically converted into an average over their distribution, and (with
the usual definition o[q] = [dz P(z)o|q, z]) we end up with the following appealing
continuous-time effective single-agent equation

d _ t

a0 =060 —a [ 4t R(e.)ala(®)] + Van() (5.52)
0

The correlation and response functions (5.23) and (5.24), the final dynamic order

parameters of the problem, have become kernels with two real-valued time-arguments,

and are to be solved self-consistently from
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C(t,t) = (ola®ola®)e, Gt,) = 5§ft,) Gl (553)

(for t # t'). The brackets (. ..), now refer to the stochastic process (5.52), which no
longer involves the {z(¢)}. We note that the correlation- and response functions are
generally discontinuous at ¢t = ¢/, viz. C'(t,t) = 1 and G(t,t) = 0 (in our derivation
we have effectively used the so-called Itd convention).

Our remaining task is to take the continuous time limit in our expressions for the
effective noise covariance > and the retarded self-interaction kernel R. The latter,
defined by equation (5.44), simply becomes

R(t,t") = im0 I+ 6G],! =6(t —t') + > _(-1'G (t.t))  (5.54)
=0 >0
with the conventional definition for multiplication of the continuous time kernels, viz.
(AB)(t,t') = [ds A(t, s)B(s,t'). The continuous time limit of the less trivial noise
covariance (5.40) and (5.46) becomes

2(80,86) _ Z( )ngg %I_I},(l)é@r( Z Z HH |:1-|—(553 25:|

0'>0 80>+>802>0 8(>+->5,>01=0 j=0
X [1+C(347 3/4)] G(507 31) T G(‘Sf—lv Sf)G(Sé)? 811) e G(‘Slé’—lv S/E)

L v
1.
= Z é+€ / dsy,...dsp,ds), ..., ds) H H [1 + 5775(52- — 53)]
0>0 i=0 j=0
[1+C(5€7 56)] G(307 31)7 SR G(Sé—la Sé)a G(86> 8/1)7 SUR) G(SZ’fla 32)
(5.55)

We may conclude from the above results that the decision noise fluctuations have
vanished from our theory. The decision noise will still influence the process, but
only via the noise-averaged function o[q]. We would therefore in retrospect have
been allowed to average our microscopic laws over the {z(¢)} without punishment.
However, this is not the case for the fluctuations induced by the random selections
of the ‘fake memory’ variables {/(¢)}. Averaging the microscopic laws over these
latter variables, which was the basis of the pseudo-equilibrium calculation in Chapter
3, is equivalent to taking the limit 7 — 0. This can lead at most to an approximate
dynamical theory, for 7 is still very much present in equation (5.55). We will come
back to the impact of such approximations later.

5.4 Stationary state in the ergodic regime

In this section we study the long-time limit of the effective single-agent process (5.52),
upon assuming that the stationary state has the familiar simplifying properties of
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time-translation invariance and a finite susceptibility, i.e. C(¢,t') = C(t — '), Gy =
G(t—t'),and x = [;°dt G(t) < co. Since this implies also that C' and G commute, we
can be sure that also the kernels R and ¥ depend on time differences only: R(¢,t') =
R(t —t') and X(¢,t') = X(t — t'). A simple generalization of the arguments applied
in the case of the batch MG, whereby all summations are replaced by integrals via
>, — 671 [dt, reveals that

/dt’ R(t —t) = /dt’ {5(t —t)+ > (-1)'Gt - t’)}
>0
1
=14+ (-1 =—. 5.56
D (DN =7 X (5.56)
In this section, in line with our previous notation conventions, we will write time
averages as T = lim, o 71 [ dt (%)

5.4.1 Closed laws for persistent order parameters

We can adapt the procedures that had been successful in the case of the batch MG to
our continuous time equation (5.52), simply by replacing time summations by time
integrals. We expect qualitative differences to emerge at most in the evaluation of
those terms that involve the kernel ¥, in view of the dependence of X (5.55) on the
learning rate 77, which was absent in the batch dynamics. Upon defining the transformed
variables ¢(t) = ¢(t)/t we find the integrated form of equation (5.52) in the absence
of external perturbations converting into

g(t) = q?ﬁi /O ar'{/an(t') o /0 ds Rt 9)olsa(s)]}. .57

Provided the limit ¢ = lim;_, ¢(¢) exists, we may send ¢ — oo in equation (5.57)
and recover exactly the corresponding statement (4.120) for the batch MG
- _ a0
¢=Van -1 =
with the zero-average Gaussian variable 7 = lim,_o 7" fOTdt n(t) and with & =
lim, oo 771 [ dt o[tq(t)] = sgng].c[o0]. We conclude that we may copy the clas-
sification into fickle and frozen agents as found for the batch model, i.e.

(5.58)

Lo\

7] < M . ‘fickle’ solution, @ = ( +X)77’ (5.59)
1+x Va

7] > W : ‘frozen’ solution, @ = o[oco]sgn[7]. (5.60)

Also the self-consistent calculation of the fraction of frozen agents ¢, the susceptibility
X, and the persistent correlations ¢ can be largely copied from the batch version, with
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the only proviso that we may no longer substitute the batch value for the variance (772,
but limit ourselves for now to expressing {c, ¢, x} in terms of the as yet unknown
present value of (77?),. The basis of our calculations is again to distinguish between
frozen and fickle solutions, following equations (5.59) and (5.60). Upon defining

___obdva
" VAL oo

we find for {c, ¢, x} exactly the corresponding batch MG equations

c= / dm P(ﬁ)EQ

= Dz 2*0[vvV2 — |z|] + 0%[o0 /Dzﬁ\]—v\f]

2 2
:a%d@+1;?ﬁmu UJﬁW?, (5.62)
oloc]Va
0= /an 14y }
:/Dz 9[\z|fv\f2} = 1— Erf[v] (5.63)

Lo L [0
x=7<a*ﬁ0>*— 7= [an P
"X {2 000v2 2] + senl] 0]12] — vv/2] V2]

:1ZXEﬁ@y (5.64)

The last line is easily rewritten in the familiar form y = (1 —¢)/(a— 1+ ¢). The only
possible difference between the on-line and the batch calculation (at least, with regard
to persistent order parameters in TTI stationary states) therefore lies in the value taken
by the variance of the noise variable 7. Here we find the more complicated formula

T—>OO7'2

, 1 T (o]
= Z(—l)”z lim /0 d50d56/() dsy,...,dseds), ..., ds)

700 T2
20 >0

L 1
< [1+C(se — )] [T11 [1 + 5710(si — s;)}

i=0 j=0

1 T
() = lim — /0 dedt’ ©(t —t')
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X G(sp—81)y.--,G(s—1 — s¢) G(sy — 81),- .- G(sp_1 — sy). (5.65)

5.4.2 Equivalence of batch and on-line equations

We next set out to show that the above expression (5.65) is independent of 7} (given
the assumptions of the present section). First we transform our time variables: we
choose t; = sy, and t;, = sp — siy1 for all £ < ¢, with similar definitions for the
times #,. Equivalently: s, = S>‘_, ¢, forall k = 0,...,¢ and s}, = S>°_, ¢ for all
k=0,...,¢ . This allows us to write expression (5.65) as

@)=Y (- /Oodto,...,dt“ G(to), ..., G(ti1)

>0 0
o

x/ dtg, ..., dty_; G(ty), -, G(tp_q)
0

TSt dt, [T et

x lim (14 C(te — ty)]
T Jo T Jo

X HH 1+ nd[Zt —Z } . (5.66)
=0 5=0 r=j

The last line can be expanded to give unity plus a sum of products of J-distributions.
However, we see, since lim;_, fg dt’ G(t') = x < oo, thatevery term which contains
one or more of these J-distributions effectively removes at the very least the summation
over ty (since ty will then be given one allowed value only), so that the corresponding
normalization factor 7! is no longer compensated and the limit 7 — oo produces a
zero result. Hence

@)= (——1)€+Z'J/Oodto,...,dtg_q(?(to),...,(?(tg_l)

0w>0 0
o0

x/ dtg, ..., dty_; G(t5), ..., G(ty_q)
0

Sty (TS,

x lim [1+C(ty — th)]
T—00 0 T 0 T
, , 1+¢
=(1+ B L L Ny 5.67
( @;; TN = (5.67)

This proves our statement that the learning rate 7 indeed drops out. From this, in turn,
it follows that the equations describing TTI states in the on-line MG have become fully
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identical to both those of the batch MG in Chapter 4 and to those obtained via the
replica calculation in Chapter 3. This includes the locations of the phase transition lines
(defined by the divergence of x), and the full behaviour of the persistent observables
{¢, ¢, x} in the ergodic regime o > a, for both additive and multiplicative decision
noise. We have thereby confirmed that these earlier equations are exact, and that in
the ergodic regime there are no differences between batch and on-line dynamics in
the behaviour of {c, ¢, x }, which explains these somewhat puzzling earlier findings.

There is obviously no further need to carry out numerical simulations to test the
predictions of the present stationary state theory of the on-line MG against simulations,
since this has already been done in Chapter 3 (albeit that at the time we could not yet
be sure of the validity of these equations).

However, our conclusion that in the ergodic regime of the on-line MG the persistent
observables {c, ¢, x} take the same values as in the batch MG and the fluctuation-free
MG, does not imply that the same is true for the volalitity o.

5.4.3 Overall bid statistics and volatility

Let us first derive exact expressions for the volatility matrix in the on-line MG. As in
the batch MG, viz. (4.57), we can extract the global bid statistics from an appropriate
generating functional. If we add the new generating fields to the temporally regularized
microscopic process, we obtain, with ¢ € {0, 9,24, ...}:

Z|p] = <ei\/5 izo X Su (A" [a(t)2(1)]y (5.68)

From equation (5.68) one obtains as before

(Ar[q(t), z(1)]) = —7 Jim a%[( ]) (5.69)

2
(Arfa(t), z(t)] A [a(t), z(¢)]) = ; Jmy 8@?(%9[;?@’)‘

We thus find the new generating functional Z[¢] by making in expression (5.15) for
the previous generating functional Z[v] the following substitution

GO i (D)si(t) _y i 5, 8 (VA k]

(5.70)

At this point the present calculation starts to differ from that of the batch version,
in reflection of the fake memory fluctuations in the on-line MG. Here we find, with
Dq = [[;;[d¢:i(t)/+/d /2] (and similarly for the other variables)

d t Wi ¥ 6! Iz 29, ¢
:/DvaAvache Do |+ ) 0 (1) (V2 )
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1.~ ;
o 2T, [ T ) ey ]

“ / DDA po(q(0)) ¢ Ser i (Ol (t+6) ()60

x <e—i\‘/%s 2 & Zt[w?qi(t)+i‘¢si(t)]>z. (5.71)

For initial conditions of the form po(q) = [, po(¢;), and upon following closely
the steps which we took when deriving our previous Eqs. (5.17) and (5.18) in the

evaluation of Z[t)], we obtain the disorder-averaged expression
Z[@] = / DwDWDxDx o8 Zos 01w+t 46719, (0a] / DaDq ] ] po(a:(0))
w @10 224 Gi(D)[q: (t+6) —qi (t)—0: (1))
. / (DODE)DKDR[DLDE] ¢V SewlCor Cuvrt R K+ Lur L]
% e 1072, S [Crarsi(O)si (1) +Kper (8 (1) + Lo @ (£ (1)
<I1 A 02V T, 6u()+2 5, e (VA ey O(N )
I v
% e—%52 S [’LI};LL“/’III; +2.i’f:K“/7iJf, +§:§LC“/5U;‘/] } ) (572)

The result is again an integral which for N — oo can be evaluated by steepest descent

Z[¢] = / [DCDC|[DKDK|[DLDL) eN¥+®+0+en], (5.73)
but now with
U =i6” Z[étt’ctt/ + Ky Ky + Ly Ly, (5.74)
tt’

¢ = Z#: log [ / DwDWDxDz e 2% 2ovw [WeLewr by +22 Ky by +8:Crpr ]

o ol S, fibpwi i 1071, (1)ak] / DuHeiu%(t)%[e%”’”*“””“—” (5.75)
t

1 N ; S TatES) —a(t) 51
Q=5 log( / DgDG po(q(0)) e X A0 =070,

x &= 18 S Cruola(t) =(0)ola(t) =)+ Kiwola(®) 20)a)+Lud i)y, (5 76)

As in the case of the batch MG, for ¢ — 0 the differences between Z[t] and the

present Z|[¢] are concentrated in the function ®. This allows us again to use the
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property L = 0 at the saddle-point, and the previous transformations K = ¢G (with
the response function G) and Dy = 1 + Cy (with the correlation function C') for
simplifying ® at the saddle-point. For the on-line MG this is obviously more involved,
and with the specific notation conventions of Section 5.3.1 (especially the function
¢[{z,w},u] and its representation in terms of Poissonnian averages with (n) = 25 /7,
and the matrix ) we find

_ 1 N o —162 5, (2080 Gyt 0 Cry ]
@-N;log[/DwaDxDace 2 : e

TS S AT SO / Du o[{z, w}, ulei” ztm(t)]

- Nzlog </ DwDwDxDi el 2 Welwe =020 Gundu]=50% 30 #: O
7

0wl g (1) 22 / Du eiuazt[al¢u(t>+tzz';f1>

{n}
1 1 /
e N Z log </prw e_E Ztt’ [d)u (t)"’_zb Etst]Dtt/[¢ll(t )+Z‘5 Et'sws}
m

o Q10 X B8 5 [0 ()45, Buows] Gy, >
{n}

1 dyt 1 + -1
_ 15y o= S 9 (T+G B)(EDE)~* (1+EG)] 1y
S (1[5

e 12 yt(E_l)tt’¢)u(t/)> +a log(Detfé [EDE]) (1

n

{n}
—alog(Det[I+ GTE]) . (5.77)

1 1 . . o ,

Ly 15,0 Gu(D[E-(1+EG) " EDE(I4GTB) " B=],06, (1)

=N 2.8 <e >
o

The last line can be simplified, using the identity E~!(1+ EG)~! = (I+GE)'E~!
and using the fact that we will only need this expression for operators G which obey
causality, to

1 . - -1 ‘
= 721 =3 X SuO(I+GE) ' DIHEGH) ™ ()
oL ) log<e > (5.78)

n

We may now calculate the derivatives required to work out equations (5.69) and (5.70).

I ON®
1m

- 0. (5.79)
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O?’N® . 1 -1
lin e 00 5#,,<[(I+GE) D(I+ EG) ]“’>{n}’ (5.80)

and find, with our usual shorthand {D} = DOCDCDKDKDLDL and with the nor-
malization identity Z[0] = 1, that

o TR 2] = - J{DHD/ Dy (1))eN ¥+ 01O
J\}Enoo (A¥lalt), 2(0)]) = _ﬁ 1\}13100 ;Lnb f{p}eﬁ;V[\IJ+<I>+Q]+O(N°)

-0 (5.81)

Jim (Ar[a(t), z(1)]A”[a(t'), 2(¢)])

_ L DO /09u(0)96, (¢))eNHHEON)
2 N0 g0 [{D} eN¥+e+Q+O(N?)
1

_ - -1 -1
= 25W<[(I +GE)'D(1+ EG") >{n}. (5.82)

Upon making our usual assumption that p~! p 1 (A [q(t),z(t)]) will be self-
averaging for N — oo (i.e. no longer dependent on the microscopic realization of the
disorder), we see that in the on-line MG the asymptotic disorder-averaged volatility
matrix is given by

P

S = lim =S (A0 a(D), ()] Ar[a (), 2(7)]

N
—00 P =1

= %([(HGE)—1D(I+EGT)—1]“,>{”}. (5.83)

Comparison with equations (5.40) and (5.46) shows that, although similar, this ex-
pression is not identical to the covariance matrix of the effective noise {7(¢)} in the
single-agent equation, in contrast to the situation in the batch MG.

Let us finally work out the Poissonnian averages in equation (5.83) and take the
continuous time limit 6 — 0, similar to how this was done for the noise covariances
Y(s0, s())- We first write

2‘_'5056 = Z €+£ GE)KD(EGT)[]&JSQ{W,}
£20'>0

O\ L+2
- E ( n>) E E Dsw;Gsos] P 7Gsz,1s[Gs{,s’la C) Gs;,_lsg
20 >0 Sp>>8p 5> >,

><<n51,...,n5£nsfl,. . ,n52>{n}
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In the average (.. .){,}, each pairing of an index from the set {so,

137
..., 8¢} with one
., 8}, } gives a factor (n?) = (1 + 7/28)(n)?, with each un-paired
index contributing simply (). The number of pairings is Zle Zf,,l Os,s/» SO
Dy = D (0 D D Dug
2€>0
X G80817

0 o'
7 Zi:l Z_;’:l 55,;&
1+ 5%
26
50>>8¢ §(>->5)
LI} G54,1s@ GS[)S/l)

G
20'>0

Sy 180
e i
a4
SRS S 101 (R
80> >58¢ 5> >5), i=1j=1
XG3031,~ 7G3£—132 GS:JSII""7G82/,152'

(5.84)

We can finally take the limit 6 — 0, using the substitutions d;y — 0.0(t — t’) and
S AwsBsy — 671 [ds A(t, s)B(s,t') = (AB)(t,t'), and find

o ¢ ¢

E(so,sg)zzz(_mue//() dsi,... dsedsh, ... dsy JTT]
o0>0

1.
1] [1+2n5(si—sj)]
i=1j=1
X[1+ C(sp,5))]G(50,81)5 - - G(s0-1,50)G (80, 81), -+, G(Sp_1, Spr).

Even apart from the usual factor two, we see that after the continuous time limit the

(5.85)
volatility matrix (5.85) and the noise covariance matrix (5.55) are still not identical;
they differ in whether or not one takes into account time pairings involving s¢ or s.

For the volatility o, where we already have sy = s, by definition, the ordering of

0
. Tdt
= lim

T—00

the integration times imposed by the response functions in equation (5.85) forbids
any further pairing of times involving either s or s, so here the differences between
equations (5.85) and (5.55) become irrelevant, and we just find
o? = lim = [ dtZ(t,1)
T—00 T
, o0
% (—1)“5 / dsy,...,dseds], ... ds)
0 w0 0
x G(t,s1)G(s1,52) ... G(s¢_1,80) G(t,81)G(s1,85) ... G(sp_1, 8p)
¢ 0
x 1+ Cse,sp)] TT11

1.
111 [1 + 5775(81' - 5;)}
i=1j=1

(5.86)
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5.4.4 Volatility approximation in terms of persistent objects

In ergodic TTT stationary states with finite susceptibility xy we have already seen, when
proving the equivalence of batch and on-line dynamics at the level of the persistent
order parameter equations, that the various time averages eliminate the learning rate
7 from expressions such as =(co). We may simply follow the derivation of equation
(5.67) and just leave out the forbidden pairings, which gives us directly the (exact)
result

1+e¢

-~ 2(1+x)?

Now let us investigate whether the same happens with expression (5.86) for the volatil-
ity. To do so we transform our time variables again, by putting s = Zf: i tr for all

(5.87)

k=1,...,fand s}, = Zf p .forallk = 1,..., ¢ This allows us to write expression
(5.86) as
o
o? =Y (-1 / dto, ..., dt;_1 G(tg),...,G(te—1)
>0 0

x/ dty, ..., dtep_1 G(t(), ..., G(ty_y)

-1

x hm/ / dtgé t(g—t—i-Ztr]/ dt), 6 [t@—t—i—z }
T—00 —0 0
 [1+Clty— )] HH 1+ 775[215 —Z ai (5.88)
i=1j=1 r=j

Unlike the evaluation of ¥(oo) in TTI stationary states, here we unfortunately do
not find the learning rate dropping out. This can be seen upon using the relations
imposed by the J-distributions in the third line, i.e. >, ¢; = >, t; = t, to transform
the arguments of the J-function and the correlation function in the fourth line

v

(3= 3ou] = o[- o]

r=j r<t r<j
Clte—tp) — C() ti— > ti).
i<t i<l

These two objects have thereby lost their dependences on the times (¢, t},), so that
we may apparently write

o2 = Z(—M”’/ dtg, ..., dti_1 G(tg),...,G(te_1)

>0 0
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x/o dty, ..., dte_1 G(ty), ..., G(ty_4)

xﬁf_[ 1+%ﬁ5[2tr—2t;} [1+C(Zti—2ti)]

i=1j=1 r<i r<j i<l i<l
. - it -1 -1 ,
[l Sl S
0 r=0 r=0
o
= 3 U [Cdto st Gl Glti)
20>0 0

x/o dty, ..., dtp_1 G(t(), ..., G(ty_y)

xﬁf_[ 1+%ﬁ5[2tr—2t;} [1+C(Zti—2ti)].(5.89)

i=1j=1 r<i r<j i<l i<l

This expression is still fully exact, but not easy to use. We see that upon expanding
the product that contains 7, each term containing 7 would come with one or more
d-distributions, which lead to further complicated non-vanishing terms.

To proceed to approximations involving persistent order parameters only, we have
no choice but to neglect the Poissonnian fluctuations induced by the random selection
of histories, and put 77 — 0. Upon returning to equation (5.86) we may now write

Tdt I o /

0" = Jim o7 ;;0( 1)6“/ dsds’ G'(t — s)G' (t— &) [1 + C(s — §)]
_2&10 H,o/ ! [asas' (146) 7 t-s) =) (146) (-1
- 2&;@ T3 / dsds’ (I+G) 7 '(s)C(s = )T+ C) (). (5.90)

Here we have defined, as before, the non-persistent correlations as C(t) = C(t) — ¢,
and we have introduced the unit operator 1 with kernel representation I(x,y) =
d(z — y). Expression (5.90) is seen to be the direct on-line MG twin of formula
(4.145). However, whereas expression (4.145) was exact for the batch model (where
history selection fluctuations are indeed absent), expression (5.90) for the on-line
model is an approximation.

As in the batch MG, exact evaluation of equation (5.90) still requires knowledge of
our order parameter kernels for short temporal separations. Approximate expressions
in terms of persistent order parameters can be constructed along the lines of those in



140 Dynamics of the on-line MG with fake memory

Chapter 4. For instance, we know that C(0) = 1 — ¢ and C(400) = 0. A simple
approximation would be to assume that the non-persistent correlations C (t) decay
very fast, so that C(t # 0) is small:
o? = _1te + L /dsds/ [6(s) — G(s) + G*(s) 4+ ---] C(s — &)
2(1+x)%2 2
% [8(5') — GI(s') + G3(s) 4+
1+c¢ 1

RISV T

—/ds {6 - () - ;/ds’ )G —5) 4 ).

Neglecting all integrals over C thus gives:

1+e¢

1
2
op = + =
A 2
From this simple argument we are seen to recover our earlier approximation (4.154)
as was obtained in the context of the replica calculation. It will be clear that alternative

approximations might also be constructed, along the lines followed in the batch MG.

5.5 Impact of truncating the Kramers—Moyal expansion

A further advantage in having an exact dynamical theory is that it allows one to
obtain a better understanding in retrospect of the strengths and weaknesses of past
approximations. For instance, in Chapter 3 a theory was constructed for the on-line
MG with fake market histories, on the basis of deterministic microscopic laws that
are equivalent to truncating the full exact Kramers—Moyal expansion (2.30) and (2.36)
after the Oth order O(7°) (in effect taking the limit 7) — 0). This theory was still shown
to be surprisingly successful, at least in the ergodic regime of the MG. In the more
advanced version of the replica approach (which we have not discussed in detail in
this book), aimed at incorporating also the microscopic fluctuations, one starts instead
with the Fokker—Planck equation? (2.39). This is seen to be equivalent to truncating
the full exact Kramers-Moyal expansion (2.30) and (2.36) after the first order (’)(ﬁl),
rather than the Oth order.

It turns out that the present formulation of the exact dynamical solution for the on-
line MG allows one to trace precisely the effects of such truncations. The deterministic
and Fokker—Planck approximations are both equivalent to carrying out an expansion

25 In practice further approximations are being made in the replica approach, simplifying the diffusion terms in
equation (2.39) to obtain equation (3.86).



Impact of truncating the Kramers—Moyal expansion 141

of the right-hand side of equation (5.1), up to orders O(7°) or O(7}), respectively.
These expansions would simply propagate through our previous derivations of the
intermediate expressions for the generating functional, affecting only the specific
exponent which contains the learning rate 7, all the way to expression (5.32). Here
we see that approximating the true process by the deterministic or Fokker—Planck
truncations ultimately implies making an expansion of the function ¢[{z, w}, u], either
up to order O(7}°) or to order O(7)), respectively. Such expansions are carried out easily,
and are found to give the following alternative (approximation) formulae

Gaet[{m, w}, u] = el 2 welutzs), (5.92)
drp[{z, wh,u] = e X welute) =370 Sy wi(uta,)? (5.93)

By simply working out the averages (.. .) {n} given below explicitly, one can confirm
easily that these two approximations of the true function ¢[{z, w}, u] can again be
written in the form (5.33), provided we replace the correct Poissonnian distribution
P,[¢], with a = 20 /7, by appropriate alternatives

L.
ol{x,w},ul = <exp bm ; ngwe[u + mt]} >{n} (5.94)
with, respectively
exact 1 Pyln] = %e @ (ny=a, n? —n)?=a
F—P approx: Py,ln]= \/;Tae_i(”_“P (ny =a, (n?) —(n)?2=
deterministic approx :  P,[n] = d[n — a] (n)y =a, (n? —(n)2=0

Apparently, in the Fokker—Planck approximation one replaces in effect the true Pois-
sonnian distribution, which describes the noise induced by the randomly drawn histo-
ries, by a Gaussian distribution with the correct first two moments. In the deterministic
approximation one replaces the true distribution by a J-distribution; here only the first
moment (the average) is correct.

Since we have taken care to formulate the remaining derivations following (5.32) in
terms of expression (5.94) only, and to express all averages over the numbers {n;} in
terms of their moments, it is now a trivial matter to determine the regimes of validity
of the deterministic and the Fokker—Planck approximations. We can verify that in all
averages over the numbers {n;}, which we have performed in working towards the
final dynamic order parameter equations, only the first two moments of the distribution
P,[n] have ever been required. From this it follows immediately that upon using the
Fokker-Planck truncation (provided with the correct diffusion matrix elements, i.e.
with expression (2.39) rather than (3.86)) one would have found the correct order
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parameter equations. In contrast, the deterministic approximation would have led to
correct results only for those quantities that in the full derivation were found to be
independent of the learning rate 7). This includes the persistent order parameters in the
ergodic regime, and the location of the phase transition, but excludes any dynamics
and the phenomenology in the non-ergodic regime.

5.6 An assessment

The main result of the theory described in this chapter is to have put in place the
mathematical machinery for the application of generating functional techniques to
MG versions with on-line rather than batch dynamics (which are, after all, the ver-
sions which were put forward first). These on-line models are mathematically more
complicated to analyze, due to the extra randomness in the selection of ‘fake histories’
in the course of the dynamics, which had been specifically ‘defined away’ in their
batch counterparts in order to simplify the mathematics.

In doing so, we have been able to clarify analytically the similarities and differences
between having batch or on-line dynamics in the MG, and to show that the stationary
state equations in the ergodic regime of the on-line MG are indeed identical to those
of the batch version, including the nature and the location of the phase transition.
This equivalence had been suggested quite clearly by simulation data and by the
replica calculation of Chapter 3, but had not been proven rigorously. However, the
equivalence between batch and on-line dynamics at the level of persistent observables
in the stationary state was found to extend neither to the transient dynamics of the
macroscopic order parameters, nor to the volatility. Furthermore, at the mathematical
level we found that it is not generally true that the noise covariance matrix 3 of
the effective single-agent process describing the macroscopic theory of the MG is
proportional to the volatility matrix = (as had been the case for the batch model).

Our generating functional techniques have also allowed us to arrive at a satisfactory
understanding of the potential and limitations of various approximations of the under-
lying microscopic laws, which had been proposed and implemented for the on-line
MG in early studies based on the replica method.

Finally, the present analytical exercise can be regarded as a test run for the analysis
in Chapter 8 of the more demanding MG models in which the agents are responding
to true rather than fake market history. By definition, a batch version of an MG with
true market memory cannot exist, so that the effect of having true versus fake market
information cannot ever be studied within the mathematically more convenient arena
of batch models.



6. The overall bid distribution

6.1 Bid statistics and time-translation invariance

At this stage we make a small detour. Rather than introducing and analyzing new MG
versions, we pause briefly and return to the intriguing simulation data on the overall
bid statistics as shown for instance in Figs 1.2 (for the on-line MG with true market
history) and 1.11 (for the online MG with ‘fake’ market history). For MGs with fake
market history we know by definition that all ‘histories’ are sampled uniformly, so
that for S = 2 we can define the time-dependent asymptotic and disorder-averaged
bid distribution as follows

Pi(A) = Jim 3" (5[4~ Arla(1).=(1)]). 6.1)

with p = aN, with the instantaneous overall bid A*[. . .] as given by equation (2.23),
and with the decision noise definitions (2.12) and (2.13). From equation (6.1) we
immediately obtain the long-time overall bid distribution via2¢

P(4) = lim_lim ?pZZ< [A — Ar[q(t), z( > ZPt . (62)

t=1 p=1

In the case of continuous time, for the on-line MG, the time summation in (6.2) is
replaced by an integral. Apart from the limit N — oo and the usual assumption of
self-averaging with respect to the disorder, expression (6.2) is indeed the distribution
shown for the on-line fake history MG in Fig. 1.11. We have seen that in the non-
ergodic (i.e. low «) regime of the conventional MG this distribution P(A) is strongly
non-Gaussian, which should be sufficient motivation for us to now try calculating it
analytically.

26 This would have been different for the MG with true market history, where time averaging need not and will not
automatically involve uniform sampling of the histories u.
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Fig. 6.1 Simulation measurements of the total bids A in the stationary state, observed under conditions
identical to those of Figs. 1.2 and 1.11 (again with N = 4097, M = 5, and S = 2, and the same total number of
bid evaluations), but now for the batch MG with ‘fake’ history. The timescale in the left picture gives the total
number of bid evaluations at a given time, i.e. pt. The distribution P(A) in the right picture is represented as
a histogram, and plotted logarithmically, together with a Gaussian distribution (dashed) of width and average

identical to that of the observed P(A).

6.1.1 Statistics in the batch MG with fake history

It turns out that in the previous chapters we have in fact already put in place all the
ingredients necessary for calculating P;(A), and hence also P(A). To see this, let us
write the J-distribution in equation (6.1) in integral representation:

L »
Py(A) = / A4 idn gy 12<eiAAu[q(t>,z<t>1>,

27 N—oco P ]
dA a4 I\~
= - 1
/27r e ]\}lm p;le[Ae (t)/V2] (6.3)

Here é#(t) denotes the special generating field defined by el (t') = 0,04/, and Z[¢)]
is the generating functional (4.57) which we used earlier to derive an expression for the
volatility matrix. We may now put to use explicitly the interpretation of our generating
functionals as Fourier transforms, and we will be able to show that for the batch models
time-translation invariance automatically implies Gaussian overall bid distributions.
We do not yet know to what extent the overall bid distribution P(A) in the high
volatility phase of the batch MG will have the same non-trivial shape as that observed
in Figs 1.2 and 1.11 for the on-line models. However, Fig. 6.1, which shows such
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simulation data for the S = 2 batch MG with ‘fake’ history under otherwise identical
conditions, confirms that although this batch distribution P(A) is certainly different
from those of figures 1.2 and 1.11 (one clearly observes the expected more regular
temporal evolution for the overall bids), the global bids in these data for the batch MG
are again non-Gaussian.

For the batch MG we may now call upon our previous results (4.61), (4.62), (4.64),
and (4.65). Inserting ¢ = Aé*(t)/v/2 into equation (4.65) gives

® = —alogdet(I+ GT) — &AQ[(I + @) ID(I+ GH Yy (6.4)

Thus we find, with our previous shorthand {D} = DCDCDKDKDLDL and with
the normalization Z[0] = 1, that according to equations (4.61), (4.62), and (4.64):

N [{D}eNTHEHA— A [(I+G) DG
Jim_ HZI Z[Aen(t)/V2] = lim_ D
_ e—iA2[(I+G)*1D(I+GT)—1]m _ e_éAzgm‘ (65)

Here the kernels G and D are to be evaluated at the saddle-point of ¥ +®+(2, i.e. given
via the solution of the effective single trader equation for the batch MG. The last step
in equation (6.5) could be taken via our earlier identification (4.70) of the volatility
matrix in the batch MG. Insertion of equation (6.5) into equation (6.3) subsequently
gives the desired (exact) expressions for the instantaneous and long-time overall bid
distributions

L iy g, e/
Py(A) = / e (6.6)

27 V 27T§tt 7

d._ W — 1 A2 /=
P(A) = J%) —aA/E (6.7)
W(Z) = lim - Z(S — Zg]- (6.8)

T—00 T

From these results it follows immediately that in time-translation invariant (TTI) states,
where Z;; = o2 for all ¢, we will simply have W (Z) = §[= — 2] and hence
1 1 2 2
TTI: Py(A) = P(A) = e 24/, (6.9)

oV 2

Thus, either the observed non-Gaussian overall bid distribution in the high volatility
state of the non-ergodic phase in the batch MG reflects finite size effects2?, or the

27 This implies that it will vanish if we increase the system size N while keeping « fixed.
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high volatility state in the batch MG is one without time-translation invariance (such
that =4 continues to change with time). Since it seems upon simply observing the bid
evolution in Fig. 6.1 that the instantaneous fluctuation strength = is for all practical
purposes stationary, we are led to the suggestion that at least for the batch MG the
observed non-Gaussian shape of P(A) might well be a finite size effect.

6.1.2 Statistics in the on-line MG with fake history

In the on-line MG of Chapter 5 we can calculate P(A) in more or less the same way.
Before having taken the continuum time limit § — 0, the definition of the generating
functional Z[¢] is identical to that of the batch MG, and the relevant equations are
now (5.73), (5.74), (5.76), and (5.78). Inserting ¢ = flé“(t)/\@ into (5.78) gives us

_1 ~LA2S, [(I4GE) D(IHEG!) ],
¢ = N log <e >{n}
—alog(Det[I+ GTE]) ;. (6.10)

Thus we find, with our previous short-hand {D} = DODCDKDKDLDL and with
the normalization Z[0] = 1, that

ngloopézméu(w/ﬂl
L <f{D}eN[\IJ+q>+Q]—}LA2[(I+G’E)1D(I+EGT)1]H>
S [{D}eNV+2+9] n)
_ <e—iAQ[(I—&-GE)*lD(I-&-EG*)’l]n>{n}. (6.11)

Again the various kernels are to be evaluated at the relevant physical saddle-point, i.e.
to be solved via the effective single-agent process for the on-line MG. We note that,
in contrast to the batch MG, here the instantaneous distributions P;(A) need not be
Gaussian. They involve the diagonal entries of the in principle random object

El{n}u = hm [(1 +GE) DI+ EGH Y,

“miyea sy I L

£0'>0 1>851>>80 t>8] > >s), i=1

1

X [1 + 05282/] GtslG5152, Ceey GS£—1S1/. Gts’le’ls’za .. 7GS;/,152/' (612)

We now find alternative expressions for P;(A) and P(A), which differ from those of
the batch MG in more than just having integrals instead of time summations
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R —3 A%/E[{n}]ee
P,(A) = lim ( d4 o—iAA-1A :[{n}]tt>{n} — lim < € >

, (6.13)
d—0 2T d—0 o E[{n}]tt {n}
d=EW(2) _l42/2
P A — -~ ‘e 2 /'_” 614
(A) Nors (6.14)
=) — 1 1 =_=
W(E) = Jim lim 23 (65— St ), 615

Calculating W (=) is thus not a trivial matter; it is similar to but even worse than
calculating the volatility (an object which we have as yet only been able to calculate
approximately). At most one will be able to calculate the first few moments of W (Z).
However, even without further calculations it is clear that the random nature of the
quantities Z[{n}];; might well prevent W (Z) from being a J-peak, and consequently
P(A) from becoming Gaussian even in TTI states. Hence, in contrast to the batch
MG, for the on-line MG it might well be the case that the non-trivial shape of P(A)
is not a finite size effect, but will persist for arbitrary (large) system sizes.

6.2 Finite size and finite time effects
6.2.1 Size dependence of bid statistics

We have thus been led to the investigation via numerical simulations of the bid
distributions P(A), for different system sizes N, in both the batch and the on-line
MG. Upon repeating the simulation experiments of Figs 1.2, 1.11, and 6.1 for larger
system sizes N (while keeping the ratio « = 2 /N fixed), focusing on the high
volatility state in the non-ergodic regime, we find the predictions of the theory re-
garding the potential effects of finite system sizes on the overall bid distribution
confirmed experimentally. Typical data are shown in Fig. 6.2. In the batch MG,
increasing the system size leads to the non-Gaussian ‘outlier’ data being consis-
tently moved into (and absorbed by) the central part of the distribution P(A), which
thereby approaches a Gaussian shape as predicted. In contrast, a different mecha-
nism is found to be at work in the two on-line models, whether with true or with
fake market histories: here the non-Gaussian outliers move in the opposite direc-
tion, away from the centre, and retain statistical significance, by their very pres-
ence preventing the bid distribution from becoming Gaussian. Upon extrapolating
this trend, one can even appreciate the danger of these outlier peaks continuing
their relocation to large values of A as M is increased further, which raises the
prospect of P(A) converging at most point-wise to a limiting function in the limit
N — oo0.
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Fig. 6.2 The overall bid distributions P(A) as typically observed in numerical simulations following ‘tabula
rasa’ initial conditions of the three MG types analyzed so far (represented as histograms, and plotted logarith-
mically), together with Gaussian distributions (dashed) of width and average identical to those of the observed

P(A). All cases refer to the same ratio o« = p/N = 1/128, but with different system sizes N.

A natural final question is whether for on-line dynamics perhaps at least the ‘central’
part of the distribution P(A) might be Gaussian. To find out whether this is the case
one can simply repeat the numerical analysis that led to Fig. 6.2 for the on-line MG
versions, but now while leaving out all values for the bid A which belong to the outliers
of P(A). The result is shown in Fig. 6.3. We seem to be forced to conclude that in
both on-line MG versions (with true and with fake market history), in the non-ergodic
phase?8 also the central part of P(A) is not of a Gaussian shape (the simulations seem

28 Tn contrast, in the ergodic large o phase the distribution P(A) is always found to become Gaussian for sufficiently
large N, in both batch and on-line MG versions.
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Fig. 6.3 Simulation data for the total bids A in the on-line MG with true (left) and fake (right) histories,
for N = 16,385 and o = 1/128, as in the top right and middle right panels of the previous figure. Here we
compare the data to Gaussian distributions (dashed) of width and average identical to those of the observed
P(A) when taking into consideration only the central part of the distribution (i.e. when leaving out all data

with |A| > 20).

to point to exponential tails), which underlines even more the differences between the
on-line and batch MG versions in terms of their overall bid statistics.

6.2.2 Dependence on equilibration times

Let us next turn to the question of whether the observed non-Gaussian bid statistics in
the high volatility states of the on-line MG versions could perhaps be transient phe-
nomena. This can be investigated by repetition of the previous simulation experiments,
but now following different equilibration periods (or ‘waiting times’), see Fig. 6.4.
Within the framework of our analyses the allowed timescales of individual iterations as
labelled by £ = 0,1, 2, 3, . .. for on-line models are required to scale with the system
size N as £ = O(N). Figure 6.4 indicates that on such timescales the bid statistics
are not affected by increasing the equilibration times, so that we may conclude that
the non-Gaussian shape of P(A) is not a transient phenomenon in an infinite system.
However, as soon as one chooses timescales of order £ = O(N?) (which are not de-
scribed by the present theories), one will increasingly tend to observe transitions where
the system moves from the high volatility solution with non-Gaussian bid statistics
as in Fig. 6.4 to the low volatility solutions with Gaussian bid statistics of the type
shown in Fig. 1.8. On such longer timescales, ergodicity is apparently being restored,
in favour of the low volatility states.
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Fig. 6.4 The overall bid distributions P(A) as typically observed in numerical simulations following ‘tabula
rasa’ initial conditions of the on-line MG with fake market histories (represented as histograms, and plotted
logarithmically), together with Gaussian distributions (dashed) of width and average identical to those of the
observed P(A). All graphs refer to N = 4,097 and o = 1/128. In all three simulations the measurements were

taken during a period of 2,000V iterations, but following different waiting times.

In carrying out simulation experiments to determine overall bid statistics one has
to be aware that occasionally the system can also find itself trapped temporarily in
meta-stable macroscopic states (resulting in the top middle graph in Fig. 6.2). Given
sufficient time, of order O(N) individual iterations, the system will at some point
escape from such metastable states to the final stationary state (whether in the high or
the low volatility branch). An example of this happening in a simulation is shown in
Fig. 6.5.

6.3 Measuring bid predictability

In all MG models encountered so far (and in most models still to be discussed) one
finds that, in TTI states without anomalous response, only one specific aspect of the
overall bid statistics can be expressed without approximations in terms of persistent
order parameters only, namely

(1]

1+c
(0) = o (6.16)

1+ x)?
Let us inspect the meaning and relevance of this quantity in somewhat more detail.
Given absence of anomalous response (so that we are in the ergodic regime, and no
phase transitions have been encountered yet), one may expect the limits N — oo and
lim, oo 71 > +<, to commute, and also to find for arbitrary single-time observables
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Fig. 6.5 Example of the on-line MG with ‘fake’ histories being temporarily ‘trapped’ in (and subsequently
escaping from) a metastable macroscopic state (here the relation between the natural O(1) time ¢ and the
number of underlying individual iterations ¢ is given by £ = 2Nt)

that lim,_ o 7

x(t) =
infer from equation (4.146) that

a3 ([ 2

Avfa(t), #(1)]] )
lim lim1 p

Anq(t), z(t)])>

Jim Jim 37 (Afa(r).2(1)])
pn=1

In combination with the two definitions

Atlq(t), =(t)] =

Y per 2(t) = limy_.oo(z(t)). For the batch MG we may therefore

(6.17)
! E 5“0 q;
J
vV N 7
it now follows that

L old = [dz P(z)ola.

N—oot—o0

lim_lim (Aol = 7,
where H(o[q])) is the Lyapunov function (3.10) which formed the cornerstone of

(6.18)
the pseudo-equilibrium replica analysis in Chapter 3. This establishes a further link
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between the two approaches?®. The above identities are also found to hold in the case
of the on-line MG with fake market histories.

We note that the quantity (A*[q(t), z(t)]) in equation (6.17) can be interpreted as
the expectation value of the overall bid at time ¢, conditional on observing (pseudo)
history p at time ¢. Therefore, as soon as E = Z(oc0) > 0 (E can never be negative, by
definition) there is at least a non-zero fraction of histories with a measurable bias in
the value of the overall bid following upon observation of these histories. This allows
for better than random prediction of the overall bid at time ¢ once we are given the
history x(t). Conversely, at least in MGs with fake market histories and for Gaussian
distributed bids we may safely conclude that having =(co) = 0 implies that there is no
way to predict the sign of A(¢) upon knowing 1(¢). This has prompted the use of E' as a
measure of predictability in MGs with fake market histories.3° It should be emphasized
that the precise amount of information revealed about the bid A(¢) by knowledge of
the history p(t) is not given by E; the former would require the calculation of more
sophisticated information theoretical measures, such as the disorder-averaged mutual
information between histories and subsequent bids.

A final conclusion following from the interpretation of Z(0o) as a measure of pre-
dictability is that the x = oo phase transition in the batch and on-line MGs (with
fake histories) can be interpreted alternatively as separating a regime where there is
information in the history data {y(t)} (the regime o > . (7")) from one where there
is no such information (the regime v < a.(7")). This would suggest that if, for a fixed
value of p, agents were allowed to join the game or withdraw from it on the basis of
the potential for overall bid prediction, one would expect the number NV to increase
for as long as & > a, and to decrease whenever o < .. Since &« = p/N, one is then
led to the intriguing prediction that the MG would automatically be driven by such a
mechanism to operate permanently at its critical point.

29 One has to be somewhat careful in comparing the stationary state formulae of the replica and generating functional
formalisms. We have established so far that we may identify the trio {Z(c0), ¢, ¢} with {E, q, ¢} of Chapter 3. The
definition of the quantity x in the two formalisms, however, is seen to differ by a factor av. This could obviously have
been repaired, but would have made comparison of the various formulae with those found in literature more difficult.

30 For the MG with true market histories, matters are, of course, much more subtle. Here, there may and generally
will be further information in the history strings at previous times, i.e. even if A(t) cannot be predicted on the basis
of 11(t) alone, this does not imply that it cannot be predicted on the basis of, say, the pair {u(¢), u(t — 1)}.



7. MG versions with new types of phase
transitions

The generating functional method allows us for N — oo to reduce the problem
of solving the original coupled and disordered /N-agent process to that of solving a
stochastic and non-Markovian ‘effective single-agent’ equation, without disorder. So
far our strategy in analyzing this single-agent equation has been to first look for ergodic
states, described by TTI stationary solutions, with finite susceptibility y. We assumed
that, if such a solution exists (which was found to be true in each of the MG versions
studied so far, for sufficiently large «), given time, the system will forget its initial
conditions and approach this particular stationary state. Numerical simulations have
so far confirmed this assumed scenario. The predictions for the persistent observables
of the MG, as well as for the location of the point where this particular solution should
break down (marked by a divergence of x) and the resulting phase diagrams, agreed
perfectly with our experimental observations.

In this chapter we inspect two examples of MG models where the above standard
picture breaks down, and novel transitions can take place before the point where y
diverges. In the first model, where agents are allowed to correct their microscopic
equations for their own impact on the global market bid, we will find a regime in the
phase diagram where, although a TTI state again exists and the susceptibility is indeed
finite, this state is not approached by the system on finite timescales.?! This gives rise
to a new type of phase transition, characterized by the onset of long-term memory, to
anew regime where ergodicity is itself not yet violated ( is finite, so there is still only
one ergodic sector) but where the system cannot fully shed off its initial conditions.
In the second model, the so-called spherical MG, there are no problems with the
emergence of long-term memory, but again we find a novel phase transition which is
not marked by a divergence of the susceptibility. This model has been designed such
that its effective single-trader equation is solvable, in all regions of the phase diagram,

31 Since in our generating functional analysis we always have to take the limit ¢ — oo affer the limit N — oo, we
must conclude that here in a finite system the TTI state is approached at most on timescales which grow and diverge
with N, if at all.
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which allows us to probe much further into the behaviour of the system.3? Here the
new transition separates an oscillating high o phase from a frozen phase, without the
phase boundary involving a divergence of .

7.1 The batch MG with self-impact correction
7.1.1 Definition of self-impact correction

We will now define a generalization of the batch MG, in which the standard phase
transition phenomenology, which has been found so far in our previous MG versions,
will be quite different. To appreciate the idea behind this generalization, we first return
to equations (4.2) and (4.3) for the simple batch MG with ‘fake’ market memory (the
same arguments apply to other MG versions), viz.

qi(t+1) = ¢i(t) Z&“ AMlq(t), z(1)), (7.1)

Allq,z) =Q, + \/—N ZU[% z) &l (7.2)

The logic behind these equations was for each agent ¢ to reward/punish his profitable/
loss-making strategies, by comparing each strategy’s proposed bid at each stage ¢ in
response to ‘data’ entry p with the actual global bid A*[q(t),z(t)]. However, each
agent 7 in the game will always be able to separate the overall bid A*[q(t),z(t)]
into an external contribution (the combined contributions of all agents j # ), and the
contribution reflecting his own trading decision (which for agent ¢ is obviously known).
Let us make this distinction of contributions explicit, by writing the ‘corrected’ bid as

Aflq,z2] > |l +olgj, z)El (7.3)
\/7]751[ YRRt} }

Each agent i is able to separate A*[q,z] = A"[q, 2] + N2 {w" + o[g;, z]€"}. The
batch MG equations (7.1) and (7.2) can thereby be written in the following form,
using the two properties glwl = 1(RI! — R2)(RI! + Ri?) = 0 (since RI* = +1)
andp~' 30, ()2 =3 +0( )

p

u=1

Gt +1) = () fsz (1)) — aolgi(t)

’U\NJ

32 The need for constructing a model for which the effective single-trader equation is fully solvable was prompted
by the observation that the analysis of these effective equations is presently the main underdeveloped part of the
generating functional analysis research programme.
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—i) = 2> Ala(0).2(0) - aolat), 5]+ O (jﬁ) (7.4)

We see that the term reflecting an agent’s own impact on the market, which is
the third term in equation (7.4), carries no useful information at all, but acts only
as a consistent destabilizing negative feedback force in the system, as a result of
sen(oa: (1), 2 (1)])a] = —senlai(t)).

We now define the batch MG with market impact correction by the equations which
one obtains by allowing for a (partial) removal of the undesirable term in the above
equations, i.e. we put

Gt +1) = qlt \ﬁZQ’“{A“ z(t)] — \/—%[wyw[qi(t),zi(t)]gf]}.

(7.5)
Equivalently, at least for look-up table entries of the type Rfj‘ = 41 (with equal
probabilities and distributed independently), we may write this rule as

w(t+) = ot Zgw a(0)+apola),=(01+0 (). (76)

We see that for p = 0 we return to the model of Chapter 4, whereas for p = 1 the
agents correct fully for their own impact on the market. We will keep p € [0,1] as a
control parameter of our model, in addition to o and the noise level T'.

7.1.2 Generating functional analysis

The generating functional analysis of the process (7.6), equipped with the usual exter-
nal fields {6;(¢) }, requires only minor modifications of that developed for the ordinary
batch MG in Chapter 4. We define as before

Z[Y) = <eiEt20 > %(t)ﬁ[qi(t),zi(tﬂ) (1.7)

but now the path average refers to the process corresponding to the following transition
probability density

dél i 6. lg.—ag' —0, 2 P AR Z]— 2L 2500 2.
Wi(alq) = /(271’)N <e > difai—a—0: )+ X, A 2 -2 S, (€)20ql, L]]>z.
(7.8)

This implies that we can go from the generating functional in Chapter 4 to the one de-
scribing the present model with (partial) self-impact correction by simply substituting
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a factor exp[—% Zw(glf‘)Q(ji(t)si(t)] into expression (4.17). This factor propagates
through the disorder average, which thereby becomes only slightly more involved,
and ultimately instructs us to subtract the term iap >, G;(t)s;(t) + O(v/N) from the
exponent of the disorder average (4.18). Finally one may absorb this additional term
into the function €2 (4.26), which thereby becomes

1 .
Q== log < /Dqu po(q(0))
o S la(t+1)—g(t)—0.(1)—cpola(t) 2O+ (Do la(t) ()] 2, A Lrrd(t)

% <e—i2tt/ [éwU[Q(t)z(t)}ff[Q(t’)7Z(t’)}+f<mU[Q(t),z(t)]é(t’)]> . (7.9
z

This is the only change in the previous generating functional of Chapter 4 that will be
induced by the new self-impact correction term. All of the more complicated deriva-
tions that were carried out previously to simplify the saddle-point equations and the
effective single-agent problem for the original batch MG, continue to apply unaltered.
One can hence immediately proceed to the checkout and write down the final effec-
tive single-agent equation for the present MG version with (partial) market impact
correction

q(t +1) = q(t) +0(t) —a ) _[(1+G)~" = pllwola(t'), 2(t)] + Va n(t)

v<t

(7.10)

in which z(t) refers to the decision noise, and 7(t) is the usual disorder-induced
effective Gaussian noise, with zero mean and with correlations (n(¢t)n(t')) = Zu
which are given by

Y=(1+G)'D(I+G"H1, (7.11)

where Dy = 1 + Cyy. The dynamic order parameters {C, G} are as always to be
solved self-consistently from the effective single-agent process (7.10), via

Cw = (olq(t), 2(1)]ola(t), 2(t)])xs G = L<U[Q(t)az(t)]>*- (7.12)

a0(t")

There are no changes either to the calculation of the volatility matrix of the MG,
which continues to be given by Z; = %Ett/. We see in equation (7.10) that for p = 0
(i.e. no self-impact correction) we do indeed return to the previous equation (4.55).
For p = 1 (i.e. full self-impact correction), on the other hand, it follows from the
identity (I+ G)™! — 1= 3,.(—1)‘G" that the instantaneous contribution to the
self-interaction term in the effective single-agent process (7.10) is precisely being
cancelled.
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7.1.3 TTI stationary states

Let us next inspect the changes that will be caused by the self-impact correction to
the previous TTI stationary state solutions of the batch MG, i.e. the solutions where
Cyw = C(t —t') and Gy = G(t — t') for all (¢,t'), and with finite susceptibility
x = Jdt G(t). As before we transform the original stochastic single-agent variable
q(t) to a new variable ¢(t) = q(t)/t. Here this gives in the absence of perturbation
fields

t—1

i) = L2

-5

t—1
n(t) = = 3 D[+ G) = pllusolsq(s), =(s))

=0 =0 s>0

(7.13)

Upon taking the limit ¢ — oo in this equation, assuming the limit ¢ = lim;_ G(¢)
to exist and  to be finite, we obtain

N _ wao(l—p—
= vaq—TL=p=p0) (7.14)
14+ x

with 7 = lim,; oo 7 1Y, n(t), with & = lim, oo 71>, o[qt], and with
olg] = [dz P(z)alq, z]. As before this equation allows for ‘fickle solutions’ and
‘frozen’ solutions, with conditions for existence which are expressed in terms of the
realization of the zero-average Gaussian variable 77. However, here we have to be much
more careful, since we can no longer we sure beforehand of the signs of 1 — p — px
and 1 + . For instance, just putting p = 1 in equation (7.14) already shows that sign
changes may well occur.

We therefore first study the case where the signs of the relevant quantities do remain
as they were for the ordinary batch MG, i.e. (1 — p — px)/(1 + x) > 0. Physically
this means, according to equation (7.14), that the effective stationary retarded self-
interaction of the single agent continues to act as a negative feedback force. Given
that & = sgn|[g|.c[oo] for frozen solutions, and ¢ = 0 for fickle ones, we now obtain

1—p— 14+-x)7
7| < olclvall=p=px) = e solution, 7= —FXT 545
1+x Va(l—p—px)
1—p—
7| > oloelvall=p=px) : ‘frozen’ solution, @ = oloolsgn(7]. (7.16)

14+ x

What remains is to calculate, via the above classification of solutions, expressions for
the variance of 7, for ¢ = lim;_,~, C(t), for the fraction of frozen agents ¢, and for
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the susceptibility x. Since our formula for the volatility matrix in the present model
is identical to that in Chapter 4, we continue to find the old expression

T

(7°) = lim i? S+ 6 DA+ 6Ny =

T—00 T
tt’'=0

1+c¢
(1+x)*
In order to proceed it will be convenient to define the following auxiliary variable
_ Vall = p— pxlo[d]
2(1+¢)
This definition, together with equation (7.17), allows us to compactify equations (7.15)

and (7.16). Upon writing = <ﬁ2>%z, so that z is a unit-variance and zero-average
Gaussian variable, we find

2] <vv2: ‘fickle’ solution, @ = o[o0].(z/vV2), (7.19)

(7.17)

> 0. (7.18)

2| >vV2:  ‘frozen’ solution, @ = o[oo].sgn[z]. (7.20)

We can now calculate the trio {c, ¢, x }, much as before

¢ = 0?[ox] /Dz {0[2} 2 — 2”2,2; +0[|z| — v\@]}

o 1—20? 1 e
¢ = /Dze |z|—mf] =1—Erf[v (7.22)
_ L0 1tx _
X_\/a<3ﬁa> Y —— /Dz@v 2 —|z|]
1+
= — & _Erf[u]. 7.23
a(l—p—px) il (723

It follows from equation (7.23) that y > 0. We may now use equation (7.18) and some
simple rearrangements to write expression (7.23) alternatively as

X = 7loold = ¢) . (7.24)
vy/20(1 4 ¢) — ofoo](1 — ¢)
Insertion of this equation into equation (7.18) gives us a fixed-point equation for v, in
which we no longer find x but only the control parameters {c, p, T'} via the explicit
and relatively simple equations (7.21) and (7.22):

p= Yaolodl |(1=p)v = (o)l = @)/ (V2 F )| 5,

2(0l+¢c)|  v—(o[oc](1-9))/(v2a(l+c))
For p — 0 (no impact correction) we recover from equations (7.24) and (7.25) the old
equations for the batch MG, including the susceptibility x = (1 — ¢)/(a — 1 + ¢).
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For p = 1 (full impact correction), on the other hand, we see that the present solution,
based on the simple premise (1 — p — px)/(1 + x) > 0, simply cannot exist. The
reason is clear: for p = 1 our premise demands that x /(14 x) < 0, whereas we know
from (7.23) that x > 0.

We thus observe that the apparently harmless and minor modification to our previous
batch MG equations, which results from allowing the agents to no longer operate as
‘price takers’ but instead to correct their equations for their own (weak) impact on
the overall bid, has surprisingly serious implications. For any finite p < 1 we always
recover in the large o regime from the above equations a self-consistent solution,
with ¢ < 1 and with negative effective feedback in the single-trader equation (as in
the ordinary MG versions), and with asymptotically limg, oo v ' = limy_oo ¥ =
limg_ 00 ¢ = lim, .o ¢ = 0. As we lower «, however, this solution must break down
when v = 0. At that point we move into a fully frozen state, characterized by

x=p't-1, ¢=1, c=o?x)]. (7.26)

Expansion of our formulae for small values of v, first of equations (7.21) and (7.22)
and subsequently of the right-hand side of equation (7.25), will tell exactly when this
breakdown will occur

Vaole] |1—p— (V2ole])/(Var(l+0%[]))

RHS =
2(1+0%[cc]) | 1= (V20[o0])/(am(l+ o2[oq]))

+ O(v).

(7.27)
We switch from a state with ¢ < 1 into the state (7.26) at the point where this particular
expression becomes zero, i.e. when « has been lowered to the critical value

202[00]
m(1 = p)*(1 + o?[oc])’

Ofroz, = (7.28)
One can easily show that for p — 0 (no impact correction) this critical value (7.28)
is lower than the critical value marking the old xy = oo transition in the batch MG,
i.e. we will simply never get there. For p — 1 (full impact correction), however, we
find a0, — 00, i.e. we will find the fully frozen stationary state (7.26) for all o and
T < oo. At intermediate values 0 < p < 1, the system is predicted to freeze at the
point (7.26), without ever experiencing a diverging susceptibility . In this sense, both
values p = 0 (no self-impact correction) and p = 1 (full self-impact correction) are
special cases.

Finally we have to inspect the possibility of solutions of our stationary state equations
which correspond to (1 — p — px)/(1+ x) < 0, i.e. positive effective feedback. Here
matters are no longer as clear-cut as with negative feedback. In particular, we can no
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longer infer the solution type (fickle versus frozen) from the persistent noise 7 only,
since now

Vall —p— px|o[oc]

77 > T ‘frozen’ solution, @ = o[oc].sgn[7], (7.29)
1—p—
7| < val | 1'0+ 'O|X|U[OO] ‘frozen’ and ‘fickle’ solutions exist  (7.30)
X

As one could have expected from the presence of positive feedback, remanence effects
now allow the system to be in any of the potential states for sufficiently small values
of |77|. However, at the point where the change of feedback sign actually occurs as we
descent from the large « regime, i.e. at (7.28), we have 1 — p — px = 0, so that also
the above two conditions (7.29) and (7.30) are consistent with having the fully frozen
state (7.26) for all o < afpoy.

7.1.4 Experimental evidence for violation of TTI

If we solve the above equations (7.21), (7.22), (7.25), (7.26), and (7.28) for our persis-
tent order parameters numerically,3? and compare the resulting predictions for ¢ and
¢ with the results of carrying out numerical simulations, we find surprising results.
Firstly, we observe that the prominent dependence of observables such as ¢ and ¢
on the initial conditions, as was observed in the low o regime of the ordinary batch
MG (i.e. for p = 0 in the above equations), is being reduced drastically as soon as
p > 0. For instance, in Fig. 7.1, we show simulation data for initial conditions of
the type |¢;(0)| = A for all i (for the choices A = 0 or A = 10), together with the
predictions extracted from numerical solution of our order parameter equations, for
each choice of the self-impact parameter p € {0, %, %, %, 1}. Only for p = 0 do we
see the familiar differences between the A = 0 and the A = 10 curves, at small values
of a. Exactly as predicted by the theory, we also observe that the p = 1 simulations
indeed confirm that for full self-impact correction, both the observables ¢ and ¢ are
independent of « (within the limits of numerical simulation accuracy). Thus, in the
case of full self-impact correction, the system indeed evolves into a fully frozen state
for any a. However, we also note that for 0 < p < 1 there are serious deviations
between theory and simulations, for intermediate values of «. Since we know from
our theory that the susceptibility remains finite for p > 0, these deviations cannot be
explained by the present equations. At higher values of « there appears to be excellent
agreement between theory and simulations, so our suspicion must be that, although
self-consistent TTI solutions are found to exist in the present model, for intermediate
values of o and for p > 0 the system is not able to evolve towards such states.

33 We note that, as with the previous MG versions, additive decision noise has no influence at all on the ergodic
and TTI solutions of our equations.
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Fig. 7.1 The predicted persistent correlations c (dashed curve, left figure) and the predicted fraction ¢ of
frozen agents (dashed curve, right figure), together with simulation data (connected markers), for the batch
MG without decision noise but with self-impact correction. Self-impact correction factors: p € {0, %, %, %, 1}
(lower to upper curves in the high « regime). Initial conditions: |¢;(0)| = A for all ¢, data are shown for
A € {0,10}. The vertical dotted line marks the critical value a.. ~ 0.33740 for the x — oo transition (for

p = 0 only; for p > 0 there is no such transition).

7.1.5 The memory onset transition

The resolution and explanation of the above apparent differences between theory and
(simulation) experiment is found to lie in the occurrence of a new transition preceding
the Y — oo one, towards a state where the so-called weak long-term memory (WLTM)
property is violated

WLTM: (v >0):  lim Gy = 0. (7.31)

Since violation of WLTM would, for instance, immediately imply x = oo in TTI
states, WLTM can be regarded as a more basic property than the combination of TTI
and finite susceptibility. In the present model, the physical mechanism responsible for
the system not achieving TTI is thought to be the following. During the transients of
the dynamics, small perturbations still have the potential of turning otherwise fickle
agents into frozen ones, and vice versa. Although ultimately the frozen agents will no
longer feel any further perturbations due to the divergence of their strategy preference
values ¢;(t), they may well forever be frozen into microscopic states which continue
to reflect the early perturbations.* Thus, after the transients have died out, the TTI

34 Py differently: the system continues to memorize the perturbations applied in the transient stage of the process,

which have left their fingerprints by having influenced the selection of one particular runaway solution (i.e. which of
the IV agents will have strategy valuations diverging linearly with time) from a range of possibilities.
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part of the response function reflects the continuing response of the ‘fickle’ agents to
ongoing perturbations, whereas any contribution to the response function Gy of the
‘frozen’ agents (if present), will depend only on the perturbation time ¢'.

In order to see mathematically how solutions without WLTM may bifurcate from
the previously studied TTI ones, let us make an ansatz based on the above physical
picture, and separate the response function Gy explicitly into a TTI part G and a
further small contribution e without TTI but which depends only on the time ¢’ at
which the perturbation was applied (i.e. not on the time ¢ at which the effect of this
perturbation is being measured)

G = Gt — ) + eG(t)) (7.32)
with 0 < ¢ < 1. Within our picture, the fact that ‘late’ perturbations can no longer
exert an influence on the frozen agents translates into limy oo G(t') = 0. The

susceptibility  is still being defined in terms of the TTI part of the response, i.e.
X = Y ;50 G(t). The weak non-TTI contribution to the response can be calculated
from our stationary state equations, based on equation (7.14) and the time aver-
age ¢ = lim, oo 771, o[q(t)], using the following property (which relies on
X < 00):

9 1 T v+
=1 )]s = lim = ,
poey 7 =T 2 gy tla®l) = Jng 2 D Gu
t'+1 t=t’'+1
. 1 < - .
= eG(') + lim = > " G(t) = eG(t). (7.33)
T—0Q T —1

We next try to analyze the effect of weak WLTM violations of the type (7.32) on
our stationary state equations. With the ansatz (7.32) we may expand the retarded
self-interaction kernel (I + G)~! for small G, and find

(I+G)' =) (-G +eG)"

n>0
n—1
=(I+G) " +e) ()" > GGETTT 4+ 0(¢). (1.34)
n>0 m=0

In order to use equation (7.33), we introduce a one-off perturbation 6(t') into the effec-
tive single-agent process at time ¢'. Being non-persistent, this perturbation cannot affect
the TTI response, nor will it show up as an explicit contribution in § = lim;_,~ G(t)
since for t > t:

, = o L
i) = TP+ 7+ S = § 3 S+ 6 pllsofod(s). ()

t t
=0 s>0

(7.35)
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Upon taking the limit ¢ — oo in this equation, assuming the limit ¢ = lim;_,, ()
to exist and x to be finite and inserting the expansion (7.34), we obtain

1
_ Jan- o ( 1+px PX) —aeA+ O
o gﬁ( 4 Z JH&T;; (GGG olsi(s), 2(s)]. (7.36)

Within the relevant orders in ¢, only the term A can still depend on the perturbation
6(t'), via the variables o[sq(s), z(s)]. Compared with the previously studied case
e = 0, the effect of the introduction of the weak non-TTI response on our expressions
for ¢ can be captured by the substitution 7 — 77 — ex/aA + O(€?). Hence we find our
previous equations (7.15) and (7.16) for & being modified to

cevanl < OllVall=p—px) o o (X[ — eyad)
7= evod] < 1+ x o ke Vea(l=p—px)
7 — ev/aA| > U[oo]\/f(i;p—px) : ‘frozen’, @ = oloolsgn[n — ev/aA].

We may write this more compactly upon introducing the saturation function

sat[2] = z it |z <1
~ \sgnfz] if |z > 1.

This definition allows us to state

Q

(7.37)

= O'[OO].S&t[ 1+ = G\FA)]}

Va(l —p—px)o|

We are now in a position to evaluate our equation (7.33) for G, by combining equation
(7.37) with definition (7.36):

Gt = 1 —1:—pr <sat'[f(1

_ o 14x <8A 0[0[ ooly/a

(1+x)7 0A
>~ el o) + O
(

2= gy + o

L—p—px \oo(t) 1+ x
= L+ x im — m n—1—m
a 1_p anZ>O ZTl—on;;G GG ]
X <9 {U[OO]\/al(i—XP ) W] 80(t/)0[86(8)’ z(s)]>* +0(e).

The O(e") term in the last line is seen to be the response of the fickle agents at time s
to a perturbation at time ¢. Within our ansatz (7.32), the response due to fickle agents
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is exactly the TTI part of the response function, so that the last line is simply equal to
G(s,t"). This implies that in the limit € — 0 one has
T—1

A 1 ~ ~
G(t') = _% Z Z lim — Z GmGGn_m]tt'- (7.38)
P PX n>0 e T t=0

We see that this eigenvalue problem can be written in the standard form G(t) =
>y My G(t'), where the kernel M can be simplified (using x < 00) to

M = 2 37 “ZG’“” DNACITES o

1—p—px P=PX 330 $>0 =t/ +s
1 — -
=Sy Z TG 1), (7.39)
—PTPX IS0 m=0

Clearly, M is itself TTI, and even a relatively simple algebraic function of the ker-
nels G which can be re-summed explicitly

n—1
.2\4Jr = 1 +X "l 1 Xmén—m
2Ty

L=pr=rx 3

L+x)G . - n.n A n
= 0%y S Gro
_ (4+0G o aa XD A A
=1, k1= 1[1+x GA+G)!

~ ~\—1

We conclude that bifurcations of the type (7.32) correspond to eigenfunctions of the
kernel G, which (as a direct a result of TTI) are simply the Fourier modes ¢“’*. More
specifically, upon insertion we find the following bifurcation condition

G(t) =e“t, 1= p[l + ZG lwt} . (7.41)

The first such bifurcation occurs when ) _, G (t)e'“! is real-valued and maximal. If we
assume that G does not oscillate (being in the high o regime) this immediately leads
us to w = 0. Thus a transition of the type (7.32), to be called onset of memory (MO),
takes place when the following condition is met

MO transition :  p= (1 + x) % (7.42)

The corresponding non-TTI kernel is of the form G(t) = 1 (for t > 0, since causality
of GG projects out the negative times in the kernel M). This implies that the dominant
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non-TTI response, if it occurs, is indeed the response to perturbations which happened
at the start of the process.

Finally, it is worth mentioning and quite satisfactory that within the pseudo-
equilibrium replica analysis as in Chapter 3 one also finds the above instability (7.42):
there it marks the point where the assumption of replica symmetry for the saddle-points
breaks down.

7.1.6 Explanation of simulations and phase diagram

Clearly, for p = 0 (i.e. in the batch MG without self-impact correction) there can be
no solution of (7.42) before we run into the x = oo transition, since in that case we
know that x increases monotonically as we reduce «, from y = 0 at & = oo to its
singularity. For p > 0, however, transitions of the type (7.42) do occur. For p = 1 (full
self-impact correction) it follows from lim,_,., x = O that the MO transition occurs
already at o = o0, so there we can never achieve TTI for any a. For 0 < p < 1 we
know that the system enters a fully frozen state at the point where x has increased
from Y = 0 at & = oo to the value Y = p~! — 1. Hence for 0 < p < 1 the MO
transition must necessarily always occur at some finite «, before the system reaches
the frozen state. If we use equation (7.25) to eliminate p, we see after some simple
rearrangements of terms that the MO transition condition (7.42) can be also written
in the form

20%(1 4 ¢) = 0?[00](1 — ¢). (7.43)

Upon inserting into (7.43) our expressions (7.21) and (7.22) for ¢ and ¢, we then find
the remarkable result that, when written in terms of the variable v, the MO transition
point is given by exactly the same value for v as the Y = oo transition was in the
ordinary batch MG. In both cases v is to be solved from

02[00] {Erf[v} -1+ e_”z} =1, (7.44)

1
v/
which is identical to the previous condition (4.133) for the batch MG. Since also the
expressions for ¢ and ¢, in terms of the variable v, are fully independent of p, it follows
that the MO transition for p > 0 takes place exactly when the values of ¢ and c are
those corresponding to the x = oo transition of the p = 0 case. Solving (7.44) gives
us an expression v (7). Together with (7.43), this can be inserted into Eq. (7.24) for
the susceptibility, giving

Erf[v.(T)]

Va —/Edd[oo(T)]

Xe(T) = (7.45)
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Fig. 7.2 The phase diagrams in the («, p) plane for the batch MG with self-impact correction, separating a
phase with TTI solutions (for large «), from one where TTI is not stable (small o) where the system cannot
shed off the initial conditions on finite times. Left: absent or additive decision noise (additive noise has no
impact on the transition). Right: multiplicative decision noise, with 7' € {0, 5, 25} (from bottom to top). Only
for p = 0 (no self-impact correction) does the memory onset transition (MO), separating these two phases,

coincide with the x — oo transition, for p > 0 the TTI property always breaks down before x diverges.

This result, in turn, allows us to write the MO transition condition (7.42) explicitly in
terms of the three control parameters {«, T, p}:

MO transition :  pe = [1 — /Ert[ve(T)] /ar. (7.46)

Since for p = 0 (the ordinary batch MG) the y = oo transition was given by a.(T) =
Erflve(T')], we see that the new MO transition touches the previous y = oo transition
at p = 0, for any noise strength 7T'. For additive decision noise there is (as always) no
dependence on T, i.e. the MO transition is the same as that found without decision
noise. For multiplicative noise, on the other hand, there is a clear dependence on T,
with limp_, p. = 1 for any . Drawing the transition lines (7.46) in the («, p) plane
thus gives rise to the phase diagrams shown in Fig. 7.2.

For all p > 0 the MO transition is found to be the first transition to occur as we
lower «, so we now appear to have found the missing explanation for the earlier
deviations between the theoretical curves (based on assuming TTI solutions) and the
simulation data in Fig. 7.1. If in the previous figures, showing our simulation data
for ¢ and ¢, we now also draw the line giving the predicted critical values for these
observables which mark the MO instability (given according to our above equations by
precisely the values achieved for ¢ and c at the old x = oo criticality), we find that the
deviations between TTI theory and the simulation data indeed set in at the predicted
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Fig. 7.3 The predicted persistent correlations c (dashed curves, left picture) and the predicted fraction ¢ of
frozen agents (dashed curves, right picture), together with simulation data (connected markers), for the batch
MG without decision noise but with self-impact correction. Self-impact correction factors: p € {0, %, %, %, 1}
(lower to upper curves in the high « regime). Initial conditions: |¢;(0)| = A for all ¢, data are shown for
A € {0,10}. The vertical dotted line marks the critical value a. ~ 0.33740 for the x — oo transition (for
p = 0 only). The horizontal line segments mark the predicted occurrence of the MO instability (with deviations

between TTI theory and data predicted above these segments, but not below: c¢* =~ 0.772 and ¢* ~ 0.663).

MO transition point (within the experimental error margins, especially those due to
the difficulty in determining the frozen fraction ¢ in the case of multiplicative noise).
This is immediately clear from the examples in Fig. 7.3 (no decision noise), Fig. 7.4
(additive decision noise of strength " = 1), and Fig. 7.5 (multiplicative decision noise
of strength 7' = 1).

One can also test more explicitly the claim made regarding the nature of the MO
transition, namely that it marks a point where the system finds itself no longer able
to ‘forget’ its initial conditions, by measuring in numerical simulations the value of
the observable C;o. The latter measures the correlations between the microscopic
variables o[g;(t), z;(t)] at time ¢ and those at time zero. In the TTI regime these must
vanish on finite timescales, but this should no longer be the case beyond the MO
transition line. Figure 7.6 shows the resulting curves obtained for p = %, T =0,
and a € {%, %, 5,10}; here the system is predicted to forget its initial conditions
for o € {5,10} curves, but not for « € {2, 3}. This prediction is borne out quite
convincingly.

7.1.7 Effects of self-impact correction on volatility

Possibly the most striking effect of market self-impact correction is exhibited by
the volatility o. The volatility values observed in the numerical simulations of the
previous figures (for absent, additive, and multiplicative decision noise, and for impact
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Fig. 7.4 The predicted correlations ¢ (dashed curves, left picture) and the predicted fraction ¢ of frozen
agents (dashed curves, right picture), together with simulation data (connected markers), for the batch MG
with additive decision noise of strength 7" = 1 and with self-impact correction. Self-impact correction factors:
p € {0, i, %, %, 1} (lower to upper curves in the high « regime). Initial conditions: |g;(0)| = A for all 4, data
are shown for A € {0,10}. The vertical dotted line marks the critical value o ~ 0.33740 for the y — oo
transition (for p = 0 only). The horizontal line segments mark the predicted occurrence of the MO instability
(with deviations between TTI theory and data predicted above these segments, but not below: ¢* ~ 0.772 and

* ~ 0.663).

correction factors p € {0, %, %, %, 1}) are shown in figures 7.7 and 7.8. In these figures

we also show as dashed lines the approximation (4.155) for the volatility,?® up to the
point where the MO transition (7.42) takes place; similar curves are found for the
alternative approximation (4.154).

We see that, apart from a relapse for small values of p and very low «, the intro-
duction of even partial market impact correction by all agents in the batch MG not
only eliminates the unwanted high volatilities which were seen following ‘tabula rasa’
initialization in the original batch MG, but even reduces the previous low volatilities
obtained following biased initialization, by orders of magnitude.3¢ Only for multiplica-
tive noise, where it is fundamentally impossible to eliminate all fluctuations (even if

35 We note that in the derivation of the approximations (4.154) and (4.155) we did not make direct use of the form
of the retarded self-interaction in the effective single-agent process, so this formula should be expected to apply also
to the present model.

36 In the ordinary batch MG the approximations (4.154) and (4.155), although generally inaccurate for o < a,
were in the low « regime at least for the low volatility solution qualitatively correct. Here, for p > 0, it is not at all
clear whether and how the TTI solution could be extended sensibly into the non-TTI regime. For instance, the simplest
extension, being {¢ = 1,¢ = ofoo],x = p~ ! — 1}, would predict below the MO transition point that & remains
constant as « is reduced further. Such behaviour is seen only for multiplicative noise.
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Fig. 7.5 The predicted correlations ¢ (dashed curves, left picture) and the predicted fraction ¢ of frozen
agents (dashed curves, right picture), together with simulation data (connected markers), for the batch MG with
multiplicative decision noise of strength 7" = 1 and with self-impact correction. Self-impact correction factors:
p€{0,1, 1,2 1} (lower to upper curves in the high o regime). Initial conditions: |¢;(0)| = A for all 4, data
are shown for A € {0, 10}. The vertical dotted line marks the critical value o.c = 0.206930 for the x — co
transition (for p = 0 only). The horizontal line segments mark the predicted occurrence of the MO instability
(with deviations between TTI theory and data predicted above these segments, but not below: ¢* ~ 0.401 and

¢* =~ 0.793).

we were to have |¢;(t)| — oo for all ), do we find the volatility not being reduced to
zero in the limit « — 0. As seen earlier in the simulation data for ¢ and ¢, for p > 0
the initial conditions also have a negligible influence on the volatility.

It seems that we may well interpret our results on the present model by stating that
the main mechanism which was responsible for the high volatilities in the standard MG
was the failure of the agents to correct for their own impact on the market, leading
to instabilities caused by a negative effective feedback on their own actions. This
is a remarkable and unexpected outcome. We appreciate once more the strength of
the MG: its mathematical simplicity allows us to understand and predict such subtle
mechanisms to a large extent quantitatively.

7.2 The spherical batch MG
7.2.1 Definitions and interpretation

We now turn to a second example of a modified MG where a novel type of non-
equilibrium phase transition is found to emerge. Again our point of departure is the
standard batch MG with two strategies per agent and with random market information,
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Fig. 7.6 Evolution of the correlation Cyo between the microscopic state at time ¢ and the initial state,
as measured in numerical simulations following initial conditions where ¢;(0) = 10 for all 4, and plotted
logarithmically. Here p = % (i.e. partial self-impact correction) and 7' = 0 (no decision noise), witha € {5,10}
(in the TTI regime) and with @ € {g, g} (both in the non-TTI regime).

as defined by the microscopic equations (4.2) and (4.3) and with the decision noise
definitions (2.12) and (2.13). In contrast to the previous model, which was at least partly
motivated by real market considerations, here our motivation is purely mathematical:
we seek a modification which will lead to an effective single-agent problem for which
the order parameter equations for the kernels {C, G} are exactly solvable, even for
small values of a.

Experience with other disordered many-particle systems suggests that one way of
achieving this objective is to construct a so-called spherical version, with microscopic
equations for the NV variables ¢;(t) which are linear, except for a global constraint
>, q2(t) = Nr? which is to be satisfied at all times. In the batch MG this can
be realized particularly easily: we first linearize the microscopic laws by replacing
olqi(t), zi(t)] — ¢i(t), and we subsequently subject the values ¢;(¢ + 1) to an overall
re-scaling such as to meet the requirement Y, ¢?(t + 1) = Nr2. This gives us the
following process

alN
LA+ DI+ 1) = ) + 00 - 2= Y- @ala], (47
p=1

_ 1 O w2 1 2
Aﬂ[q]_Qu+m;qiéi, r —N;qi(t). (7.48)

The first line (7.47) represents the linearized microscopic equations, with a re-scaling
parameter A(t) at each time step, which is to be solved from the second equation in
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Fig.7.7 The approximation (4.155) for the volatility o in terms of persistent order parameters only (dashed

curve), together with simulation data (connected markers), for the batch MG without decision noise but with
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« regime). Initial conditions: |g;(0)| = A for all 4, data are shown for A € {0, 10}. The vertical dotted line

self-impact correction. Self-impact correction factors: p € {0 1} (upper to lower curves in the high

marks the critical value ac &~ 0.33740 for the x — oo transition (for p = 0 only).

(7.48).37 The constraining forces induced by A(t) in equation (7.47) could in principle
also generate overall sign changes, which we must exclude by insisting on 14+ A(¢) > 0
for all . We see that we have lost3® the decision noise parameter 7', but we have
gained a new control parameter r, which defines the radius of the sphere to which the
microscopic state vector q is being confined.?* A further consequence of the present
definition is that the model (7.47) and (7.48) has no analogue of the tabula rasa MG
initialization: the microscopic initial state where ¢;(0) = 0 for all  is simply forbidden
by the constraint Y, ¢?(0) = Nr2.

The spherical constraint is obviously a purely mathematical device, whose sole
purpose is to provide the simplest possible mechanism for retaining non-linearity
in our equations. The linearity of A*[q] in equation (7.48), in contrast, turns out to
have a natural and interesting interpretation. Let us recall the origin of the previous
formulation with og;, z;] of our equations in the standard batch MG, which lay in the

37 Without the spherical normalization the present model would be strictly linear, and therefore trivial, without any
phase transitions.

38 If required one could also quite easily define a solvable spherical model with additive decision noise, e.g. upon
simply adding statistically independent zero-average Gaussian noise variables 7); () to the external fields 6; (¢) at each
time ¢, with (n; (t)n; (t')) = 2T°0;;0,,,. Here we will restrict ourselves to the simplest noise-free case.

39 Tt could be argued that the ‘natural’ value to be chosen for r is one, given that in the ordinary batch MG we had

> 02lai(t), zi(t)] = N.
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Fig. 7.8 The approximation (4.155) for the volatility o in terms of persistent order parameters only (dashed
curve), together with simulation data (connected markers), for the batch MG with decision noise of strength

T = 1 (left figure: additive; right figure: multiplicative) and with self-impact correction. Self-impact correction
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7402040
all 4, data are shown for A € {0, 10}. The vertical dotted lines mark the critical values (left: ac ~ 0.33740;

factors: p € {0 1} (upper to lower curves in the high « regime). Initial conditions: |g;(0)] = A for

right: ac = 0.206930) for the xy — oo transition (p = 0 only).

expressions for the bids b;(¢) of individual agents for S = 2:

1 - 1 .
standard :  b;(t) = B 1+ ofq(t), zz(t)]} RLl(t) + 3 [1 — olqi(t), zi(t)] Rf(t)

spherical :  b;(t) = 5[1 + qi(t)] R,}(t) + 5[1 — qi(t)] le(t)‘

Here 1(t) denotes the (random) fake history variable drawn at time ¢. We see that,
whereas in all previous MG versions the agents could only act according to the pre-
scriptions laid down in their given strategies (their only freedom being the selection
of a strategy), the agents in the spherical batch MG will use linear combinations of
their strategies, giving more weight to the best one rather than selecting the best one.
They can even play the opposite of a strategy.

7.2.2 The effective single-agent process

As with the previous model with self-impact correction, the spherical MG is suffi-
ciently similar to the ordinary batch MG to allow us to obtain the canonical effective
single-agent equations without redoing the full generating functional analysis. We
only have to be careful not to overlook any previous use of the statement 0%[q, 2] = 1,
which is no longer correct if we replace o[g, z] — ¢. We will set up our calculation at
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first for any arbitrary given time dependence A(t), a unique trajectory will follow upon
demanding self-consistency at the end (i.e. given the further demands 1 + A(t) > 0,
only one choice will be compatible with the constraint N~ > q? = r2). As a first
stage we see that the following three changes will occur in expression (4.16) for
the generating functional: we find s;(¢) replaced by ¢;(t) for all 7 and ¢, we find
iq;(t)qi(t+1) replaced by ¢[1 + A(t+1)]G;(t)qi(t+ 1) for all ¢ and ¢, and immediately
after [[,,[dg;(t)dg;(t)/2n] the following factor will now appear, which results from
incorporating the spherical constraint by insertion of [ N2 — 3", ¢?(t)] for each time
step t, and subsequently writing the various J-functions in integral representation

I dA(t) s@ve-x, o] (7.49)

2
t

Continuation of the batch calculation with these three modification leads as always to
an expression for the disorder-averaged generating functional which can be evaluated
by steepest descent. Here the relevant order parameters are:*0

Ctt’ = IE;HOO N qu q’L , Gtt/ = hm N Z 69 t,) qz(t) (750)

in addition to the previous auxiliary macroscopic quantities K and Ly and the
various conjugate kernels, but we also have the new quantities ;\(t) which represent
the spherical constraint. The disorder average of the batch MG is not affected by our
modifications, and we find equation (4.23) being replaced by

7] = / [DCDC)DEDK|[DLDL] [ dA(t) eN¥+e+2+00os(N) —(7.51)

The function ® in equation (7.51) is identical to its batch MG predecessor (4.25), but
the functions ¥ and € are found to be modified

V=i [CowCu + Ky Ky + Ly L) + ir Z)\ (7.52)

tt’

-4 Zlog / DqDG po(q(0))

ol T A dO[LHAED)]q(t+1)—a(t)=0: ()] +: (Da(t)—A(t)a* () }

X e_i 2w [‘j(t)Ltt’q(t/)""étt’Q(t)Q(t/)'i‘ktt’Q(t)‘j(tl)} X (753)
As always we may use the fields {t;(¢),0;(¢)} to confirm the validity of equation
(7.50), after which we may put ¢;(t) — 0and 6;(¢) — 6(t). The generating functional

40 In the absence of decision noise the present equations are deterministic, so the definitions of correlation and
response functions no longer involve averages over the [N-agent process.
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(7.51) is evaluated by steepest descent, and evaluation of the saddle-points of ¥+ @+
results in the familiar manner in closed equations for C' and G. Here, however, we
have additional saddle-point equations, namely those obtained by variation of 5\(t),
which give the expected demands r2 = Cy for all t. The final result of our adaptations
of the standard batch MG analysis is the following effective single-agent equation

L+ AE+D]gt+1) = q(t) +0(t) —a Y _(I+G)ylq(t) +Van(®). (7.54)

<t

Here 7)(t) is the usual zero-average Gaussian noise, characterized by the usual covari-
ances <’I7(t)7’](t/)> = Ett/, with Dtt’ =14 Ctt/l

Y=1+G)'D(I+ahH L (7.55)

The matrices C' and G and the constraining forces \(¢) are the dynamical order pa-
rameters of the present problem, to be determined self-consistently by solving

Co = (a®at))er G = gyslalhes Cu=r® (156

where the brackets (. . .), refer to averaging over the stochastic process (7.54).

Since the modifications of the generating functional formalism for the batch MG,
which were induced by the present spherical version, did not affect the function ® in
equation (7.51), one can easily convince oneself that for N — oo the expression for
the volatility matrix Z (4.5) as derived for the ordinary batch MG is still correct for
the spherical version, i.e. = = %E, with ¥ as given by equation (7.55).

Finally, let us note that the above way of dealing with the spherical normaliza-
tion is the so-called ‘soft constraint’: we ultimately only demand that the relation
limpy oo N1 Y0, ¢2(t) = r? be satisfied, rather than the more strict N~ >~ ¢?(t) =
2. This makes our calculation much easier, but implies that we allow for small devia-
tions from the sphere for individual disorder realizations. For N — oo the differences
between ‘hard’ and ‘soft’ constraining in models such as ours should vanish, in view
of the anticipated scaling N~ 3, ¢2(t) = N=2 3, ¢2(t) + O(N~2).

7.2.3 Explicit macroscopic equations and solutions

‘We can now appreciate the mathematical advantages of the spherical formulation of the
MG: since equation (7.54) is linear in the variables {q() }, here one can find the order
parameter equation (7.56) in fully explicit form. To do so one just needs the simple
identity (n(t)q(t'))x = Va ) 3isGrs, which is derived easily via integration by
parts over the Gaussian variables {7 (¢)}, and has been encountered and used before.
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An explicit equation for C' is obtained upon multiplying both sides of (7.54) by ¢(t’)
and subsequently averaging over the disorder-generated noise. To deal with G, which
as always obeys the causality condition Gy = 0 for t < ¢/, one takes a derivative of
(7.54) with respect to the external field 0(t'), followed by averaging over the noise. In
the final result we take the limit 6(¢) — 0 for all ¢ (the fields are no longer needed),
and we find

[1+A(t+1)]Cry1p = Crp + o[(1+G) DI+ GT) 1G]
—a[(I+G) 'O, (7.57)

[T+ At + )]G = G — o[+ G) Gl + g (7.58)

These equations are to be solved subject to the constraints Cy; = 72 and 1+ A(t) > 0,
for all t > 0, and are fully closed and explicit in {C, G, A}.

Continuing further in the footsteps of the ordinary batch MG, we can calculate again
the dynamic order parameters for short times iteratively, starting from Cpy = 72
and Goo = 0 and relying heavily on the causality of the response function. Here
this calculation is much easier, as it no longer involves averages over the effective
Gaussian noise but has been reduced via equations (7.57) and (7.58) to a relatively
simple algebraic exercise. For instance

t=t'=0: [14+X1)]Cp=1-a)? (7.59)
[14+A1)]Gio =1, (7.60)
t=0,t=1: [1+XD]r*=(1-a)Cio+aGpl+r?. (7.61)

These expressions can be combined to produce

A1) = -1+ 14+a2+ar2-1), (7.62)
Cio=(1-a)r?/\/1+a2+a(r2-1), (7.63)
Gio=1/y/14+a® +a(r2-1). (7.64)

With these expressions we can proceed, in turn, to the short-time effective noise
covariances (7.55), and thereby also to the volatility matrix elements

Yoo = 1+ 72, (7.65)
1 2
So=1- +ar : (7.66)
\/1 +a?+a(r2-1)
2 1—r2(1-2
S =142 (1= 20) (7.67)

V1+aZ+a(r2-1) 1 +a?2+a(r2-1)
This iteration can be carried out by hand for an arbitrary number of time steps (although
this becomes prohibitively complicated for larger times), or it could be continued
numerically.
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Unlike all previous MG versions, the above exercise reveals that the values for our
order parameters {C, G, A} are completely independent of the initial conditions: the
effective single-trader state probabilities at ¢ = O are irrelevant, provided they comply
with the requirement {q?(0)) = Cpg = 2. Not only does the spherical MG not allow
for ‘tabula rasa’ initialization, the initial conditions even drop out of the macroscopic
theory. A further consequence of this is that, if multiple stationary state solutions of
our macroscopic laws exist for a given choice of the control parameters («, ), then
only one of these can ever occur; the alternative must be ruled out by incompatibility
with the short-time solution.

We may also inspect the solution of our order parameter equations (7.57) and (7.58)
in leading order for small « and finite times

[1 + )\(t + 1)] Ct+1,t' == Ctt’ + O(Oé), (768)
[1 + )\(i + 1)] Gt+1,t/ = Gy + O + O(Ck) (7.69)

Upon combining equation (7.68) for the choice ¢ = t with that corresponding to
t' =t + 1, we immediately find A(¢) = O(«). This, in turn, gives

1 f !
Cumrt o, Gu={gr 01z o
S = (1412 + 0(@)][ L1+ @] = 0(e?). 71

t<t

We conclude that for small « the system will be in a completely frozen state, with a
divergent integrated response x = > ., G4+ and vanishing volatility.

7.2.4 Stationary state solutions

Let us now try to find the stationary and TTI solutions of the order parameter equations
(7.57) and (7.58). Here this is much easier than it was in previous models, due to the
present explicit form of these equations as opposed to a definition via an effective
single-agent process. Thus we make the ansatz

Chw =Ct—t), Guw=G{t-1t), \t)=A\ (7.72)

The operators C' and G will now commute. Equations (7.57) and (7.58) clearly allow
for TTI solutions, and take the simplified form
14+ A CEt+1)—C) =a[(I+G)'D(I+GH1GT(t)
—a[(T+G)71O)(b), (7.73)
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1+ NGt +1)—G(t) =60 — a[(T+G)LG)(1), (7.74)

with the constraints C'((0) = 72 and A > —1. The obvious next step is to carry out
Fourier transforms.4! We use the following notation

o

Clt) = / ‘21: W), Cw)= Y e i) (175)

t=—o00

These definitions allow us to convert equations (7.73) and (7.74) into fully diagonal
form:

AN aD(w)G(w)* ~ aC(w)
Alw)C(w) = 1t ~(~w)|2 1+ Gw) (7.76)
Aw)Gw)=1— ﬁé‘("i) (7.77)

where A(w) = (14 A)e — 1, and where G(w)* denotes the complex conjugate of
G(w). The constraint C'(0) = 72 becomes

/7r dw C(w) = 2nr2. (7.78)

—T

In our analysis below we will need both the ordinary susceptibility y, as well as the
long-term response X to persistent oscillatory perturbations

X=Y Gt)=G(0), %= Gt)(-1)"=G(x). (7.79)

t>0 >0

Flnally, we note that in the TTI stationary state the Volatlhty matrix Z is also TTI,

Ew = Z(t — t). This allows us to express the volatility 0 = Z(0) = [(I +
G)"'D(1+ G")~1(0) as
1 d
0= 4= / “’# (7.80)
20+x)?  2)7 21 14 G(w)P?

We will now first inspect stationary states with finite x, i.e. those for which the
response function decays sufficiently fast. Since D(w) = C(w) + 278(w), which is

41 This could also have been done in the previous batch models, but there it would not have helped us much, due
the implicit nature of the previous order parameter equations.
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obtained with help of the sum representation (A.18) of the J-distribution, we may
rewrite equation (7.76) alternatively as

[A(w)[1 4+ G(W)]? + ]C(w) = 2raxd(w). (7.81)

We note that A\ = A(0), so that putting w = 0 in equation (7.77) allows us to express

the stationary Lagrange parameter )\ in terms of x:
14+ x(1—a)
- x(T+x)

It now follows from equation (7.81), together with the observation that A(w) is only

real-valued for w € {0, 7} (since A+ 1 > 0) that the transformed correlation function
must necessarily be of the form C'(w) = 2m¢pd(w) + 2mc16(w — ), or

C(t) = co + e (1) (7.83)

(7.82)

Substitution of this form for C (w) into the spherical constraint (7.78) shows that the
two pre-factors g and c; in equation (7.83) are coupled via equation cg + ¢; = 72, so
the properly normalized solution is

C(w) = 2meod(w) + 2m[r? — cpld(w — 7). (7.84)

Thus only the two Fourier modes w = 0 and w = 7 are found to play a role in the
stationary state, the other modes just describe transients. Insertion of equation (7.84)
into equation (7.81), and combination with equation (7.82) and with the two equations
for x and x which are obtained by choosing w = 0 and w = 7 in (7.77), respectively,
finally gives us a closed set of four scalar equations from which to solve the persistent
order parameters {x, X, Co, A}:

¢ [a P+ X)Q] = ax, (7.85)
(12 — ¢o) [a —(A+2)(1+ ;z)?} —0, (7.86)
1+ (1—a)x 1+ (1—-a)x
A= U TN g 2T T AN 7.87
x(1+x) X(1+%) 78D

All the phenomenology of the stationary state solutions with finite response is con-
tained in the solution(s) of these coupled equations. Given a solution, insertion of
equation (7.84) into equation (7.80) subsequently gives the following (exact) expres-
sion for the volatility, in terms of the persistent order parameters only

1+co r2 — ¢y

2

= + —. 7.88
7T a1 ? T 211 R (789

We must conclude from equation (7.86) that there are two distinct types of stationary
states with finite : a frozen state, where cq = 2 (so that C (t) = 2mcp for all t), and




The spherical batch MG 179

an oscillating state, where ¢y < 72. In addition we have to allow for the possibility
of states with anomalous response, i.e. with Y = oo. This gives us three classes of
stationary state solutions, which we will now work out separately:

® QOscillating states (O):
Here we have ¢y < 2, and the equations from which to solve {x, X, co, A} reduce
to the following

co [a FAL+ X)Q] = ay, (7.89)
a=A\+2)(1+R)?% (7.90)
1+ (1—a)x 1+(1—-a)x
=—— A2=-———"= 791
x(1+x) X(1+%) (720

This set allows for different types of solutions, one of which gives a negative sus-
ceptibility, which we reject on physical grounds. This leaves, firstly, the following
solution, which satisfies A + 1 > 0 for all values of « and gives a finite positive
susceptibility for sufficiently large a:

A=a—1+2Va, (7.92)
_ _ 3/2 2
X:1 o \/5+\/2a/+a’ (7.93)
2ya+a—1
X=-1/(1+Va). (7.94)

We note that {\, x, x} and hence also ¢ are independent of r. The remaining
solution has A = o — 1 — 24/« and therefore meets our requirement A + 1 > 0
only for a > 4. It turns out that such solutions are never realized. For &« — oo one
finds

1 1
—3/2 o -1
X=5-4+0??), x=-1+—+0("), A=a+Va
2 Va
1 —3/2 1 2
=75 +0 %), o=-ar’+ 0 a).
2« 2

Both the oscillations in the correlations and the volatility are seen to increase with

increasing «. The present solution breaks down either when y — o©0, or when

co — r2. The corresponding mathematical conditions are found to be o = a1,
with x < oo for @ > ac1, and @ = aca(r), with ¢; > 0 for @ > aca(r),
respectively, where*?

42 The derivation of equation (7.95) is trivial, but to find equation (7.96) one has to make use of a specific factoriza-
tion, in order to avoid having to solve high order polynomial equations. The fastest route is to first express cg in terms
of « only, by substitution of equations (7.92) and (7.93) into equation (7.85). This leads to a rather messy fraction, but
careful inspection shows that numerator and denominator of this fraction have the common factor 1 + [ + v/2¢] 3.

Elimination of this factor leaves the simple statement co = %[(1 +Va)/[a+ 2\/5]% — 1], from which equation
(7.96) follows immediately.
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a1 =3—2V2 ~ 0.1716, (7.95)
B 1+1/2r% 72
OéC,Q(r) = |:1 — W} . (796)

It follows that which type of breakdown will actually occur as « is lowered must
depend on the control parameter r. We note that o, 1 = . 2(7) at the cross-over
value r = 1. = \/ae1/(1 — ac 1) ~ 0.455, and that o 2(r) > a1 for r < r. and
ac2(r) < ac forr > r.. Hence we expect that, as « is lowered for any r > 7, the
amplitude of the oscillations of the correlations remains positive until the critical
value o1 is reached and a transition occurs to a state with anomalous response. At
that point one has

(7.97)

5 1 [2 3-2V2

lim o° = re — .
alacs 3—2V2 2(v2-1)

Conversely, for r < r. the oscillation amplitude of the correlations vanishes at
ac,2(r), before anomalous response sets in, and at that point we must expect the
system to enter a frozen state with finite integrated response.

® Frozen states (F):
Here ¢y = 2, and we now find closed equations for the pair {x, A} only

M4+ C2hN—a/rHx+A+a=0, (7.98)
MW+ (a—1+N)x—1=0. (7.99)

The oscillation susceptibility y is no longer required in the saddle-point equations,
and is also seen to drop out of the volatility (7.88), as a consequence of ¢y = 72.
After straightforward but tedious bookkeeping, we can determine the solution of
equations (7.98) and (7.99):
241/r?
/\:—l—a—i—m’ (7.100)
V1+1/r?
x = [Vay1+1/r2 —1]7% (7.101)
Upon inserting equation (7.101) and the relation ¢y = r2 into equation (7.88), one
finds that in the frozen state the volatility is given by

o2 = % [\/r2+1—r/ﬁ]2. (7.102)

Exactly at the point where the volatility becomes zero, upon reducing «, we find
that also A = 0 and that the susceptibility diverges, marking a transition to a frozen
state with anomalous response. All this happens when o = a3, where

aca(r) =r*/(r? 4+ 1). (7.103)
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Fig.7.9 Phasediagramin the (o, r) plane for the spherical MG with S = 2and )", ¢; ()2 = Nr2, exhibiting
afrozen phase (F), an oscillating phase (O), and an anomalous frozen phase (AF) (see text for details). Solid lines
indicate continuous transitions. The dashed line marks a discontinous transition. The triple point corresponds

toac =3 —2v2and rc = [(3 — 2v/2)/(2v2 — 2)]2.

® Anomalous frozen states (AF):
We have seen that precisely at the transition line (7.103) one has x = 0o, A = 0, and
o = 0. It turns out that a solution with these properties indeed solves our original
dynamical equations self-consistently, also below the transition point (7.103), i.e.
for 0 < o < ac3(r). We make the ansatz C(t) = r? for all ¢, together with A = 0
and x = oo (which obviously satisfies our constraints). In Fourier language we now
find

Clw) = 2mr26(w), Alw)=¢€* -1, D(w) =211+ r?)d(w).

Insertion into our original order parameter equations (7.76) and (7.77) gives

é(w)* —r? B
5(w) TGP~ 0, (7.104)
w 2oy aG(w)
(e —1)G(w) =1 Tr 60 (7.105)

For small w the solution of the second equations is seen to be of the form G (w) =
(1 — a)/iw + O(w?). Inserting this into the first equation subsequently gives an
expression which is immediately seen to be true
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Fig. 7.10 Verification of the O—AF transition in the spherical MG. Left: the oscillation amplitude
c1 = 12— ¢p of the correlations versus «. Right: the volatility o. In both cases € {0.5,0.6,0.7,0.8,0.9,1}
(from bottom to top in both pictures). Markers: simulations; solid lines: theory. The dashed vertical lines mark

the predicted location a1 of the (discontinuous) transition.

iw + O(w?)

§(w) T—aro) =" (7.106)

This confirms that the present ansatz, describing a fully frozen state with anomalous
response, solves our order parameter equations (7.73) and (7.74).

7.2.5 The phase diagram and its verification

In summary, we have identified three distinct phases for the spherical MG in the («, r)
phase diagram, all three describing TTI stationary states, as well as the locations and
nature (7.95), (7.96) and (7.103) of the phase transitions by which they are separated.
Numerical simulations (see e.g. below) confirm that the system indeed always evolves
into one of these phases

a > max{ac1, aca2(r)}: oscillating phase (O)
X <00, Ct) = co + (1* = co)(=1)"
A#£0, 0>0,
r<Te 0e3(r) <a < aea(r): frozen phase (F)
X < 00, O(t) = r?
A#0, 0 >0,
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Fig.7.11 Verification of the O—F transition in the spherical MG. Left: the oscillation amplitude ¢; = 72 —cg
of the correlations versus «. Right: the volatility o. In both cases » € {0.2,0.3,0.4} (from bottom to top in
both pictures). Markers: simulations; solid lines: theory. Here the transition point is r-dependent, and marks
the destabilization of one solution in favour of another (the values of the order parameters of the phases O and

F have been continued as dashed lines into the regimes where they are no longer stable).

a < min{ae 1, ac3(r)}: anomalous frozen phase (AF)
X =00, C(t) =17
A=0,0=0.

This information can be summarized in the phase diagram shown in Fig. 7.9. Due to
the explicit nature of the order parameter equations (7.73) and (7.74) of the spherical
MG (a crucial property, which was the whole point of the model’s introduction in the
first place), in each of the phases we have explicit expressions for all observables in
the stationary state, including the volatility.

The location of the O—AF transition is given by equation (7.95). It follows already
from equation (7.97), in combination with the property ¢ = 0 which we know holds
in the AF phase, that this transition must be discontinuous. The system apparently
‘collapses’ into the fully frozen state at a specific critical value for o which is indepen-
dent of the radius r of the constraining sphere. In contrast, the O—F transition given
by equation (7.96) describes a continuous vanishing of the oscillation amplitude. Fi-
nally, the F—AF transition (7.103) is again continuous, marking the replacement of
a frozen state (F) with fluctuations by one (AF) without any fluctuations. Numerical
simulations of the spherical MG are found to give experimental results that are in per-
fect agreement with the above theoretical predictions, both in terms of the locations
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Fig.7.12  Verification of the F—AF transition in the spherical MG. Left: the Lagrange parameter A versus a.
Right: the volatility o versus c. In both cases r € {0.2, 0.3, 0.4} (from top to bottom in both pictures). Markers:
simulations; solid lines: theory. The transition point is again r-dependent, and here marks the vanishing of both

A and o (and the divergence of x).

and nature of the predicted transitions and in terms of the actual values of the order
parameters within the three phases. This can be inferred from Fig. 7.10 (focusing
on the O—AF transition), Fig. 7.11 (focusing on the O—F transition), and Fig. 7.12
(focusing on the F—AF transition).

It will be clear that the phenomenology of the spherical MG is qualitatively different
from that of the ordinary batch or on-line MGs, in several ways. Firstly, there is no
dependence at all of the macroscopic observables on the initial conditions (provided
the latter comply with the spherical constraint). Secondly, the volatility vanishes for
a — 0, but diverges as o — oo (whereas in the ordinary MGs we always had
limy_,o0 0 = 1). Thirdly, for sufficiently large values of the size r of the constraining
sphere, one finds a discontinuous transition in the low « regime from an oscillating
state (with non-zero volatility) to a rigorously frozen state, where o = 0. As a technical
exercise, the study of the spherical MG has certainly been fruitful. Whether and how
such results can be used also in the context of the more standard MG versions is as
yet unclear, but it would seem that at very least the effects of allowing agents to play
linear combinations of their strategies would certainly be worth investigating further.



8. Dynamics of MGs with true market
history

Except for the early chapters of this book, where we just presented numerical simu-
lations in order to appreciate the phenomenology of the standard versions of MG, we
have in all theoretical chapters so far carefully steered away from having to analyze
MG models with true market history, and instead analyzed exclusively the mathemat-
ically more manageable Markovian ‘fake history’ versions. This was at least partly
justified by the earlier observation in numerical simulations that the differences in
behaviour between MGs with true market history and those with ‘fake’ history” were
surprisingly small.

In this chapter we will finally return to the original on-line MG definition, still with
S = 2 (two strategies per agent), but now with true external information which codes
for the past history of the sign of the overall bid in the market. From a mathematical
point of view the relevance of this exercise is clear: one would like to see whether and
how the generating functional formalism (which has been successful for Markovian
MGs) can be adapted to deal with history in the microscopic stochastic process, and
also which type of effective single-agent equation (if any) will describe the MG with
true history at the level of macroscopic order parameters, in the limit N — oo. From
the more pragmatic point of view of those whose prime motivation is to understand
the phenomenology of MGs there would also seem to be merit in trying to develop
the theory for the case of true history: one would like to understand exactly why the
differences between true and fake history in these models are as small as simulations
suggest they are, since it is in no way a priori obvious that this should be so.

Since the batch versions of the MG were based on averaging by hand over all
possible history strings at each stage of the process, before agents update their strategy
valuations, it follows that batch dynamics is ruled out by definition if we wish to
incorporate real market histories.

As in the previous applications of generating functional methods, the present anal-
ysis again consists of two distinct stages: we first work our way towards exact closed
equations for dynamic order parameters, after which we concentrate on finding
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solutions for these closed laws. The main difference compared to with MGs with
‘fake’ histories will turn out to be that our closed dynamical theory is no longer
defined in terms of one effective non-Markovian single-agent equation, but it now
involves two such equations: one describing the dynamics of an effective agent and a
second equation describing the effective dynamics of the overall bid.

8.1 Definitions
8.1.1 Restoration of market history

Thus we return to the appropriate stage in our general definitions immediately before
we replaced the true market history by random numbers in the standard (on-line) MG,
i.e. to the set of non-Markovian microscopic equations (2.2), (2.19)—(2.21), which
also include the external contribution A,(¢) to the global bid (which here will play a
useful role in our analysis) and now allowing for { < 1:

G0 +1) = q:(0) + 6:(6) — N?/a S G A A, Z]A(D), 8.1)
A

1 1 ;
All) = Al0) + = ij {oa+ 7% Z olas(0), % (06} AL A, Z), (82)

Fall, A, Z) = VaN dxae,a,2), (8.3)
sgn[(1 = Q)AL —1) +¢Z(¢4,1)]
Al A, Z) = : (8.4)

sen[(1— Q)AL — M) + CZ(6, M)]

The zero-average Gaussian random variables {z;(¢)} (lower case Roman) represent
decision noise, as before, with the choice made for the function o|[q, z] controlling
whether this noise is to act additively (o[q,z] = sgn[g + z]) or multiplicatively
(olg, z] = sgn[g]sgn[l + z]). The parameter ¢ € [0, 1] allows us to interpolate be-
tween strictly true (¢ = 0) and fully fake ({ = 1) market history; the relevant scaling
regime for the history depth is 2 = aN. All models studied so far have corresponded
to ¢ = 1. The values of { A(¢), Z(¢)} for ¢ < 0 and of the ¢;(0) play the role of initial
conditions.

The key differences at the mathematical level between MG models with fake history
and those with true history as defined above, are in the dependence of the micro-
scopic laws on the past via the history string {A(¢ — 1),..., A({ — M)} occur-
ring in A(¢, A, Z) € {—1,1}™, in combination with the presence and role of the
zero-average Gaussian random variables {Z (¢, )} (upper case Roman). These latter
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variables generate effectively the fake (random) alternative*3 to the real market history
{A({—1),...,A({ — M)} in (8.4), in the sense of either (2.3) or (2.4).

In all cases of fake market history studied so far in this book, the choice ( = 1
eliminated with one stroke of the pen the dependence of the process on the his-
tory {A({—1),...,A(¢ — M)}, and the variables {Z(¢,1), ..., Z(¢, M)} could and
have subsequently been replaced simply by integer numbers p, labelling each of the
2M — ) = a/N possible ‘pseudo-histories’ that could have been drawn at any given
time step ¢. Here all this is no longer possible. The variables { Z (¢, \)} now play the
role of random disturbances of the true market history as perceived by the agents in the
game, and there is no reason why all 2 possible histories should actually occur (let
alone with equal frequencies) or why some entries {Z(¢, )} (e.g. those with small
values of A\, which corrupt the most recent past in the history string) could not be more
important than others. Our problem of solving the model mathematically has become
qualitatively different, and it is therefore not a priori obvious that analytical progress
can be made at all.

8.1.2 Further technicalities and definitions

One can anticipate various consequences for the generating functional analysis of
introducing history into MG. An early appreciation of these will help us to proceed
with the calculation more efficiently.

Firstly, since our objective is to analyze the original on-line version of the MG (rather
than the batch version), we anticipate that the number of individual MG iterations
required must be proportional*4 to /N. However, the convenient temporal regularization
method which we have employed successfully for the on-line MG with fake history,
based on introducing Poissonnian distributed real-valued random durations for the
individual iterations in equations (8.1) and (8.2), can in practice no longer be used in
the non-Markovian case. The reason for this is the problem which prompted us earlier

43 We have specifically defined our equations in such a manner that the main body of the calculation will also apply
to alternative MG versions with history, such as those with the so-called inner-product definitions of the overall market
bid, where strategies define linear functionals rather than look-up tables. The latter family of models would again require
Gaussian variables representing the ‘fake’ market history, and would within the present notational conventions (and in
its simplest form) just correspond to the replacements A — X € {1,...,aN}and Fa[¢, A, Z] — Fi[¢, A, Z] =
(1—=CQAL—=X)+CZ(L,N).

44 We will find in non-Markovian MGs that this need not always be true, but will rather depend on initial conditions,
especially on the values assigned to the bids A(¢) with £ < 0. The conventional scaling is correct when, for instance,
the A(¢ < 0) are drawn randomly and independently, with equal probabilities assigned to positive and negative values.
If, on the other hand, we would choose all A(¢ < 0) to be of the same sign, we would find the relevant processes to
take place already on timescales where the number of iterations is of order v/N. This can be interpreted as the MG
eliminating structural bid predictibility (e.g. a situation where the overall bid is no longer zero on average) on much
faster timescales.
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to add the external perturbations 6;(¢) to the regularized on-line process rather than
to the original equations, and replace equation (5.10) by equation (5.11): whereas in
a strictly Markovian system the introduction of random durations for the individual
iteration steps only implies a harmless uncertainty in where we are on our overall
clock, in a system where we allow for retarded interactions we would generate very
messy equations. We are therefore strongly encouraged to proceed with our process as
it is, without temporal regularization (although we will be able to recover the previous
theory in the limit ¢ — 1, as it should),** and concentrate on the evaluation and
disorder averaging of the generating functional

Z[y) = (ei 262 wi(f)ﬁ[qi(f%zi(f)]>. (8.5)

The brackets in equation (8.5) denote averaging over the stochastic process (8.1) and
(8.2), whose randomness is caused by the decision noise {z(¢)} and the fake history
variables {Z(¢, A) }. Although equation (8.5) looks like expression (4.9) for the batch
MG, we note that here we have to allow for { = O(N).

Our choice to study the un-regularized process implies that initially we have to be
more careful with finite size corrections. This has consequences in working out the
disorder average of the generating functional: in the previous MG versions we needed
only the first two moments of the distribution of the strategy look-up table entries
{Ri*}. We chose to have RY* € {—1, 1}, with equal probabilities, but any alternative
choice of distribution with the same average and variance would in leading order in
N have given exactly the same equations. Here, although one should still expect only
the first two moments to play a role in the final theory, the need to keep track initially
of the finite size correction terms implies that our equations simplify considerably if,
instead of binary strategy entries, we choose the variables {Rf\a} to be zero-average
and unit-variance Gaussian variables.

Finally, our earlier definitions for the volatility matrix will no longer apply, as these
were all based on being allowed to average over all possible ‘pseudo-histories’, at
each time step (i.e. they all involved averages over all history labels 1). Here we have
to return to basics and base our definitions on the actual values of the stochastically
evolving bids A(¢) themselves, e.g.

S = (ADAWL)) — (ADYAX)), o*= lim *Zum (8.6)

L—oo L

45 Tt will in fact turn out that our present more direct application of the generating functional method, although
perhaps somewhat more involved, does bring the benefit of greater transparency. For instance, the continuity assump-
tions underlying our use of saddle-point arguments in path integrals become much more transparent than they were
in Chapter 5.
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8.2 The disorder-averaged generating functional

It will turn out that in our analysis of equation (8.5) an important role will be played
by the following quantity

W, 0 A, Z) = —Z]—"EA Z)F|', A, Z)

= 5>\(Z,A,Z),)\(€’,A,Z)~ (8.7)

This binary object is a function of the paths { A} and { Z}, and indicates whether or not
the histories as perceived by the agents at times ¢ and ¢’ are identical (irrespective of
the extent to which these ‘histories’ are true). Its statistics would have been trivial in the
absence of history, but will now generally contain a significant amount of information
regarding the recurrence of overall bid trajectories.

8.2.1 Evaluation of the disorder average

Rather than first writing the microscopic process in probabilistic form (which has been
our standard procedure so far), we will here express the generating functional (8.5) as
an integral over all possible joint paths of the state vector q and the overall bid A, and
insert appropriate J-distributions to enforce the microscopic dynamical equations*
(8.1) and (8.2), i.e.

1_1—[ / [dqz ] i:(0)g: ((H1) =, (0 0. (O + 5= 35 E4FALAZIAY)

1:1;[/

To compactify our equations we will also use the shorthand which was introduced
earlier, putting s;(¢) = o[q;(¢), z;(¢)]. We can now write the disorder average Z|[v)]
of (8.5) as follows

- |
£>0

{111 dai(0dGi(8) g, (6)lq(e+1)-g.(O—6.(O1+iv: ()0
2w

24

dA(0) | A0nO-1.0- 7 A{mm—lﬁzio{qiw),zi(e)]s;}me,A,Z}

2T

11 dA(0)dA(¢) eiA(é)[A(é)—Ae(E)}]

46 Since our microscopic laws are of an iterative and causal form, they have unique solutions and therefore the two
procedures are fully equivalent.
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X e . (8.8)

N o e | 10 (DELA(O)—A(0) (WKJrSi(@)é’x)}B[&A:Z] >
{z.2}

Here the brackets (.. .) {z,z) denote averaging over the Gaussian decision noise and
over the pseudo-memory variables, and we have also used the familiar abbreviations
for combinations of look-up table entries

i Lo i i Lo i
WA:§(R>\1+R>?)7 fxzi(RAl_RAQ)-

Using the shorthand Du = (277)7567%“2 and the previously introduced quantity
W1...]inequation (8.7) allows us to write the disorder average (over the independently
distributed zero-average and unit-variance Réﬁl) in the last line of (8.8) as

N TaXie TI11 /Du o3nTE De[M6i (O A - AO)[1+5: (0] Fal£4,7]
A1
<111 /DU oIV Le[id (DAO+AD -5 (D] Fal,4,2)
A i

o e*ﬁ 32 e [ﬁﬁl(l)A(f)*A(l)[1+871<4)]} Wiet';A,2) |:"~I‘ji(Z/>A(£l>*/i(£l)[1+5i(£l>]:|

% e*s%v DFDII [ﬁéiw)A(mA(D[ksi(e)l]W[e,if;A,Z] [ﬁqi(é/>A<é/)+A<e')[1—s1-<é/>]]

— o~ TN Teers0 WA Z) 3, [76: (0 A = A(0)s: (0)] [76: () AL = Ae)s: (€]

« e~ 1 L0 AW LA, Z]AW) (8.9)

We next isolate the usual observables L(¢,¢') = N~1 5. 4;(0)g:(¢)), K(¢,¢') = N1
> si(0)Gi(¢), and C(€,0') = N1 3" si(€)s;(¢'), by inserting appropriate integrals
over J-distributions. We also use our familiar abbreviations DC = T[],
[VNAC(¢, ') /+/2x] (similarly for other two-time observables) and DA = [[,,
[dA(¢)/+/2x] (similarly for A). Initial conditions for the ¢;(0) are assumed to be of
the factorized form po(q) = [[, po(¢:). In anticipation of issues to arise in subsequent
stages of our analysis, especially those related to the scaling with N of the number of
individual iterations of the process, we will also define the largest iteration step in the
generating functional as fy,,x. All this allows us to write Z[t)] in the form

Z[p] = / DODEDKDKDILDL N Zew [CUL)CWL)+K (LYK (L) +L(0L)LEL)]

o O 10g N) / DADA ol Se A0 -A.(0)]

% @i WA Z1{ AWK (6,0) AL+ ALK (¢ 0)AL) }
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< e i WA, Z) {72 AW L)AL+ A [1+C (L)) A) }

dg;(€)dg;(€) iG; (0)[q: (041)—q; (£)—0; (0)]+ivp; (€) s: (£
X</1;[[27Teq<>[q< #0000 | TT po(ai(0))

x [ o See LLEOGOUO+R ()5, 0d (e'>+c‘(e,e'>si<z>si<e'>}>
' (2.2}

1

= / DCDCDKDKDLDL NYH2H+2H0(E 0 log N) (8.10)
with
V=i > [CW)CWU L)+ KW L)K{ L)+ L, )LL), (8.11)
20 <lrnax

O = L log < / DPADA o Szt AOIAD-A0)
N

% 6= 3 Tet' <omax WW’;A,Z]MW/;A,A}> (8.12)

(zy’

Crmax A
0=+ Ylog </ !H ‘W] Po(a(0))

=0
% ol ectma [AO1(E+)=q(0)=0:(0)]+0s ()0 1a(£),2(0)]] =i X por < 0, A LEL ()

% o= et [C*(z,wa[qmz(@]a[qw),z<e'>}+f<<u/>a[q<@,zw]qw)]> (8.13)

z

and with

M0 A Al = PAW) L, 0)VA(L) — GIAOK (6, 0)A() + AWK (0, 0) A(0)]
+ A +C, NHAWL). (8.14)

We note that the O(¢2,,, log N) corrections in (8.10) are only constants, which reflect
the scaling with NV used in defining the conjugate order parameters.

At this stage it is appropriate to reflect on the above results. Compared with our
previous Markovian MG versions, we note that U and € take their conventional forms,
and that all the complications induced by having true market history are concentrated in
the function ®[C, K, L], which is now, interestingly, defined in terms of a stochastic
process for the overall bid A(¢) rather than being an explicit function of the order
parameters (which had been the situation in our previous fake history versions of the
game), and in the remaining task to implement an appropriate scaling with N of the
timescale £p.x.
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We can now also appreciate the advantage offered by our earlier decision to define
Gaussian rather than binary look-up table entries. With the N-scaling of £,y still
pending, instead of (8.9), in the binary case we would have found

e%ﬁ S ezi > log cos [ﬁ D < timan [f](ji(f)A(f)fA(f)[1+si(f)}]]-'>\[Z,A,Z}]

o o L logcos [N—f 3t b 161 (O A+ A () [1—s5: ()] | Fa [&A,Z]}

(8.15)

In this expression we see that, for £,,x = O(N ), the different choices of strategy look-
up table entry distribution will give the same results only for those paths { A, Z} where
the frequency of occurrence of each of the 2 possible histories is of order O(N ). In
the latter case the function F [/, A, Z] scales effectively inside summations over £ as
Falt, A, Z] = O(N~2), and we return to (8.9). Thus, for non-Gaussian distributions
of the { sz} at this stage of the generating functional analysis one either has to carry
on with the more complicated expression (8.15), which cannot be expressed in terms of
the order parameters {C, K, L}, or one has to make further assumptions on the overall
bid statistics, which (although almost surely correct) will require careful validation a
posteriori.

8.2.2 Canonical timescaling

We recall that in Chapter 2 we have already established that for the on-line MG
with random external information (i.e. with ( = 1 in the present definitions) one
must choose {pax = O(N). Rather than just imposing this timescale ¢p,ax = O(N)
by hand, it is quite satisfactory to see that below we can also extract the canonical
timescaling from our present equations (8.10)—(8.13).

For finite ¢;,,x we immediately find limy_,o, & = 0 in (8.12), and our generating
functional will be dominated by the physical saddle-point of lim [V + 2], giving
C = K = L = 0. This is seen to lead to a trivial effective single spin problem,
which just describes a frozen state. This makes, of course, perfect sense in view of our
definitions (8.1) and (8.2): since individual updates of the variables ¢; are of order N~ 2 ,
nothing can change on timescales corresponding to only a finite number of iteration
steps. Thus our present equations automatically lead us to the choice £,ax = O(1/dy),
where limy_, o Iy = 0. We note that the function ® will indeed scale differently as
soon as £, is allowed to diverge with V.

We thus define fpax = tmax/On, Where 0 <t < oo (of order NY) and with
limpy— o0 On = 0. In order to obtain well-defined limits at the end in (8.11), we see
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that we have to re-scale our conjugate order parameters according to (C‘ K, f;) —
5N2(C‘ K, f;). Furthermore, for the perturbation fields {6;,;} to retain statistical
significance they also will have to be re-scaled in the familiar manner, according
o (0;,¢;) — _1( i 1/1,) (similar to what effectively happened in Chapter 5). The
integrations over order parameters and conjugate order parameters in (8.10) will now
become path integrals for N — 00.47

It will be convenient to introduce the following effective measure

mx/aN . A . —
(9l{a. &, =¥]) = ajfv.§g;‘f11 a(Odq(O)(Mil{a,d 2Hol{a. 4.2}

fHWW dg(0)dg(0)](Mi[{g,d, 2})) =
(8.16)

A 6 X/ N (o) LED=1O 6, (0)| +isy Ty B (D)0 la(0), 2 (¢
Mz[{q7q,2}]:po(q(0))e NZ@ Q()[ ()} N D¢ (&)olq(e),z(0)]
*i5N222‘Z5'—:1/5N [L(f,él)é(f)é(f/)+K(4,5')0[¢Z(4),Z(Z)]é(é')Jré(&f')U[Q(é)vz(é)]a[qw%Z(@')]]_

(8.17)

xXe

Now, upon substituting #;hax = tmax/In into our equations (8.11)—(8.13), followed
by the appropriate re-scaling of the conjugate order parameters, these three functions
acquire the following form (modulo irrelevant constants)

v=in® Y [é(z,e’)(;(e, Oy + K, 0)K(0,0) + L6, )L, )], (8.18)
L <twnax /0N
P = %log </DADA W[A,A]Z]> : (8.19)

{2}
tmax /0N

Zlog / H [dg(€)dq(£)] (Mi[{q,d,=}])=- (8.20)

with
~ . tmax/ON 4 tmmx/é /. /. A
WIA, A|Z] = ol TN AOA(D) - Ac(O)]—§ X0 N WeL A, ZIM e AA] (8.21)
It is clear that ¥ and €2 now have proper N — oo limits. Within our theory the
canonical choice of d is subsequently determined by the mathematical condition that
47 This is the point, therefore, where the expected continuity assumptions regarding our macroscopic observables

enter the scene. It is nice to see how in the present derivation these assumptions take a more transparent form than in
Chapter 5, where they were somewhat hidden inside the details of the temporal regularization.
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limy_,o ®[C, K, L] # 0, but finite. It follows that (8.10) is now again dominated by
its physical saddle-point, and we are nearly back in familiar territory.

8.2.3 The saddle-point equations

In order to eliminate the fields {v;(¥), 0;(¢)}, and thereby simplify our subsequent
equations, we next extract the physical meaning of our order parameters from the
generating functional by taking appropriate derivatives with respect to these fields.
This gives

C(¢, ') = lim %Z(&(f)si(f’»: (ola(0), 2(O)]olq(t), 2(£)])x, (8:22)

N—oo -
G0 = Jim %;4?; — —ilola(e), ADWE)n, 8.23)
0= lim — Z THC 89 @) =~ (8.24)

Thus at the physical saddle-point of (8.10) we must have the usual relations L(¢, ¢') = 0
and K (¢,¢') =iG(¢, "), where G denotes the disorder-averaged single-site response
function. Upon varying {C’ , K , ﬁ} in (8.10) we see that we do indeed reproduce
self-consistently the by now standard equations

C (0,0 = (olq(t), 2(0)]olq(€"), 2(£')])x, (8.25)
G, t) = —i(olq(0), 2(0)](¢))x, (8.26)
L(6,0') = (G(0)g(£"))« = 0. (8.27)

We turn to variation of the order parameters {C, K, L} in ¥ + & (as 2 only depends on
the conjugate order parameters). In working out derivatives of ® we observe that the
conjugate bids effectively act as differential operators, i.e. A(s) — i0/9Ac(s). Here
we can benefit from the earlier introduction of the external contributions {A¢(s)} to
the overall bids. This gives us our remaining three saddle-point equations

(92 /0 Ac(5)DAc(s <fDADA WIA, A|Z2) Ws, s’;A,Z]>

C(s,s') = Nlim INOZ - — {2}7
N <fDADA WIA, A|Z]>{Z}
(8.28)
_ (9/0Ac(s <fDADA WIA, A|Z) Ws, s'; A, Z] A(s )>
K(s,s') = lim — {z}
) 2 ~ ~ b
N—oo 2Ndy < [DADA W[A,A|Z]>
(2}

(8.29)
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) i < [DADAWIA, A|2) W s, s'; A, Z]A(S)A(s’)>
L(s,s') = lim

{Z}
_ _ . (8.30)
NS00 4N 2 <fDADA WIA, A\Z]>{Z}

At the physical saddle-point, we may use L = 0 and the symmetry of W]...] to
simplify the function M ¢, ¢'; A, A] which occurs in the measure (8.21) to

M0, 0 A Al = A1+ CU, AW — 2 A(0)G (L, 1) A(L). (8.31)

The generating fields {t;(¢)} are now no longer needed and can be put to zero. The
perturbations 0; are still useful for calculating the response function G, but can now be
chosen to be site-independent, i.e. 6;(¢) = 6(¢). The measure (8.17) will consequently
lose its site-dependence. Also the three functions { U, ®, 2} have at this stage become
obsolete. We may define a new time t = £dy = O(N"), which will be real-valued
in the limit N — oo, and we may take the limit N — oo in the definitions of our
observables. The latter can subsequently be written in terms of the new real-valued
time arguments simply as C'(¢, ') — C(t,t’), and similar for the other kernels.

8.3 The resulting theory
8.3.1 Simplification of saddle-point equations

We may now summarize our saddle-point equations for {C, G} in the usual compact
way, in terms of an effective single-agent process

Ct,1) = {ola(t), 2()]ola(t), 2(t)])s, Gt t) = —i{ola(t), 2(D)]G(t))
(8.32)
with a measure which is defined in terms of path integrals, as in Chapter 5 (and with
time integrals running from ¢ = 0 to t = tax):

_ J{dgdd} (M[{q,4,2}] 9l{a. 4. 2}])=
J{dqdg} (M[{g,q, 2}])=
M[{g,d,2}] = po(q(0)) &/ q(t)[Lq(t)—0(t)— [dt' Kt ,t)olq(t'),2(t)]]

et Jdtdt [L(t)§(6)q(t)+CO(t,t)olq(t),z(D)]ola(t)=(t)]] (8.34)

<g[{q7 d: Z}]>*

(8.33)

In order to find the kernels {C’ K, ﬁ} we have to evaluate the saddle-point equations
(8.28)—(8.30) further, remembering that the left-hand sides as yet still involve the
integer time labels (s, '), rather than the above continuous times. Now the scaling
chosen for gy with N which we adopt will turn out to be crucial. We observe that all
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complications are contained in the evaluation, for large NV and for any given realization
of the fake market information path { Z }, of objects of the following general form (with
all operators evaluated at the saddle-point)

(QUAN) 412y = / DADA WA, 47] Q[{A}] (8.35)

In fact we can quite easily confirm, by following the same steps taken so far in evaluat-
ing the disorder-averaged generating functional Z [t but now for calculating averages
of arbitrary functions of the overall market bid path { A}, that the physical interpreta-
tion of the measure (8.35) is

Jim I = (@AM s ) (5.36)

Thus equation (8.35) defines the asymptotic disorder-averaged probability density for
observing a ‘path” { A} of global market histories, for a given realization of the fake
history path {Z}.

In order to evaluate (8.35) we first define the two path-dependent matrices G[A, Z]
and D[A, Z], with entries

G[A, Z)(6,0) = WL, 0 A, Z)G(L, L), (8.37)
D[A, Z](¢,0") = WL, 0'; A, Z][1 + C(£, ). (8.38)

The definition (8.7) of W1.. ] tells us that G[A, Z](¢,¢') = G(¢, (') if the ‘history’
observed at stage £ is identical to that observed at stage ¢, and zero otherwise, and
similarly for the relation between the values of D[A, Z](¢, ¢') and those of 1+C'(¢, ¢').
We now use auxiliary integration variables {¢;} to linearize the term in the exponent
of (8.35) which is quadratic in A, and use causality of the response function G where
appropriate

dAOAAE) SADIAE@ A0+ 57 Tpr o, GIAZ)EL) AL

tmax/éN
@ am = [ 11 |*5 QlAY
=1
JIITE/ dggle™ Tewsy ™ 00D HAZD b =i 7™ 60
i

tmax /0N ¢o(D

f[Hl deele” 2t “YAZ]) ppr b
tmax /0N
— [ TI a4 aicay
=1

tmax /0N dA s
y < eiA[A(Z)—Ae(Z)+%77 Yot <o GIAZI(6,0") AL ) =] >
{¢1A,2}

2T
=1
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[Tl
X <tmﬁéN6

=1

A(0) — Ac(l) + %ﬁ > GIA, Z)(, )A(L) - ;zs,,] >
{014, 2}

<l

Here (.. .>{¢| A,z) refers to averaging over the zero-average Gaussian fields ¢, with
{A, Z}-dependent covariance (¢¢der) (44,7} = %D[A, Z](¢,¢'). We conclude from
the above expression for (Q[{ A}]) {4z} that the conditional disorder-averaged prob-
ability density P[{ A}|{Z}] for finding a global bid path { A}, given a realization {Z }
of the pseudo-history, is given by

PRAY{Z}]
tmax/ON
=< II ¢ [4®
=1

and that hence (Q[{A}])(azy = JII1,dAW)]P[{A}{Z}]Q[{A}]. Causality en-
sures that the probability density (8.39) is properly normalized, since both ¢, and

G|A, Z](¢, ") involve only entries of the paths { A, Z} with times k < .

Having established (8.39), our saddle-point equations (8.28)—(8.30) can be simpli-
fied considerably. We immediately find that C=0.To simplify comparison with the
results in Chapter 5 (corresponding to ¢ = 1), we will make a final change in notation
and carry out the following transformations

<t

)+ nZGM W, 0'; A, ZJA(L') — ¢g]> (8.39)
{614.2}

. ) 1
K(6,6) = —aR((.0), L(t,t) = —Zais(t.0). (8.40)

This allows us, with p = «/V and in anticipation of our expected timescaling dy =
7/2p (known from our earlier analysis in Chapter 2 of the Markovian limit ¢ = 1), to
write the remaining equations (8.29) and (8.30) in the simple form

U a /
R(£, 1) = Jim_ A0 {2]95 5 (W[, t; A Z]A(E)){AZ}>{Z}}, (8.41)
S0 = ngnoo{% 5 W, t'; A, Z) A(@)A(E’)){AZ}>{Z}}. (8.42)

We see that R defines a macroscopic response function associated with external bid
perturbation via A, and hence obeys causality: R(¢,¢') = 0 for ¢ > ¢. This, in
turn, also enables us to simplify our saddle-point equation (8.32) for {C, G} and the
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measure (. ..), to a form identical to that found for the Markovian (‘fake history’)
on-line MG in Chapter 5:

O(t,t') = {olat), 2(B)]ola(t), ()]}, (8.43)
Glt, 1) = 6§ft,) (olalt), 2(t))- (8.44)
(gl{g, 2}])s = f{dq}{gﬁ}\?&f z[gl): }Dz’ (8.45)

Mi{a. 2} = ola(0) [{dg) e e Sa Sariac)
« o Jd QO[O0 +a far Reola@)=O] (846

8.3.2 Summary and interpretation

We recognize that (8.46) describes the familiar type of effective single-trader equation
with a retarded self-interaction and zero-average Gaussian noise 7(t) with non-trivial
temporal correlations (n(t)n(t')) = X(¢,t'):

t
%q(t) =6(t) — a/o dt’ R(t,t') o[q(t")] + Va n(t). (8.47)
In writing (8.47) we have used the fact, as was done also in Chapter 5, that the disconti-
nuity of the correlation function for equal times, i.e. C(t,¢) = 1, will in the continuous
time limit be irrelevant. This implies that we may carry out the averages over the de-
cision noise and are left only with expressions involving o[q] = [dz P(z)o(q, 2], and
that (with the exclusion of ¢ = ¢/, where one has C(¢,¢) = 1) the order parameter
equations (8.43) and (8.44) simplify to

Cltt) = (lalola®s, Glh.0) = s ola®l G489

Our remaining problem is to solve the order parameters { R, ¥} from equations (8.41)
and (8.42). To do so we must select the canonical timescale dy such that the N — oo
limitin (8.41) and (8.42) is both non-trivial (i.e. dy sufficiently small) and well-defined
(i.e. &y not too small). For the special value ( = 1 (giving the on-line MG without
market history) we have found in Chapter 2 that dy = 77/2p. Although here we have
followed a different route towards a continuous time description, we will re-confirm
below that indeed oy = 7/2p, by working out our present equations in detail for the
fake history limit ( — 1. Given this canonical timescaling and given the definition
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W5 A, Z] = Ox@,a,2),A(¢,A,z), We find our equations (8.41) and (8.42) taking
their final forms

R(t,t") = lim  ((A(0)0r,a,2)70,4,7)) , (8.49)

6Ae (t,> 6]\] 4’0

- 1
S(t,t') =17 levlgo . (AW AW )oxe, 4,2 70,4,7))

>{A72 } ‘é:t/éN,€’=t’ /O

8.50
>{sz}‘£:t/6N,€’:t’/§N (8.50)
(with §/6Ac(f) = oy '0/0A(L)). Here ({...))a 7 refers to an average over the
stochastic process (8.39) for the overall bids { A} and over the pseudo-history {Z}.
The bid evolution process can be written in more explicit form as

1.
A(l) = Ae(l) + de — 37 Z G, )00, 4,2y 2(0r,4,2) AL) (8.51)
<t

with the zero-average Gaussian random fields {¢}, characterized by

1
(Peder)ip1a,2) = 5[1 + C(6, )] O, a,2) A(0,,2)- (8.52)

Equation (8.51) is to be interpreted as follows. For every realization { Z} of the fake
history ‘path’ one iterates (8.51) to find successive values of the bid upon generating
the zero-average Gaussian random variables ¢, with statistics (8.52) (which depend, in
turn, on the most recent bid realizations). The final result is averaged over the random
fake history paths {Z}.

Let us now summarize the structure of the present theory describing the MG in the
limit N — oo, and indicate the similarities and the differences with the previous
theory describing the on-line MG with fake market history:

similarities between the theory of real and fake history MGs:
® The MG with real history is described again by the effective single-agent equation
(8.47), from which the usual order dynamic order parameters {C, G} are to be
solved self-consistently via (8.48).

® The scaling with NV of the characteristic times in the process with history is
identical to that of the model without history, provided we avoid highly biased
global bid initializations (in the latter case the process with history would act
faster by a factor v/ N).

differences between the theory of real and fake history MGs:
® The differences between real and fake history are in the retarded self-interaction
kernel R and the effective noise covariance kernel X of the single-agent equation.
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Without history, { R, ¥} were found as explicit functions of {C, G}. With history
they are to be solved from an effective equation (8.51) for the stochastically
evolving global bid.

® Thus, whereas without history we had a single non-Markovian effective agent
equation, with history we have two non-Markovian effective equations, one de-
scribing the evolution of an effective agent and one describing an effective global
bid.

the effective global bid process:
® The global bid process (8.51) is in itself independent of the stochastic effective
single-trader process (8.47). The two are linked only via the (time-dependent)
order parameters occurring in their definitions.

® Ateach stage ¢ in the process (8.51), the bid A(¢) is coupled directly only to those
bids in the past at times ¢’ with identical realization of the M -bit history string. In
addition, according to (8.52) only those effective global bid noise variables ¢, are
correlated which correspond to times ¢ with identical realizations of the M -bit
history string.

As always, the link between the non-disordered effective single-agent process (8.47)
and the original disordered N-trader process (8.1) and (8.2) is as follows. If we cal-
culate for the effective agent (8.47) the path probability P[q(0),¢(1),¢(2),...], then
this object is to be interpreted for the original N-agent process as

Plg(0),4(1),4(2), -]
= lim iZ(é[q(o) = a:(0)] 8[g(1) = ¢i(1)] 6[a(2) = ai(2)] --- ).

N—oco N

)

In particular, at any given time ¢ one must interpret the marginal probability density
Pi(q) = (6[qg — q(t)])« to find value ¢ at time ¢ in terms of the original MG system as
Pi(q) = limy_0o N71Y", (8]g — ¢i(t)]). Mathematically, the differences between
the two ‘fake history’ definitions (2.3) and (2.4) (i.e. consistent versus inconsistent)
are seen to be limited only to the details of the zero-average Gaussian variables {7}
in (8.4), and the associated averaging process (. ..){z}.

8.4 Recovering the fake history limit

It will be helpful for our understanding of the technical details of the N — oo limit in
equations (8.49) and (8.50) to first return to the simplest case where we know what the
outcome should be, being ¢ = 1, i.e. fake history strings of the inconsistent type (2.4).
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This is the model which we have solved in Chapter 5. We will thereby also passant
re-confirm the correctness of the assumed scaling oy = 77/2p.

8.4.1 Consequences for the theory

For ¢ = 1 we observe in equations (8.4) and (8.7) that both A(...) and W7...] lose
their dependence on the true path { A} of the global bid, and reduce to

sgn[Z(¢,1)]
A, Z) = : W5 Z) = da,z)a0,2)- (8.53)

sgn[Z (¢, M)]

The role of the Gaussian variables {Z} has thereby been reduced to determining the

statistics of the symmetric random matrix B with entries By = W[l 0'; Z]:

log, (p)
0.0 A=1 {7}

with p = 2M = aN. The relevant properties of these matrices are derived in Appendix

C. The partial decoupling of the paths { A} and {Z} implies that our expressions for

the kernels R and X simplify to

)
AN : ,
R(t,t) = SA(t) @lvlgo <BM <A(£)>{A‘B}>B‘e:t/5N,e/:t//5N’ (8:55)
N~ 1s 1 /
26 =1 &lvlgo oN <BM' {ApAc )>{A|B}>B’zzt/sN,z/:t//aN' (8:56)

Since the bid evolution process (8.39) is now linear in { A}, and involves only {A}-
independent zero-average Gaussian fields ¢, where (¢e¢e ) {55y = 5Bee [1+C (€, 1)),
it is easily solved for any given realization of the random matrix B:

A= a0 + o+ X (1) U@ (4 +on] - ©57)

r>0 k<t

in which GB denotes the matrix with entries (GB) g = G (¢, €' ) By (i.e. it is defined
in terms of component multiplication rather than matrix multiplication). To make a
comparison with the results of Chapter 5, we must send the external bid perturbations
Ac(¥) to zero after they have served to generate the response function R.
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8.4.2 The retarded self-interaction kernel

It turns out that we can evaluate equation (8.55) using only expression (8.57), the
causality of the response function, and the formulas (C.3) and (C.4) of Appendix C.
These give, with 6 /6 A.(¢) = oy 10/DA(¥):

AN
R(6,0) = ,4“305}3510 aA (&) oy

/dB PIB] Bor (A(€)) 1418}

>0

= lim i {5@4/ /dB P[B] By — gG(@, 5’) /dB P[B] BBy

fX(-3) X GGl Gl

S9>83>+>8,

X /dB P[B] 6&52852733 Tt Bsr,Z’Bf’f}

1
= limo - {534/ — 6NG(£, f’)

61\7—) 5]\/
+D (=) > Gl 52)G(sa,83) - G(sr,é’)} . (859)
r>1 82>83>:>8,

We observe in (8.58), in view of dg — dnd(t — ') in the continuous time limit N —
0o, that the canonical scaling of time (modulo O(1) factors) is indeed oy = 77/2p.
We now find exactly expression (5.54), as derived earlier in Chapter 5 for the on-line
‘fake history’ MG

R(t,t) =6(t—t)+ > (-1)G"(t,t) = [T+ G (t,t). (8.59)
r>0

Had we chosen an alternative scaling with N of {7, we would have found in the limit
oy — 0 either the trivial result R = 0, or an ill-defined expression.

8.4.3 The noise covariance kernel

Next we turn to expression (8.50) for the effective agent’s noise covariances, with
Ae = 0. The equivalence of our present expression and that in Chapter 5 will be more
transparent upon renaming (¢, ') — (s, s) and D(k, k') = 1+ C(k, K'):

S(s0.56) = Jim 5 [ 4B PIB] Buy, (A(s0) A(st)) o
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i i\
= lim — - D(k, k'
20 208 ( 2) Z (k, k)
r,r’' >0 kK’

’

X /dB PB] [(GB)" | sorxBrr Bsysy [(GB)" | sy ke

77 77 r+r’
“pmat 2 () T % pensd
) S

S1y004ySr S
x G(s0,81), ,G(8r—1,5) G(8p, 51), o G(sh_q,8h)
X <(BS()817 te 7Bs,~,1sr>Bs,.s’T, (B L8hy Tty Bs’ s’ )Bsosg>8 (860)

50517 r—15r

with the proviso that in the case where r = 0 we must interpret the sumsas ) | s
1, G(so,51)s--.,G(8r—1,8r) — 1l and Bs,s,,...,Bs._,s, — 1 (and similarfy when
r’ = 0). Since the kernel X(so, s) is by definition symmetric, we may without loss
of generality choose s(, > so. Let us work out the averages over the ensemble P[B] in
expression (8.60) further, using the shorthand Sij = 1—¢;; and the results of Appendix
C. Dependent on the whether any or both of the indices (r,r’) are zero, we have to

evaluate the following averages

®r =7y =0
Here the average of the last line in (8.60) reduces to (C.3):

1=—
(Vg = <5§O%> = (Bgysy) = Ososy, + ];5&)%- (8.61)

® ' =0,r>0:
Here the average in (8.60) reduces to two terms (representing the cases so = s,
versus so < s(,) which are both of the form (C.4):

()8 = ((Bsysys -« 881»7187-)8&866508{) = p_TszOsg "‘p_r_lgs@s(’,a (8.62)

where we have used the property By, = 1, for any k. The situation 7 = 0,7’ > 0 is
clearly equivalent.

®r v >0:
Now the relevant average reduces to that of (C.6):

<- . ->B = ([380817 ce 7Bs,~718r]Bsrs;, [Bs;,s’la ce Bs’, s!, ]68086>

’

_ pz;o j=00sysy —r=r' =1 (8.63)
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We observe that expression (8.63) reduces to those derived for the simpler cases where
r or 1’ is zero (or both), so it is in fact correct for any combination (r,r’). We may
therefore insert (8.63) into (8.60), and obtain

ror

AT r—4r’ !

¥(s0,50) = &lvlgo (=0v) Z Z D(sr, s) H H [1 - 1)531‘5;]
rr' >0 81...8r 87...8, 1=075=0

X G(80,81)s -+, G(Sr—1,5r) G(84,81)s -+, G(s_1,80)

— g X XY Do)

>0 S1yeeeySp S/1-~~5/T/

T 4 ,",7

TTIT 1+ 5L6,.[1 - O }
) i=0 j=0 [ " 2oy ot (o)

x G(50,81),--,G(8r—1,5:) G(84,81),---,G(8._1,50)

= Z (1)t /Oodsl,,,.,dsrdsll,...,ds;,/ﬁﬁ [1+%ﬁ5[si—s;]

7’20 0 i=0 j=0
X G(SO’ 81)7 S 7G(ST—17 ST) G(SE)ﬂ Sll)v s 7G(S;’717 Slr’)
X [1+ C(sp,s..)]. (8.64)

This is indeed exactly equation (5.55) of Chapter 5, as it should be.

8.5 The role of history statistics

We continue with our analysis of the full MG with history, and next show that all the
complications induced by having real market history can ultimately be concentrated
in the statistics of the M-bit memory strings A of (8.4). More specifically, the core
objects in the theory will turn out to be the following functions, which measure the
joint probability to find identical histories in the effective global bid process (8.51) at
k specified times {¢1, ..., ¢}, relative to the probability p~—* for this to happen in the
case of randomly drawn fake histories and non-identical times:

K
Ag(ly, - b)) =p" 1y << I3 a2 >> ~ (8.65)
A =1

{A.2}

Here we have abbreviated } = > 5c¢_1 1yu, With 2M = p = aN. Thus, for any
value of k£ one recovers in the random history limit and for non-identical times simply
lim¢ 1 Ag(...) = 1. For k = 1 one has A1(¢) = > 5 {(daxe,a,2)) a2y = 1, for
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any (. In contrast, for arbitrary ¢ (i.e. when we allow for real histories) and for k£ > 1
the functions (8.65) will be highly non-trivial.

8.5.1 Reduction of the kernels { R, 3}

We will try to follow as closely as possible the steps which we took earlier in order to
recover the ¢ = 1 equations (8.59) and (8.64). Thus we rewrite the global bid equation
(8.51) as

1.
> {562’ +51G(L, 4’)5>\(4,A,Z),>\(1z/,A,Z)}A(f/) = Ac(€) + ¢u
<t
and we formally invert the operator on the left-hand side, using oy = 77/2p:

A(€)=Ae(€>+¢e+z<—z> Z G0, )Gy, b2), ..., G(lr_1,Lr)

r>0 l1,...,0

[H5A 6AZ) (A ,zﬂ [Ae(lr) + ¢0,]- (8.66)

=1

Expression (8.66), although correct, does not constitute a solution of (8.51), since the
bids { A(s)} also occur inside the history strings A(¢’, A, Z) at the right-hand side. We
now insert (8.66) first into the kernel (8.49), and consider for now only infinitesimally
small external bid perturbations A., so that we need not worry about the indirect
effects on A({) of these perturbations via the history strings A(s, 4, Z):

R(t,t) =6(t—t)+ lim ¢ > (=oy)"" Y G6)G(l, b)), ... .Gl 1, 1)

oy —0
N >0 Cryofos

r—1
X pr<<5)\(£,A,Z),)\(€/,A,Z) [ oxeazaw.a2) >>{A Z}} ‘e:i p_t

=1

=0(t—t)+ lim <Y (=an)"" D G(lo, ), ..., G(lr1,Ly)

>0 Oy,
S {(Moseann

=0(t—t)+ lim <Y (=an)"" D G(lo, ), ..., G(lr1,Ly)
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A (G, - .. ,m} (8.67)

_t _
fo—g,fr—*

SN

Similarly we can insert (8.66) into (8.50), again with A, — 0, and find

S(t,t') = 7 lim 1{ 3 (o) Z G(lo, tr), ..., G(lr_1,0y)

X Z G( 656/1)7"'7G( ,r—lv /r) << <¢€ ¢€ >{¢\A,Z}

2,000,

[ﬁ(sA(Zo,A,Z Al AZ } [H(S)‘ o AENALG A Z)} >>{A’Z}}

’
Lo= 5N Lo= sN

— lim { ST (=)™ YT Gllo. ), Gl L)

v —0 r,r’ >0 l1,..., o
x> G0, Gl ) [L+C L, 0)]
0 48

1900

pr+r’+1 ¥<< [11](:)§>\7>\(zi,A,Z)} { lr—[()(skvk(e}’A’Z)} >>{A,Z} }
i= 7=

;_ /
lo= 5N o= JN

1) 0
N r,r’' >0

— lim { > (—5N)T+’“éze Glo, 01),...,G(lr_1,0,)

X Z G(ly, 04), -, GOy, ) [L+ Cty, €))]

,,,,,

X Ar+r’+2(€07~~~7€r7€67~'~7€;/)} (868)

lo= JN o= 5,:, ‘

We see that the limits dy — 0 in (8.67) and (8.68) are both well-defined, since
each time summation will combine with a factor dy to generate an integral, whereas
pairwise identical times in (8.68)%8 will leave a ‘bare’ factor d but will also cause the
function A, 4, 42(...) to gain a factor p = 7/2dy in compensation.

Since the effective single-agent process (8.47) is linked to the effective global bid
process (8.51) only via the two kernels { R, ¥}, we must conclude from the above
results (8.67) and (8.68) (which are still exact at all times and for all values of the MG’s
control parameters) that the effects of having true market history are concentrated
solely in the resulting history statistics as described by the functions (8.65). More

48 In expression (8.67), in contrast, the occurrence of identical times in the summations is ruled out by the causality
of the response function.
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specifically, it follows that there is no need for us to solve the global bid process (8.51)
beyond knowing the history statistics which it generates.

8.5.2 TTI stationary states

In fully ergodic and TTI states without anomalous response, we could in previous MG
versions find exact closed equations for persistent order parameters without having
to solve for the kernels {C, G} in full, and even locate phase transitions exactly. This
suggests that the same may be true for MGs with true history, and that also here we
can possibly find such exact results without knowing the full history statistics (8.65).
Thus we make the standard TTI ansatz for the kernels in (8.47) and for the correlation-
and response functions:

cit,t)y=Cit—-t), Gtt)=G{t-1),
Rt t)=R(t—1t), Z(tt)=X(t-1),

with x = fooo dt G(t) finite. It turns out that several of the familiar relations between
persistent observables in TTI stationary states of the present non-Markovian MG
process, if such states again exist, can be established on the basis of (8.47) alone. If
we follow the notational conventions adopted previously and write time averages as
f=1lim; oo 7" [7dt f(t), we may write the time average of (8.47) as

dg/dt =0 — ax, 7 + Va7, (8.69)

with x, = fooodt R(t). We may now define the familiar effective agent trajecto-
ries corresponding to fickle versus frozen agents as those with either dg/dt = 0
or dg/dt # 0, respectively. In the case of frozen agents, consistency demands that
sgn[g] = sgn[dg/dt]. It then follows from (8.69) that the (at least as long as x,, > 0,
complementary, and mutually exclusive) conditions for having a ‘fickle’ or a ‘frozen’
solution can be written as follows

fickle: |0+ va7| < ax,o[x], T=-—"—", (8.70)
_ 0 7
frozen : |0+ v/am| > ax,o[x], T= o[oo}.sgn[ﬂ}. (8.71)

Which of the solution types (8.70) or (8.71) we will find is controlled by the realization
of the persistent noise term 77, which is a frozen Gaussian variable with zero expectation
value and with variance given by
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52 = (7?), = lim 12/ dtdt’ X(t, ') = £(c0). (8.72)
0

T—00 T

We may now proceed as in Chapter 5 towards the calculation of the usual persistent
order parameters ¢, x and ¢, where ¢ denotes the fraction of frozen agents in the
stationary state, where x = [;dt G(t), and with

¢= lim C(t) = lim = / Latdt! (ola(®ola@)) = 73 BT

7500 T2 0

Upon introducing the shorthand u = /ax,,o[o0] /Sy \/5,~ and upon using the condi-
tions and relations (8.70) and (8.71), we find in the limit § — 0 of vanishing external
fields:

[T sz
=1 — Erf[u], (8.74)

o= [ et o[l - Vaxaolod] oo

+o[Vanietos) - ] L

o XR

= 02[00]{1 — Erflu] + LElrf[u] ! e_“2}, (8.75)

2u2 u\/7
dﬁ e_%ﬁz/sg Jo
So\/271’ 8(\/aﬁ)
1 dﬁ _1-2/q2 _
— ' e 2N /Soe _
o oy = Va,olo] 7]

= Erflu]/ax, = (1 — ¢)/ax,. (8.76)

It is now clear that in order to find the TTI stationary state solution {¢, ¢, x } and the
phase transition point (defined by x — oo, i.e. x, = 0), we only need to extract
expressions for the two persistent scalar quantities ,, and Sy from the stochastic
overall bid process (8.51). With the help of (8.67) and (8.68), these two quantities can
be written as

. = /0 T dtR()

— 1+ lim { S o) S Gl — )Gty — L), .., Gll—y — £,)G(E))
N S0 Oyl

% Aryr (01, ... ,eT,o)}, (8.77)
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1 ,
2 _ 1; : r+r
S = LILH;O I3 g 611390{ E (—on) E Gllo—"11),...,G(lyr—1 — £)

r,r’>0 l1yeeirlr

X Z G(elﬂ _6/1)77G< ;,1 _6;) [1+C(£T —E;,)]

X Apiyria(loye o by ) ,z;.,)} (8.78)

We also know, given the existence of the continuous time limit of the order parameter
kernels, that the values C'(¢) and G () change only over ranges of ¢ which are of order
O(N).

8.5.3 TTI states with short history correlation times

The calculation of the history statistics kernels (8.65) from the global bid process (8.51)
is hard, but in those cases where the relevant history correlation times L, (measured in
individual iterations ¢) in the process are much smaller than N, we can make further
progress in our analysis of TTI stationary states.

We define the asymptotic frequency (A, Z) at which history string A occurs in a
given realization { A, Z} of our process (8.51) as

™ (A, Z) = lim — ZCS)\ A(,A,Z) (8.79)

L—oo L

Obviously Y~y ma(4, Z) = 1. For ¢ = 1 (no history) we would have 7 = p~! forall
A. We may now also define the distribution o( f) of these asymptotic history frequen-
cies mx (A4, Z), relative to the benchmark ‘no-memory’ values p~ !, and averaged over
the global bid process (8.51) in the infinite system size (i.e. continuous time) limit

o(f) = lim = " (0[f — pra(A, 2)) 4.2y (8.80)

p—>oop X

Our definitions guarantee that foood f fo(f) = 1 for any C. For ¢ = 1 we simply
recover o(f) = 6[f — 1], i.e. all histories occur equally frequently.

At this stage we have not yet shown that the limit in (8.80) actually exists, i.e. that the
history frequencies in the presence of history do indeed scale as 7wy (4, Z) = O(N~1).
Numerical simulations, however, confirm that this assumed scaling is indeed cor-
rect. Figure 8.1, for instance, shows the results of measuring the actual distribution
p~ 130, 0[f — pma(A, Z)] of relative history frequencies in typical simulation exper-
iments, one carried out in the ergodic regime of the MG (large «, right panel), and one
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10— 77171 10— 771771771
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Fig. 8.1 Typical examples of history frequency distributions (8.80) as measured in simulations of the on-line
MG without decision noise but with full history (i.e. ¢ = 0), after equilibration. Left: o = 0.125 (in the

non-ergodic regime of the MG, below a.). Right: o = 2.0 (in the ergodic regime, above ).

in the non-ergodic regime (small «, left panel). These data also indicate that above
the critical point . the distribution of relative history frequencies for the MG with
true market histories is non-trivial, and certainly does not reduce to that found for fake
history version, i.e. to the delta peak o(f) = d[f — 1], whereas for « < a, one does
find o(f) = d[f — 1] (within the limits of experimental accuracy).

If Ly, is the characteristic history correlation time in the process (8.51), then all finite
samples of history occurrence frequencies can be expected to approach the asymptotic
value (8.79) according to

{+L

Z Saxw,Az) =Ta(A, Z) [1 +O((Ln/L)?)|. (8.81)
ey

1
2L
¢

This implies that in expressions such as (8.77), where G(¢) — G(¢') = O(|¢ — ¢'| /N
and where only time strings {1, ..., ¢;} with mutual temporal separations of order
O(N) will survive the limit jy — 0, we may choose e.g. L = /Ly N and effectively
replace

r+1
A 0,0) = "3 [mall + O(VT/N)]| T 88
A

with
™ = ((Ta(A, 2))) (4,2} (8.83)
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This results in
r+1

plggop > (—x {pm +0(y Lh/N)]}
A r>0

~ lim L Z pmall (\/ Ly/N)]

p=oe p 1+XP7TA O(v/'Lu/N)]

= [Caran (8.84)

(provided indeed limy_. Ly/N = 0). The same simplification to an expression
involving only the history frequency distribution o( f) can be achieved in (8.78), but
there we have to be more careful in dealing with the occurrences of similar or even
identical times in the argument of (8.65). We first rewrite (8.78) by transforming the
iteration times according to

forall ¢ € {0,...,r}: Ki:Zsj.

This gives, using lims_,o, G(s) = 0 (i.e. restricting ourselves to ergodic states with
normal response)

Sg - (5}3?0 Z (_6N)T+TJ Z G(SO)7 e 7G(S7"—1)

r,r' >0 80yeeeySr—1>0

Z G(Si))a s 7G(S,r—1)

1 L=y si =15 s,
/
x lim - > Z [1+C(sy — L))
s»=0 s’T, =0

X Apigrro(804 .ot 8pyo e b+ b b B+ oo byl L),
Each time summation in this expression is compensated either by a factor dy (to
combine into an integral), or limited in range by L and compensated by a corresponding
prefactor L1, so that any ‘pairing’ where two (or more) times are close to each other
(relative to the history correlation time Ly,) will not survive the combined limits §y — 0
and L — oo. Therefore we may again replace

r+r'42

Arigrialnn) = P (14 O(VIn/N)]| (8.85)
A
and find, with C'(c0) = ¢

S§ = (1+¢) lim pZ > (=0 [prall + O(VIn /)

A rr'>0

:| r+r'+2
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[prall + O/

=(1+4c¢) lim 1 5
pee P {1+xp7r>‘[1+(’)(\/Lh/N)]}
_ [e’s) f2
_(1+c)/0 af olf) T (8.86)

Since only X, and Sy are required to solve our effective single-agent process in TTI
stationary states, we see that upon making the ansatz of short history correlation times
Ly, < N (the self-consistency of which would still have to be confirmed) the effects
of history on the persistent order parameters in the MG are fully concentrated in the
distribution o(f) of history frequencies, as defined by (8.80). Once o(f) has been
extracted from the global bid process (8.51), the TTI persistent order parameters are
apparently given by the solution of the following set of equations

o U[OO]\/aXR . 1- ¢ 1
u= 750\/5 ., X = P ¢ =1— Erfu], (8.87)
c= 02[00]{1 - Erf[u] + #Erf[u] - u\l/%e“} (8.88)
/ df o(f f 2 (8.89)
SO—(I—i-c)/O af off )(Hf e (5.90)

For ¢ = 1 (no history) we have o(f) = §[f — 1], leading to x,, = (1 + x)~! and
So = /14 ¢/(1+ x), and the above equations are seen to reduce to those of Chapter
5, as they should.

8.6 Calculating the history statistics

We have seen above that, at least upon making the ansatz of short history correla-
tion times in the MG, finding closed equations for persistent TTI order parameters
boils down to the calculation of the distribution o( f) of relative history frequencies,
as defined in (8.80). Our remaining programme of analysis is therefore: (i) find an
expression for p(f), (ii) express this distribution in terms of the persistent TTI order
parameters {c, @, X, Xx, S0}, and (iii) confirm retrospectively the self-consistency of
assuming short history correlation times.

8.6.1 The moments of o(f)

The distribution (8.80) is generated by the effective non-Markovian global bid process
(8.51), which we cannot realistically hope to solve directly. However, we might get
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away with a self-consistent calculation of (8.80) which does not require solving (8.51)
in full. To do so, we will focus on the moments p, of the distribution o, from which
the latter can always be recovered (if the relevant integrals exist)

me= [ ar ot (8.91)
/dw iwf /Oodflg(f/)e—iwf' — /;l::eiwf Z %(—zw)k (892)
k>0

We obviously have pg = p1 = 1, for any ¢, which follows directly from the definition
(8.80). In the absence of history (i.e. ( = 1) we have o(f) = 0[f — 1], so that ug = 1
for all £ > 0. We will rely on the sum over moments in (8.92) converging on scales
of k which are independent of V. This is equivalent to stating that the limit (8.80)
is well-defined, so it does not restrict us further. By simply combining the relevant
definitions (8.79), (8.80) and (8.91) and (8.4), we can first of all work our way towards
a more explicit but still relatively simple expression for the moments g

i = ; S (a4 2 pa
A

- ]; Lh_)rrgo Lk Z ( H H 6)\'i7>\i(fj»A7Z)>> {A,Z}
A

21, =1 i=1j=1
M
g %y (TR S Mowean}),

Ly, 74167 =1 A==+1j5=1

M k
= Jim P Z <<H{U51’“J’AZ +H5 PG A }>>{A,Z}'

O, 0=1 =1

N =

(8.93)

We see that the average ((. . .)) 4,7} in the last line of (8.93) gives exactly the following
joint probability

(- )42y = Prob {{)\1(61,14, Z) =Ml A, Z) = - = A (g, A, Z)}
and {)\g(ﬁl,A,Z) = oo, A, Z) = - = Ao(ly, A, Z)}
and {AM(el,A,Z) = Mr(lo, A, Z) = - = My, A, Z)}} .

(8.94)
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Let us define the shorthand
Same(i) = {A,»(el,A, Z) = N(la, A, Z) = - = Ni(ly, A, Z)}. (8.95)

In words, Same(i) states that the ith component of the history string takes the same
value at the k specified times {1, ..., ¢;}. In this new language, and given that our
bid process obeys causality,*® our statement (8.94) becomes simply

((--)){a,zy = Prob| Same(1) A Same(2) A --- A Same(M)]

= Prob[Same(1) | Same(2) A --- A Same(M)]
x Prob[Same(2) | Same(3) A - -+ A Same(M)]

x Prob[Same(M —1) | Same(M)]
x Prob[Same(M)]. (8.96)

Since we need not consider values of £ which scale with IV or L, the contributions to
(8.93) from those times {/1, ..., ¢;} for which there are correlations between objects
at a time ¢, and those at another time ¢, will vanish in the limit L — oo. Since we
also know that we are in a TTI state, it follows that the conditional probabilities in
(8.96) will not depend on the actual values {/1, ..., {x}. In the limit L. — co we may
replace

Prob[Same(r) | Same(r +1) A -+ A Same(M)] — Ppynr—p,

where P|,,,) denotes the probability to find for randomly drawn and infinitely sep-
arated times {{y,...,0} that \;({1,A,Z) = -+ = X\(lx, A, Z), for an index 1,
given that the identity holds for the indices {i + 1, ...,i+ m} (with Pijo) giving this
probability in the absence of conditions). This allows us to write (8.93) as

=" Py - Prinr—g) -+ Pg) - Plijo)- (8.97)

As a simple test one may verify (8.97) for the trivial case ¢ = 1 (no history in the MG).
Here conditioning on the past is obviously irrelevant, so that P, = Plrjo) = 21—k

49 We here use the fact that a component \; (£, A, Z) of the history string observed by the agents at time £ is by
construction (see definition (8.4)) referring to the overall bid at time £ — 4. It follows that the probability of finding a
given value for \; (¢, A, Z) depends via causality only on the bids at the earlier times {¢ — ¢ — 1,£ — i — 2,...},
hence on {\;+1(¢, A, Z), Nit2(4, A, Z), ...}
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for all m, which indeed gives us pur = pk_12(1_k)M = 1 (as it should). In the
continuous time limit N — oo (equivalently: for M — oo, since 2 = aN) we thus
find the as yet exact formula

M-1

k:—l
]V}lmoo log () hm Z log [ P[khﬂ- (8.98)

8.6.2 Reduction to history coincidence statistics

Next we have to find an expression for the probabilities Px,j. We know from equa-
tions (8.51) and (8.52) that the value of the overall bid at any time ¢ is only correlated
with the bid value at time ¢’ if the two times (¢, ¢') have identical history strings,
ie. if A(¢, A, Z) = A(¢', A, Z). We know that individual histories show up during
the process with probabilities of order N ~!. Since the likelihood of finding recurring
histories during any number » = O(M) of consecutive iterations of our process is
therefore vanishingly small (of order O(M/N)) such direct correlations are of no
consequence in our present calculation. It follows that the only relevant effect of con-
ditioning in the sense of the P, is via its biasing of histories in subsequent iterations.
Although the probability of history recurrence during a time window of size O(M) is
vanishingly small, if two (short) instances of global bid trajectories are found to have
identical realizations of some of the bits of their history strings, they will nevertheless
be more likely than average to have an identical history realization in the next time
step. This is the subtle statistical effect which, together with the resulting biases in the
bids which are subsequently found at times with specific histories, ultimately gives
rise to the relative history frequency distributions o( f) as observed in Fig. 8.1.

The statement that the conditioning in P, acts only via the joint likelihood of
finding specific histories {1, ..., A;} at the k specified (and widely separated) times
{l1,..., 4}, translates into

P = D PG AP, Al (8.99)
ALy A
Here P[k|A1,. .., Ax] denotes the likelihood to find A(¢1, A, Z) = ... = A(4, A, Z),

if the history strings at those k times equal {1, ..., At },and P[Aq, ..., Ag|r]| denotes
the likelihood of finding those k specific histories given that the bits of the k history
strings have been identical over the r most recent iterations.’® The probability of

50 Here one will find that consistent and inconsistent realizations of the history noise variables Z (¢, i) are to be
treated differently: in the case of consistent noise, one will always have \; (¢, A, Z) = X\j11(£ + 1, A, Z). This is
not true for inconsistent history noise.
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finding specific bid values A(¢) will in TTI states only depend on the history string
A associated with time ¢. Given this history string, A(¢) is a Gaussian variable (this
follows from the effective bid process (8.51)), with some average Ay and a variance
cri (which will in due course have to be calculated). Using also the fact that the Z (¢, 1)
were defined as zero-average Gaussian variables, with variance 2, we obtain

k
Pl A = E [/DZ /dA Pa, (A1~ QA + 2]

k
+ H1 [/Dz /dA Pa, (A)0[—(1 - O)A - ¢Z]]

Sl (1- ¢4,
H[g*gErfL@ . {l

j=1
Pl (1—¢)Ax,
+ — — —FErf 2 . (8.100)
]1;[1 2 2 [ﬂ\/@,@ +(1 _C)2G§\j:|

‘We now write the sum over all combinations of histories in equation (8.99) in terms of
a partitioning in groups, where two M -bit strings {A;, A; } are in the same group if and
only if they are identical. We will write (g1, g2, . . .) for the subset of all combinations

{A1,..., A} where one has one group of size ¢1, a second group of size g2, and so
on.?! Clearly g1 + g2+ - - = k, for all possible subsets of our partitioning. This allows
us to write

P[k\r] = Z 5k’g1+92+...7)[k|g1, g, .. ] 77[91, gz, ... "I‘} (8.101)

(917927"')
According to (8.100) the distribution P[k|g1, g2, . . .] is of the relatively simple form
P[kj|g1, g2, .. ] = Ql_kq)(gl, g2, .. .), with
9;
1 1-0)A
CI)(gl,gg,...):iH Zﬂ')‘ 1+Erf{ (1=0)A }
i>1 | A \/5\/@/‘624‘(1—02‘7%\
o 9g;
1 1-0)A
513> ™ 1—Erf[ (L= 94 ]
i>1 A ﬂ\/(2ﬁ2+(1—02‘7§
(8.102)
51 For example: (k) denotes the subset of all combinations {\1, ..., Ax} where A\; = --- = X, (2,1,1,...)

is the subset of all {1, ..., Ag} where precisely two history strings are identical, and all others are distinct.
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Insertion of the representation (8.101) for P, into (8.98) allows us to write the
moments of the relative history frequencies in the following form

M-1

hm log ,U/k hm Z log Z 5k,g1+g2+...©(917 g2, .. )7)[917 g2, .. |T] :

(91.92---)
(8.103)

It will be helpful to first assess which values of r in (8.103) can at all survive the
limit M — oo. We note that whenever we have a value of r such that M — r — oo
as M — oo, the condition that the & history bits were identical over the most recent
r steps still leaves a very large O(2"~") number of compatible history strings to
be found at the relevant probing times {1, ..., ¢}, so that the likelihood of finding
histories coinciding in multiples (g1, g2, . . .) scales as

Plor, oIl = [ 0@@=D0=0), PR1, ] =1+ 0@ M),
Jlg;>1

Since k is finite and ®(1,1,1,...) = 1, the total contribution to log(juy) from all
those terms where M — r — oo as M — oo is now found to be negligible, since for
1 < R < M we may write

R—1
Zlog[ Z 5k,gl+gz+-~~‘1)(91,92,---)73[91,927---|7"]]

(917927---)
R—1 R—1
_Zlog[HO?M] O(2r—M)
r=0 r=0
=02 M@t 1)) = 0@ M), (8.104)

The conclusion is that in (8.103) we need only those terms where M — r is finite.
This makes sense, since these latter terms represent contributions where virtually
all past components of the history strings at the times {/1, ..., ¢} were identical,
which should indeed constrain the possible histories at the times {/1, ..., {;} most,
and indeed gives the largest history coincidence rates. We consequently switch out
conditioning label from the number 7 of previously identical components to the number
M — r of unconstrained components, and write

P[gl7927"‘ |T] = 9[917927"' ’M - T}

and find (8.103) converting into the simpler form
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Jim log(yur) ZIOg[ > Okgirget-2(91,92,- - )Qlg1, g2, I7]].
r21 (91,92,---)

(8.105)

We are left with the task to calculate the likelihood Q[g1, g2, . . . |r] of finding at the
k distinct times {{1, . .., {;} of our process the histories {A1, ..., Ax} to be identical
in prescribed multiples of (g1, g2, ...), given that the bits of the & history vectors
were identical during all but r of the most recent iterations. This is still a non-trivial
combinatorial problem.

At this stage of our argument we can benefit explicitly from having to consider only
values of 7 in (8.105) which are finite (compared with M, which is sent to infinity). For
each value 7 of the number of ‘free’ components, there will be only 2" possible history
strings A available to be allocated to the k times {1, . .., ¢ }. In principle one would
have to worry about the probabilities to be assigned to each of the 2" options. However,
since we know for the full M -component history strings that their probabilities scale
as x = fap~ ! with fy = O(1), the effective probabilities of individual components
of A € {—1, 1} must scale as

o =M= I Lo
2 2

From this we deduce that for finite » we may take all 2" allowed history strings to
have equal probabilities. This turns the evaluation of Q[g, g2, . .. |r] into a solvable
combinatorial problem. Each of £ elements is given randomly one of 2" colours (where
each colour has probability 27"), and Qlg1, g2, .. .|r] represents the likelihood of
finding identical colour sets of sizes (g1, g2, - - .). Let us abbreviate R = 2", and write
the rth term in (8.105) as log(H,). Now, using 2791 +97) = 2=7k — R=F we may
simply write52

Lim log(u) = log H,, (8.106)
r>1
Ho= Y ®(g1,92-..)9g1,92.- -]
(917927"')
k k—g1k—gi—g2 k—gi—...—gr—1
—Z > Z > 2(gng2-) fiy,
=0g2=0 g3= gr=0

52 One easily confirms that our expression for H;- is properly normalized. Upon choosing ®(g1, g2, . ..) = 1 one
can perform the summations iteratively, starting from g and descending down to g1, which leads exactly to the factor
RF to combine with the R—* present.
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XR—k<k><k‘—91></€—91—g2) <k7_91—"'_9R—1>
g1 92 g3 9dRrR '

(8.107)

8.6.3 Expansion of sign-coincidence probabilities

We have now simplified the conditional distribution Q[g1, g2, . . . |r] of history coinci-
dences sufficiently, and turn our attention to ®(g1, g2, ...) as given by (8.102). If we
restrict ourselves to an expansion of (8.102) in powers of the (random) bid biases A
in which we retain only the leading terms, our problem simplifies further to the point
where we can obtain a fully explicit expression for the moments p. In Appendix D
we derive the following compact relations

O(1,1,1,...) =1, (8.108)
®(g1,92,...) = 02220219509, — D) =592 5, 9, (9,~ 1) (29, =3)+0(Q%) (g 109)

)

Q= Erf? (1A . (8.110)
;m [f\/c%u —()%03 2]

The results (8.108) and (8.109) imply that, rather than knowing the full probability
distribution P[g1, g2, . . . |r] in (8.103), we only need the (conditional) statistics of a
modest number of relatively simple monomials. Expanding the exponential in (8.109)
up to the relevant orders, and using » ;9 = k (which is always true inside (8.107))
produces

1 2
¢(91,gz,-..)=1+59[29j—k} (8.111)
7>1
1 1
* 492[ D077 =2 9] — (k=5)) g; + 5k = 3k| +O(%).
ig>1 i>1 j>1

However, since the combinatorial averaging process of (8.107) in this particular rep-
resentation involves a measure which is invariant under permutations of the numbers
{91, 92, ...}, we know that the average of (8.111) is identical to that of the following
simpler function (with R = 2"):

1
et (91,92,-..) =1+ 59(39% —k)
1
+ 50 [Rg% + R(R —1)g2¢2 — 4Rg? — 2(k — 5)Rg? + k2 — 6/~c]

+0(Q3). (8.112)
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Instead of having to use full combinatorial measure (8.107), we can therefore extract
all the relevant information from the (joint) marginal distribution for the pair (g1, g2)
only. Inserting (8.112) into (8.107) gives us

1 1
H, =1+ Q[RGS( — k| + 202 [RGY( + R(R - 1G5

— ARG~ 2(k = H)RGES + K2~ 6k| + O(©) (8.113)
with
o h k k—g1 k—gi1—g2 k—gi——gr—1
Gy =D D, SRR SR 2% S
91=0g2=0 gs=0 9r=0

« RF k><k—91><k—91—g2>”'<’€—91—"'—9R1)
g1 92 g3 9R

k k—g
=Ry (gk;) (k B gl) (R —2)"9-g0h. (8.114)

91=0g2=0 92

Those combinatorial factors Gs’f which we need in order to evaluate (8.113) are
calculated in Appendix E. They are found to be

R R

G]:;:ég Z+3k‘(/;2— 1)+k‘(k‘—2§k—2)’

Gi:(])% _ % n 7/{:(1;2— 1) n 6k(k —;;(k —2) N k(k — 1)(13%; 2)(k — 3)’
G’;;f _ k:(k;q; 1) n 2k(k —;g(k‘ —2) N k(k — 1)(kRZ 2)(k — 3)‘

Insertion of these factors into (8.113), followed by restoration of the shorthand R = 2",
gives us the fully explicit expression

Hy =1+ %Qk(k —1)27" + éQQk(k —1)(k —2)(k —3)4" + O(Q%).(8.115)

This concludes our combinatorial analysis of the history string statistics. We can now
give explicit formulae for the moments of the relative history frequencies, and hence
also for the distribution o( f) itself, in the form an expansion in a parameter which
controls the width of this distribution.
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8.6.4 Resulting prediction for o(f)

The result (8.115), together with the earlier relation (8.106) and the standard geometric
series )~ 2" = x/(1 — x) (for [x| < 1), leads us finally to the desired expression
for the moments fu:

Jim log(u) = > log [1 + Qk(k: 1) QQk(k: 1) (k—2)(k —3)47"
r>1

+0(2%)]
= %Qk(k —1)— %Q%(k —1)(2k - 3) + O(Q%). (8.116)
We see that this general formula obeys 1o = ;1 = 1, as it should, and that
Jim iy = e HO(Q%) 8.117)

Insertion into our earlier expression (8.92) for the relative history frequency distri-
bution o( f) leads in the limit A/ — oo to a formula in which, at least up to the relevant
orders in €2, the introduction of a suitable Gaussian integral allows us to carry out the
summation over moments explicitly

1w _lw 1 1 2 _ _ 3
o(f) _/ fz LOk(k—1)— 5 Q2k(k—1)(2k-3)+0(2?)

k
oiws N 519 kot tkarion [y - Loz
/Dz/ Z - [1- s 4]
dw : (—iw)k 1 dS 502_ 1 102
= — lwa :7 — 2V 2k /22— 1k(0410?)
/DZ/Qﬂ'e = k! {1 =t }

dz3

dz3
I/Dz :1—1—6\/5((9%32@6—122) 4. } { NI IEE (S QQ}

- /Dz 1+ é\/ﬁ(&z )4 } 5[]‘ - ezvm%ﬂ?f%(“*%ﬂz)}. (8.118)

Z/Dz:l—l\/ﬁd3 4. "}5{f—e VorIoz-Li+i Q?]

M)

We may use (8.117) to express the parameter €2 in terms of the second moment o,
turning our expansion of the moments i, into an expansion in powers of log(uz).
Depending on whether we wish to take our expansion only to order O(log(u2)) in the
moments £, or also to O(log?(112)), we obtain

e %Z2 (f)

o(l : S — 8.119
to O(log(uz2)) = o(f) o) ( )
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o(f)

Fig. 8.2 Test of the predicted history frequency distributions (8.119) (left picture, based on expansion of the
moments g, up to first order in the width, u, = eéﬂk(k—l)) and (8.121) (right picture, based on expansion
$Qk(k—1)— L 02

up to second order, pi = e2 k(k_l)(Qk_S)), together with the data of Fig. 8.1 as measured in

simulations for o = 2.0. In both cases the second moment which parametrizes (8.119) and (8.121) was taken

from the data: pg ~ 1.380.

_ log(f) + 5log(pa)

z(f) (8.120)
log(p2)
2 e D [14(1/6)ylog(2)(3:(1) = 2*(f)
to O(log?(p2)) = o(f) = (8.121)
F/2mll0g(p2) + log? (12)]
() = 08U + (1/Dlog() + 2108 (g 1,

\/ log(pia) + 1log®(p12)

The two theoretical statements (8.119) and (8.121) are indeed found to constitute
increasingly accurate predictions for the actual distribution of the relative history
frequencies® see e.g. Fig. 8.2. We have thus been able to explain the origin and the
characteristics of the observed history frequency statistics.

53 Both results are expansions for small €. Should (8.121) be applied to values of € that are not small, one has to
be careful in dealing with large values of f, where o( f) could become negative (this would have been prevented by
the higher orders in €2, which are absent from the truncated formula). The implication is that the Gaussian integral
(8.118) must in practice be complemented by a cut-off ze = O(Q~1/6), i.e. we replace [Dz [1 + %\/5(3,2 —
2| F(z) — [Dzg[l+ é\/ﬁ(3z - 23)|F(2)/ [Dz g[1 + %\/5(32 — 23)], where g[z] = z0[z].
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8.6.5 The width of o(f)

What remains in order to round off the present analysis of the distribution of relative
history frequencies is to calculate the width parameter 2 in (8.116) self-consistently
from our equations. According to our theory, 2 is given by (8.110), i.e. by

Q=S "1, Erf? (104 : (8.123)
; A {\/i\/cgﬁg_i_ 02 i

The quantities Ay and 03 = A2y — Ay describe the statistics of those bids that
correspond to times with a prescribed history string A. We know from (8.66) that
these are Gaussian variables, which implies that Ay and ai are all we need to know.
Since we restrict ourselves in this chapter to TTI states without anomalous response,
we can write both Ay and A2y as long-time averages

L

Ay =my nglgoL " aaawanAl), (8.124)
/=1
L

AZy _wAlngréoL Y oaawa,nA%(0). (8.125)
/=1

We can work out the average Ay, using (8.66) and TTI, and subsequently define the new
time variables s; = ¢; —{; 1 (fori < r)and s, = ¢, (sothat{; = sj+s;41+---+5;).
This results in

L
Ay = lim L1 SO (=) Y Gllo—tr),. ., Glle1— Ly)
L=oo LpTX [ =150 A
X [HP(SA,AE AZ)}(W
1=0
=];A§<—5N>’"SOVZ’SMG@O>, Gs,1)
1 L=32ic8 r
Jim ZZO [Qpéx,mﬁ...ﬁrﬁ,m b, (8.126)

Given our earlier ansatz of short history correlation times, in the sense of (8.81),
and given that x = ), G(£) < oo (so that G(£) must decay sufficiently fast), we
find this expression simplifying to

Z . 5)\
A= Z(—XPWA) lim —— Z5>\>\ 5,A,2)Ps = Tovmms

r>0

(8.127)
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In a similar manner we find

L

- ) 1

A%y = LILH;O T}\L e ; O6}\’}\(60’A’Z)A(EO)A(%)(S%%
ol =

L
~ lim = SN (=)t YT Glle— ), Gl 4)

L L
T A =0 >0 01, b

x Z G(ly—101)s s Gl 1= 1)OA A (t0,4,2)
o,

X {Hpék,)\(éi,A,Z)} [HMA,A(Q,A,Z)} Oty Pe, P,
i=1 i=1

:]% ST S Glso) o, Glsit) S Glsh),en  Glshy)

r,r’ >0 805--y8r—1 S()5-eesS!

rl—1
1 L=3, o si =3, 5;
x LILH;OE Z Z POX (504451, A,2)
s»=0 s, =0
r r
x {HP5A,A(si+-~+sT,A,Z)} {HP5A,A(SQ+~-+SLHA-,Z) 05, 50,52, 8 Ps, P,
i=1 i=1

(8.128)

Again we use Y, G({) < oo to justify that in the summations over s, and s}, the
upper limit can safely be replaced by L. Thus

1

P)\ = (_6N)T+TJ Z G(So)a"'vG(Sr—l) Z G(56)7 "aG<S'Ir’—1)
P r,r'>0 80yeeySr—1 S80Sl
1 L r
x Hm - D POANE, 5.4.2) {HP5>\,>\(23.27,3,~,A,Z)}
s.=0 i=1
X |:Hp5)\7)\(2j 85— j<i s;,A,Z)] ¢3T¢2j St 55 (8.129)
=1

The present calculation is similar to that of the volatility matrix in the online MG,5*
so it is no surprise that here we have to worry about pairwise time coincidences. Each
such coincidence effectively removes one constraint of the type dx (..., a,7), since the
latter will be met automatically. All the remaining terms will be occurring in extensive
summations, so that we may replace each ‘unpaired’ occurrence of a factor oy x(... 4,7)

54 The quantity Ui = A2, — A} can be regarded as a conditional volatility, where the condition is that in
collecting our statistics we are to restrict ourselves to those times where the observed history strings take the value A.
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except for those with the same argument as one of the Gaussian variables ¢, by its
time average 7). In practice this implies the replacement

[ﬁp%,)\(zjzisﬁfx,m} [rﬁlp%;\(zj 5= S1hA, Z)} -
=1 =1

(p7r>\)r+r/_27r;2 Z 05 s 500 50— Saej
r—1r'—1 1
— (pWA)T-i-T -2 H H |:1 + (7_(7 - 1)5Z[<i Sg,zz<j S;i|
i=1 j=1 A
r—1r"—1 . ﬁ
T+T R T } 8.130
pﬂ-)\ 'H jHI |: pﬂ-A 25]\[ ZZ<1 SEVZp ( . )

and therefore

A2 =" (=)™ Y Glso),. o Glsrm1) Y. G(sp)s- - G(shy)

r,r’'>0 805-++5Sr—1 80yeesSs

r—1r'—1

5 (pﬂ_)\)r—l-?"’ H H [1 + 1—mx 7 52[035,2/0 }

Py 20N

L
X kS, s-%, s Jm —— WQL Z‘SA)\ 5.4, Z2)ONA(54+k,A,2) Ps Pt k-
K =0
(8.131)

As in the calculation of the volatility for the on-line MG, lacking as yet a method to
deal with all the complicated terms generated by the factor proportional to the learning

rate 77, we have to restrict ourselves in practice to approximations. As before we first
remove the most tricky terms by putting 77 — 0. This gives

AZy = Z (—énpma)"t" Z G(s0)y---,G(8r—1) Z G(sp), G(sh_4)

’
r,r!' >0 80,-+8r—1 5050 ’ST/,l

. 1
X Z OS85 =5 et LILH;O 2L Z INA(s,A,2)ONA (54K, A,2) Ps st k-
k s=0

(8.132)

We subsequently assume that the limit . — oo in the last line converts the associated
sample average into a full average over the statistics of the Gaussian fields ¢, as given
by (8.52), i.e.

lim —— Z OAN(s,4,2)OA A (s54k, A, Z) Ps Ps-tk

L—oo 71')‘
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L
1 1
— lim =7 Z OAN(5,A,Z) ONA(54+k,4,2) (Ps Pstk) gl A, 2 = *[1 + C(k)].

L—oo ™

If we also separate the correlation function into a persistent and a non-persistent term,
via C(k) = ¢+ C(k), and return to the earlier notation with time differences inside the
kernels G, the result is the history-conditioned equivalent of our earlier fake history
volatility approximation stage (5.90):

A2 = Y (=avpma )™ DT Glso),- o, Glsro1) Y. G(sp),. . Glshy)

r,r’ >0 505eees Sr—1 86""’81«’71
1 A 1
X 5{14—0—#0 (Zs] - Zsj> }
I<r g<r!
1+4+c¢

_ 1 l ! -1/ v o -1
RETCESYNE + 2/dsds (I+pmaG) " C(s —s") A+ pmaG)™ ",

(8.133)

where, as always, 1(z,y) = d(x — y). In order to get to the present stage we have
averaged the ¢-dependent terms inside A2y over the Gaussian measure (.. .) G|A,Z-

. . . - 2 .
Consistency demands that in working out oi = A2, — A, we do the same with the

term Zi, where Ay is given by (8.127), so that our present approximation for the
history-conditioned volatility becomes

—2
2 A2 <¢A>
=A%y — — A
TATINT (T4 xpma)?
L
— 1 1+C(—10)
= A% — jim (Lmy)? MZ; OXA(L,A,2)OAA(,A,2) 20+ xpma)?
— 1
iy +c

2(1+ xpma)?
1 ~
=5 /dsds’ (I+ praG)~H(s)C(s — ) (T 4 praG) 1 (s). (8.134)
Our final approximation step is identical to that which took us earlier from (5.90)
to (5.91). We assume that the non-persistent correlations C'(¢) decay very fast, away

from the value C (0) = 1 — ¢, so that in the expansion of (8.134) in powers of G we
retain only the zero-th term:

o5 = %(1 —¢). (8.135)
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We can now return to our expression (8.123) for {2, and insert our two approximate
results (8.127) and (8.135), giving:

. (1—)oa
Q= lim 7 Brf?
p%oo; A \/5(1+Xp71')\)\/§2/€2+(1/2)(1_<)2(1_C)]
(1-Q¢
= [dfd , Erf?
fasas ots. 001 [\/m XV + (D= 0P - c>]
(8.136)
with
olf.9) = lim ]1) > 68[f — praldle — 6al- (8.137)
A

We know the ¢, to be Gaussian variables, with (¢, ) = 0 and (51} = 1(1+c) (see
the above derivation of O'i where this was shown and used). Hence, upon making our
final simplifying assumption that in the relevant orders of our present calculation the
possible correlations between the history frequencies 7 and the Gaussian fields ¢
are irrelevant, we obtain

e—#*/(1+c)
o(f,¢) = o(f) \/ﬁv (8.138)
and hence (8.136) simplifies to
a= [ Dz Erf2 21— Ovl+e .
e e v e vy veror ey
(8.139)

The integral [ Dz Erf?(Az) is calculated in Appendix B, see (B.17). It is found to be
equal to % arctan[yv/'1 + 4A2] — 1, so that, in combination with the general identity
Jdf o(f)f = 1, our approximate expression for the width parameter {2 becomes

o — c (1/2)
9_4/ df o(f)f arctan |14 (1=¢)*1 +c)

™ s TP+ 20 -0ra—a) "

(8.140)
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In the limit of strictly fake history we recover from (8.140) the value lim;_,; 0 =
(4/m) arctan[l] — 1 = 0, as it should. For MGs with strictly true market history, on
the other hand, expression (8.140) simplifies to

2(1 + ¢) 1/2
A+ X2 —0)
In accordance with our observations in simulations we also observe that, as the system
approaches the phase transition when « is lowered from within the ergodic regime,

the increase of the susceptibility x automatically reduces the width parameter €2, until
it vanishes completely at the critical point.

lim Q = j_/oodf o(f)f arctan |1+ — 1. (8.141)
0

¢—0

8.7 Closed theory in the ergodic regime

We have now obtained a closed theory for the TTI states, albeit in approximation. It
consists of the equations (8.87)—(8.90) for the persistent order parameters, combined
with expressions (8.119) and (8.121) for the shape and (8.117) and (8.140) for the width
of the relative history frequency distribution o( f). This theory predicts correctly that
the phase transition point a.(7") of the MG with history is identical to that of the
model with fake memory, that at the transition point the relative history frequency
distribution reduces to o(f) = d[f — 1] (also at that point the order parameters all
become independent of whether we have true or fake history), and it predicts more
or less correctly the shape of the relative history frequency distribution. In the limit
o — oo the theory also reproduces the correct order parameter values y = ¢ = ¢ = 0,
for any value of (. For ¢ = 0 (strictly true memory) it predicts limy_.o 2 = % and
hence lim,—, 00 2 = 1.37.

Let us finally work out our closed equations, and try to reduce them to a more
compact form, for the simplest non-trivial case of the MG with strictly true market
history (i.e. ¢ = 0) and without decision noise (i.e. o[co] = 1). Here we have

w= \/5ij =12 ¢ =1 — Erf[u], (8.142)
S()\/i AXr
=1 Ef[]+iEf[] L o (8.143)
c= rffu 902 rf|u uﬁe , .

502 1 102 -1
X, = /Dz [1 + é\/ﬁ(i’)z - z?’)} [e*Zv“ﬁQ +3@H397) | x} | (8.144)
502 1 102 -2
S2=(1+¢) /Dz[l + é\/ﬁ(&z - z3)} [e*Z QFSPH Q) x} , (8.145)

Q= /DZ |:1 -+ é\/ﬁ(?)z _ Z3)i| ez\/ﬁgm*%(ﬂ+%92)
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-1

201+ ¢) ]1/2

— arctan
' (I-0) |:1 + xe* Q+(5/6)QQ*(1/2)(Q+%Q2)} 2

(8.146)

Upon using equation (8.143) to write ¢ as a function of u, i.e. ¢ = c(u) with ¢(u)
denoting the right-hand side of (8.143), and upon eliminating the quantities ¢ and S,
we find ourselves with a closed set of equations for the trio {u, x, }:

-1/2
_ .3
_ Eiffy /Dz 1+ (1/6)vVQ(3z — 23) :  (8.147)
Xv2a(1+c) [e—z\/Q+(5/6)Q2+(1/2)(Q+§92) i X}
—1
Erf 1+(1 Q32 — 23
= il { D2 all /?)\FC)’Z z )2 } , (8.148)
o o= VUHB/6)22+(1/2)(Q+(1/29%) |
0- /Dz[l + }\/5(32 B 23)}ez\/Q+(5/6)QZ—(1/2)(Q+(1/2)92)
6
1/2
X é arctan [1—1— 21 + c(u)] 2} —1
™ 1 — e(u)] [1 4 Xez,/Q+(5/6)Qz_(1/2)(Q+(1/2)92)}
(8.149)

Solving these three coupled equations numerically, followed by comparison with
simulation data, shows a rather surprising level of agreement, given the tedious ex-
pansions and assumptions that have been required in order to get to (8.147)—(8.149).
Figure 8.3, for example, shows the performance of the theory in describing the on-line
MG with strictly true market history (i.e. ¢ = 0), together with the earlier data for the
on-line fake history MG (i.e. ( = 1), for comparison.5s Calculation of the first two
non-trivial moments p, of the distribution of relative history frequencies, see Fig. 8.4,
shows that for small values of the width of o(f) (i.e. for us close to one, which is true
close to and below the critical point) the predictions of the theory are excellent, but
that the theory cannot handle large values of . This is obvious and inevitable, given
that the theory was essentially developed as an expansion for small values of the width
o — 1 of the distribution o( f). Taking the various expansions to a higher order in
should lead to systematic improvement, but it will involve non-trivial calculations.

55 Note that below the critical point, where x = oo throughout, equation (8.140) predicts that Q = 0. This
implies that o(f) = 6[f — 1] for & < ac(T'), and that below the critical point the differences between true and fake
history (if any) must therefore be confined to dynamical phenomena or to states without TTI. This confirms our earlier

observations in numerical simulations, where we found that the persistent order parameters in MGs with and MGs
without history were identical in the low a regime.
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Fig. 8.3 Left: the predicted persistent correlations c together with simulation data in the non-ergodic regime,
for the on-line MG with strictly true history (i.e. ¢ = 0; the solid line gives the theoretical prediction, full
circles the experimental data) and for the on-line MG with strictly fake memory (i.e. { = 1; the dashed line
gives the theoretical prediction, open circles the experimental data). In both cases decision noise was absent.
Right: the corresponding predicted fraction ¢ of frozen agents, under the same experimental conditions and

with the same meaning of lines and markers.

8.8 An assessment

It will be clear that in the present chapter we have had to make a significant number of
ansatze and assumptions, especially when compared with previous chapters. This is
simply a direct consequence of the serious complications generated by reintroducing
true memory into our microscopic equations; here no simple theory will lead to cor-
rect predictions derived from ‘first principles’. Given the rather tedious calculations
required, one might also wonder whether the relatively minor differences between
the solid curves (true history) and the dashed curves (fake history) in Fig. 8.3 were
actually worth the time and energy invested in deriving equations (8.147)—(8.149).
To this there is a simple answer: although here, in the simple standard MG, the dif-
ferences between supplying real or fake market data to the agents are minor at the
level of macroscopic observables, it is not difficult to devise MG versions where these
differences become prominent and important. We now at least understand the mecha-
nism responsible for these differences, and have developed the mathematical tools to
predict their macroscopic consequences, also in alternative MG versions.

In the preamble of this chapter we posed two questions, the first mainly of relevance
to those interested in statistical mechanical model solving as such, and the second from
the perspective of those interested mainly in the phenomenology of markets: whether
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Fig. 8.4 The moments uo = [df o(f)f? and ps = [df o(f)f> of the distribution of relative history
frequencies for the MG with strictly true history and absent decision noise (i.e. { = T' = 0), as predicted by the
theory (solid and dashed lines), compared with the moments as measured in numerical simulations (markers,

with circles indicating p2 and squares indicating p3). Note that uo = p1 = 1 (by definition).

and how the generating functional formalism can be adapted in order to deal with
history in the MG, and what is the explanation for finding only small differences
between MGs with true versus fake market memory.

The answer to the first question is clear. The generating functional method again
applies, but here it leads to a theory in terms of two non-Markovian effective processes
(rather than one, as in models with fake histories), the first describing the evolution of
an effective agent and the second describing that of an effective overall bid. Finding
solutions of these exact order parameter equations is harder than in models with fake
histories, and evolves around the extraction of history recurrence statistics from the
effective bid process.

The answer to the second question would seem to be as follows. The equations of
the MG have been constructed such that the agents continually try to remove overall
bid predictability from the market. This more or less implies making the overall bid
evolution as random as possible. They will succeed in doing so as long as the spectrum
of strategies in the system is sufficiently broad to allow for any emerging pattern to
be picked up by the agents, exploited, and thereby destroyed (which ought to happen
when N is large for a given value of M, i.e. for « = 2™ /N small). We see in the
present theory that the agents always succeed in reducing the possible impact of having
real histories to at most a non-uniform history frequency distribution, for any o, where
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the remaining differences in history frequencies (if present) reflect the possibility that
some bid patterns may be more difficult to remove than others as a consequence of not
having enough agents in the market. When the number of agents is sufficiently large to
also remove the ‘difficult’ patterns (i.e. for a < a.) the agents are able to remove all
predictability and we return to a situation equivalent to having fake memory. Therefore,
the observation that the differences between the behaviour of MGs with real versus
fake market histories are small simply tells us that the agents are surprisingly efficient
at doing exactly what they were designed to do, and the absence of such differences
for small a confirms that having more agents indeed enables the market to draw upon a
larger pool of strategies, which makes it easier to destroy predictable bid patterns. We
would expect differences to emerge in models where the agents are being frustrated
in their efforts to reduce predictability.



9. Variations and generalizations

The initial motivation to introduce and study MG was largely to increase our under-
standing of the collective effects of inductive decision making by large numbers of
agents in (financial) markets. It is therefore no surprise that the model’s conception
subsequently generated a large body of generalizations, variations, and spin-off mod-
els, which all tried to introduce further details into the basic MG in order to bring the
model closer to economic reality. It is neither possible nor helpful to give an exhaus-
tive overview of all such variations and generalizations which have been published.
Instead, here we will limit ourselves to a selection that has been made largely on
the basis of whether the proposed variation not only makes sense but also allows for
the resulting model to be solved and understood mathematically with the techniques
presently available.

The remaining ‘solvable’ models, which all aim at bringing diversity into the popu-
lation of agents, can more or less be divided into two distinct groups. The first group
consist of generalizations that at the mathematical level are relatively easy to incor-
porate, as they affect only relatively simple parameters of the effective single agent
process. Examples are allowing the agents to have different levels of decision noise or
different learning rates, or by allowing some agents to act as ‘trend followers’ rather
than individuals seeking to be in the minority. In the second group of generalizations
the proposed modifications of the standard MG affect the strategy statistics, and have
a potentially bigger impact on the structure of the theory. One example is a category of
models where agents are divided into types: producers (with only one strategy each),
speculators (which are similar to the agents in the standard MG, but are now also
equipped with the option to refrain from trading, which can itself be implemented as
an additional ‘default’ strategy), and sometimes also a third category of ‘noisy’ agents
who simply act randomly.

Given that the above new ingredients will inevitably complicate our mathematical
analysis, given the technical difficulties associated with having true market memory
already in the basic MG, and given the relatively modest differences that have so
far been observed in MGs with true market histories compared with the fake history
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versions,®® all of the generalized but still solvable MG models have been of the fake
history type. To keep matters as simple as possible, and hence focus on the general-
izations themselves, we will restrict our analysis solely to microscopic equations of
the batch type, i.e. with discrete time and with averages over all possible fake history
strings at each iteration step.

9.1 Which generalization should one be looking for?
9.1.1 The stylized facts of financial time series

In order to steer us in the right direction it will be useful to first reflect upon the
main features that more realistic market models should exhibit. If we allow ourselves
to be guided by the phenomenology of financial markets in particular, it strikes us
immediately that the time series of the overall bid in the MG versions discussed so
far (making for the moment the reasonable assumption that the overall bid A(¢) in
the MG must be related in some way to an asset price) as much too regular. Although
the bid A(¢) evolves at first sight randomly, this randomness can be described by
smooth distributions of limited width, which do not allow for ‘rare events’. There
are no fluctuations with envelopes that vary significantly over time, nor avalanches
or crashes; processes in the real (financial) world are simply much more messy and
irregular than those in the conventional MG versions. More specifically, in financial
time series {x(¢)} one observes certain types of consistent qualitative features and
statistical characteristics, called ‘stylized facts’. These accepted empirical truths have
acquired the status of benchmarks, to be met by any theory claiming to explain aspects
of financial time series. The two main ones are

Volatility clustering
The oscillations in the observed time series of quantities such as prices or shares are
not having uniform envelopes, but show pseudo-tranquil periods alternating with
‘bursts’ and even catastrophic events such as crashes. This is usually reflected in
algebraic decay as a function of 7 of the (positive) auto-correlation function of the
returns:®?

56 This logic is clearly somewhat dangerous, since the effects of true histories could become very different if
we move away from the recipes of the standard MG. Two examples where having true history is claimed to induce
significant differences are MGs with self-impact correction (as in Chapter 8) and MGs where different agents are
allowed different values of M (or, equivalently, where the strategies assigned to the agents are chosen such that they
are not all equally able to distinguish between different history strings).

57 The price return (£) at stage £ of a price time series {2(£)} is in theoretical studies usually defined as (¢) =
log[z(£+1)/x(£)], which is the definition that we shall adopt here. One sometimes also encounters slightly alternative
definitions, such as the more down-to-earth r(¢) = [z(¢ + 1) — z(¢)]/z(£) or even simply r(¢) = (£ + 1) — z(¢).
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—1{r(+7)r()
C.(7) = lim &&L .
= T )

9.1)

Leptokurtosis ( ‘fat tails’)
If one measures over some large period L of trading activity quantities such as the
distribution P(r) = L=*>",; 8[r — r(£)] of the price returns or the distribution
P(V) = L7130, 8[V — V(£)] of the total volumes of trade in the market, one
typically finds distributions that are far from Gaussian.?s They decay to zero mono-
tonically as one moves away from the maximum, but much too slowly, according
to power laws.

There are several more such ‘stylized facts’, such as timescale invariance of the dis-
tribution of returns, absence of short-time auto-correlations in the prices themselves
(in contrast to the price volatility), leverage effects (negative correlations between
volatilities and returns), etc.

9.1.2 Economic interpretation of the MG

We must now translate these empirical statements into MG language, upon assuming
that the MG indeed models (in an as yet primitive way) the trading of assets in a
market. At the present stage, however, the MG has not yet been equipped with explicit
economic variables. In particular, we will need to define the concepts of asset price
and trading volume in terms of the original microscopic variables of the MG. This can
obviously be done in different ways, but it would seem that, as a first basic level of
sophistication, consensus has more or less been reached on the following definitions:

Definition of asset price in the MG
Given our interpretation of a bid b;(¢) < 0 in the MG as sell and b;(¢) > 0 as buy,
we have for A(¢) < 0 an excess of sellers (which must drive the price = down) and
for A(¢) > 0 an excess of buyers (which must drive the price up). Thus the price
change z(¢ + 1) — x(¢) should be a monotonically increasing function of A(¢). A
simple form agreed upon®® is log[z(¢ + 1)] = log[z(¢)] + A(¢)/A. Equivalently:

20+ 1) = z(€) AN, (9.2)

Here A > 0 is some asset-specific constant that controls the sensitivity of the asset
price to demand/supply imbalance. Formula (9.2) not only gives us a price definition

58 The term leptokurtosis refers to the so-called kurtosis « of a stochastic variable x, which is defined as Kk =
{(x — {=)*)/{(x — (z))?)2 — 3. For all Gaussian distributions one would have £ = 0. A positive value for
indicates that the decay of the distribution for x as * — Fo0 is slower than that of a Gaussian distributed variable.

59 The arguments leading to these definitions are of an economic nature, and can be found in the more specialized
literature to which pointers will be given later. Clearly, also alternative choices have been proposed, such as the even
simpler relation z(¢ 4+ 1) = z(¢) + A(¢)/A.
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for the MG, but it also has the convenient consequence that (apart from a constant)
the returns 7(¢) are simply identical to the overall bids A(¢) in the MG.

Definition of trading volume in the MG
Here one simply adds up the total trading activity at a given iteration of the game,
irrespective of its nature (whether buy or sell), i.e.

V() = ;VZ [BiO)]- 9.3)

The rescaling with NV, which is of no consequence for the purpose of investigating
presence or absence of stylized facts, has been introduced in order to have V' (¢) =
O(NY), in view of the limit N — oo in our analyses.

It also follows from the interpretation (9.2), given self-averaging of the volatility matrix
= in the MG, that in TTI situations the returns’ auto-correlation function (9.1) is equal
to C.(1) = Z(7)/Z(0). We are now in a position to translate the main stylized facts
of financial time series into desired properties of our MG models. This results in the
following shopping list:

(1) Volatility clustering—bursting
The time series of the overall bid A(¢) in the MG must exhibit pseudo-tranquil
periods alternating with ‘bursts’, and possibly crashes.

(i1) Volatility clustering—algebraic decay of returns’ auto-correlations
The TTI disorder-averaged volatility matrix =(7) must decay to zero algebraically
for 7 — oo.

(ii1) Fat tails in returns distribution
The stationary overall bid distribution P(A) must decay algebraically for
A — +o0.

(iv) Fat tails in volume distribution
The stationary distribution P(V') of the volumes V (¢) = N~1>" . |b;(¢)| must
decay algebraically for V' — oo.

In the standard batch MG®° the bid distribution P(A) always evolves towards a
Gaussian shape, on finite timescales. In the on-line MG, in contrast, it appears that
one does indeed have non-Gaussian overall bid statistics in the stationary state, see
Fig. 6.3. Although the behaviour of the outliers of P(A) in the limit N — oo is still
unresolved, the central part of the distribution P(A) for on-line MG versions with and

60 One can easily convince oneself that the calculation in Chapter 6 of the overall bid distribution P(A) of the

batch MG applies equally to the batch version with self-impact correction of Chapter 7. Hence also in the latter model
one will always have Gaussian bid distributions.
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without true market histories did suggest non-Gaussian tails. Whether these are indeed
algebraic (i.e. P(A) ~ |A|~7) or perhaps exponential (i.e. P(A) ~ e #4l which at
this stage appears more likely) would seem difficult to tell with certainty on the basis of
the data presently available (one obviously needs very large system sizes and abundant
data to probe the tails of P(A)). However, true bursts in the evolution of the bids A(¥)
have so far been conspicuously absent in the standard MG versions. Furthermore,
except for the spherical MG (which in the stationary state has a volatility matrix of
the form =(t) = a + b(—1)?, so that this version is ruled out on economic realism),
the MG versions studied so far have always had binary bids b;(¢) € {—1, 1}, so there
definition (9.3) would have reduced simply to V' (¢) = 1, and the volume distribution
is just a 6-peak, P(V') = 6(V — 1). One could argue that volatility clustering and fat
tails for the bid distribution might be more likely to show up at the phase transition
transition point of the (on-line) MG. This, however, is not found to be the case; see
Fig. 9.1.

We must conclude that the conventional MG versions discussed so far do not yet
exhibit the main stylized facts of financial markets, except perhaps (iii), ‘fat tails’ in
the bid distribution P(A) for on-line MG versions, which are indeed observed in the
non-ergodic low « regime. The standard MG versions are simply too well-behaved.
New ingredients are apparently required if we aim for economic realism. The most
popular types of revision of the standard MG have been based on introducing forms
of diversity into the community of agents.

9.2 MGs with population diversity and trend followers
9.2.1 Definitions

Let us first return to equations (4.2) and (4.3) for the simple batch MG with ‘fake’
market memory and two strategies per agent. In this standard model we now implement
two generalizations, in order to account for the fact that not all agents operate according
to identical principles (in addition to the differences in their private strategies, in terms
of which agents have always been distinct, even in the standard MG). First, rather than
having one uniform noise strength parameter 7' in the decision noise definitions (2.12)
and (2.13), we will here allow each agent to be characterized by an individual noise
parameter 7;, so that we now have to add the noise strength as a condition in our
definitions:

additive :  o[q, z|T| = sgn[q + T'z], (9.4)
multiplicative :  o]q, z|T] = sgn[q| sgn[1 + T'z]. 9.5)
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Fig. 9.1 Top: numerical simulation measurements of the re-scaled total bids A(¢) in the ordinary on-line
MG with fake histories and S = 2, but operating at the critical point « = 0.3374. Bottom: the corresponding
distributions P(A) of these observed values (represented as histograms, and plotted logarithmically), together
with Gaussian distributions (dashed) of width and average identical to those of the observed P(A). Clearly,
neither small (N = 201) nor large systems (N = 16, 385) exhibit true volatility clustering or fat tails in the

bid (i.e. price) distribution.

Thus agents differ in the extent to which they allow their decisions to be ruled by their
instantaneous strategy valuation differences. Second, we no longer take all agents to be
driven by the desire to be in the minority, but we will allow also for a fraction of ‘trend
followers’. The latter agents value their individual strategies by rewarding majority
decisions, rather than minority decisions. If we introduce binary labels ¢; € {—1,1},
with ¢; = —1 for the traditional ‘minority seeking’ agents and with ¢; = 1 for the
new ‘majority seeking’ agents, we find our combined generalizations leading to the
following microscopic MG process
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Gt +1) = alt) + o st 2(1)) 9.6)

Atq,z] = Q, + \/—N Z olgi, zi| Ti) € 9.7)

Apart from the replacement o/|g;, z;] — o[q;, z;|T;], nothing changes in the original
definitions of the volatility matrix, nor in that of the strategy statistics. The disorder-
averaged correlation and response functions simply generalize to

Cv = 1@(}@%2@[%@) O] ol =0T, ©08
G = lgnmﬁ 69 (), zi(D)[T1).- 9.9)

In the present calculation we will also encounter a slightly modified response function
G, which is defined as

Gtt’ = - lgnoo N 251 89 [qi(t), z:(t)|T3]), (9.10)

and which is seen to reduce to (9.9) in the case where the fraction of trend followers
vanishes. Our present non-uniform agent population can be described by the following
joint distribution, with e € {—1,1} and T' € [0, 00):

W(e,T)= lim —Z(SsaléT ;. 9.11)

N—oo N

It will turn out that knowledge of W (e, T') suffices to adapt our previous solution
of the batch MG to the present model with agent diversity and trend followers. We
would return to the simpler model of Chapter 4 upon choosing W to be of the form
W(e,T) = 6e,—10[T — T™].

Whereas the introduction of agent-specific noise levels should be expected to lead
at most to quantitative changes in the MG’s macroscopic behaviour (in the limit
N — 00), the introduction of trend followers could have more drastic effects since it
introduces positive feedback into the microscopic laws (similar to the introduction of
market self-impact correction in Chapter 7).
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9.2.2 The disorder-averaged generating functional

In order for generalized correlation and response functions (9.8) and (9.9) to be gen-
erated, we only have to make the appropriate substitution o[g;, z;] — o[q;, z;|T;] in
the functional (4.9) as defined for the standard batch MG

Z[p] = (el 2izo 2 ¥iB)ola: @)z )Ty (9.12)

Especially upon enlisting the shorthand s;(t) = o[g;(t), z;(t)|T;], we find that very
little changes in most of the derivations of Chapter 4, beyond simply inserting the
factors —¢; in the right places. We find (4.16) and (4.17) being replaced by

ditdAit —ie;d; ) —aq.(t)—0. i (t)s:
2] = < / pofa)[ T Gi()AG%i(1) ie.q (0l (1) a0 ()0 () ik ()5 (1)

- 2w
1t

X [[e¥¢ Ta 0l +500¢ 1>

ijp z

— /DWDWDXch ol 2, [0 wi +2 2 +w) (V2Qu+a)]

% /Dqu p0(q(0)) (e% o T Ty G ()2 s (D)) DS, wi(t)si(t)>z

x e—iEﬁ, Ei(ji(t)[Qi(t+1)_qi(t)_9'i(t)]’ (913)

with Q, = N=V23 ol Wl = (1/2)(RI] + R2), and &' = (1/2)(R!} — R%?),
as always. The above expression differs from that of the ordinary batch MG only in
the occurrence of the labels €; in the exponential of the last line, and in the mean-
ing of the shorthands {s;(¢)}. This implies that the disorder averages in the present
model are fully identical to those of the ordinary batch MG, and we may simply
copy expression (4.18), with the standard definitions for the various kernels: Cy =
N7V si(t)si(t'), Koy = N71300si(t)ai(t), and Ly = N 7135, Gi()di(t'). As
always, the latter kernels are subsequently isolated via d-functions written in inte-
gral representation, which then generates conjugate kernels. We put DC' = [],,,
[dCy /2], DK = [],,[dKw /2] and DL = [],,[dLe /+/27] (with similar
definitions for DC’, DK and Df;), and find (4.22) being generalized to

Z[y] = / [DCDC)[DKDK|[DLDL] N XewCuor Covrt Kivt Koy Ly Ly | +0(log(N)

« / DwDWDxDx ¢ e 0t wl +alat +utal

% e—(1/2) Z“tt,[wtw Ff Ly, 4224 Ky} +24 Cypr & ]
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" / DADE po(q(0)) (e s =ed 1a: (1)~ (0)=0u()}+i Xy, vi(B)s:(1)

X e_i 21 Ztt’ [étt’si(t)si(t/)'*'f(tt’si (t)‘ji (t/)+i’tt/qi (t)‘jz (t,)]>z- (9 14)

For initial conditions of the form po(q) = [[, po(¢:), the i-dependent terms in the
disorder-averaged generating functional (9.14) again factorize fully over the agents 1.
If we also carry out the final transformation §;(t) — —&;¢;(t) in (9.14), we arrive at

Z[p] = / [DCDC|[DKDK|[DLDL] N +e++0og(NV) (9.15)
with

\IJ = iz[étt/ Ctt/ + R—tt/ Ktt/ + IA/tt/Ltt/] (916)
tt’

® = alog [ / DwDwDx D7 ¢ 2l brwetdiaitwiad]

% e—(1/2) D ver [Wewy +e Lyyr yr +28 0 Kyyr iy +xtctt’xt/]:|, (9 17)

1 N
0=+ > 1og( [ PaDim(a(0))
el Zeld®g(t+1) =) =0: ()] +vi ()ola(t),z(D)]] =i X, 4(1) Lewr§(t)
x e—iZw[C*mcr[q(t),z(t)ITi]a[q(t’),z(t’)\Tll—ei&uo[q(t)z(t)ITi](?(t')]> . (9.18)

The sub-dominant O(log(NV)) term in the exponent of (9.15) is independent of the
generating fields {¢;(t), 0;(t) }, and the decision noise averages have as always been re-
duced to single-site (but multiple-time) ones: (g[z(1),2(2),...])» = [T,
[dz(t)P(2(t))] g[z(1),2(2),...]. Thus, compared with the standard batch MG of
Chapter 4, the generalization of our model to include diversity and ‘trend follow-
ers’ has affected only the function ).

The integral (9.15) is evaluated by steepest descent, leading to saddle-point equations
that are nearly identical to those of the ordinary batch MG. Extremization of the
exponent N [¥ + ® + Q] of with respect to {C, C,K,K,L, f}} gives the saddle-point
equations

Crv = { ola(t), (DI ola(t"), 2(#)|T] ), 9.19)
Ky = —(ofq(t), 2(0)|T] 4(t) )., (9.20)

Ly = (G@)q(t') )« (9.21)
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L i0d L i9d . 0D
tt — 8Ctt” tt — aKttlv = aLtt/’

(9.22)

where

(9l{,d 2}z, T))s = lim 1

3 { JDgDq (Mil{q, 4, 2}le, Tlgl{a, 4, z}le, T))a }
i DaDq (Mi[{q.4. 2} T).

(9.23)
M;[{q,§, z}|e, T] = po(q(0)) e 2= dDatt+D=a®)=0s(®)]+i 32, wi(t)ola(t) 2(1)[T]

X e_i Zttl [étt’o—[q(t)vz(t)|Ti}U[Q(t,)vz(t/) ‘T’i]_Ektt’J[q(t)7z(t)|T’i]Q(tl)}

X efiztt/ i/tt/(j(t)q(t/)_ (924)

9.2.3 The saddle-point equations

One now proceeds to simplify the saddle-point equations, following the established
route. However, we will start to encounter subtle differences with the simple batch MG,
due to the presence of the trend followers. Upon taking derivatives of the generating
functional (9.12) with respect to the fields {t;(t),0;(¢)} (after which we may puts*
¥i(t) — 0 and 0;(t) — 0,(t) — €;0(t) for all ¢ and ¢) one finds that the physical
meaning of the order parameters {C, G} is indeed that given by equations (9.8) and
(9.9), and that

Ly =0, Ky =iGy. (9.25)
These relations, together with the causality of G and G, imply that the evaluation of

® carried out in Chapter 4 continues to hold in the present model, so equation (4.44)
is again valid provided we replace G by G, which gives

. 1 . .
® = —aTrlog(1+G) - Sa > LI+ G)'D7H I+ G, + O(L?). (9.26)
it/
Expression (9.26) allows us to calculate the remaining saddle-point equations

Co =0, (9.27)
Ky = —a(1+ Q)1 (9.28)
~ 1 ~ .

Ly = —§ia[(1+G)*lD(IJrGT)*l]tt/, (9.29)

where Dy = 1 + Cyy. These results simplify our saddle-point equations to a set of
closed equations for C' and G, the solution of which is used to calculate G:

Crp = (olq(t), 2(D)|T] og(t)), 2(t)|T] )+, (©.30)

61 The reason for choosing this specific type of external field 6; (¢) is that the kernel K will in the present model
no longer be proportional to the response function G. Whereas G can ultimately be written in the usual manner as a
derivative with respect to the field 0, (t), we need the new field 05 (¢) to do the same for the kernel K.
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G = —i( olq(t), z(t)|T] 4(t') )x, (9.31)
G =i e olq(t), 2(t)|T] 4(t') ), (9.32)

with the measure

_ /DqDG (M[{q,q, 2}, Tlg[. . ])a
<g['”]>*_E§1/dT W(g’T){ IDgDG (M[{q,q,z}|e, T)), } 039

M[{(L qA) Z}’E, T} = pO(Q(O))
el 2 d(D)[g(t+1)=q(t)—0a (t)+eby (1) —ae 3=, (1+G), fola(t),2(t)|T]]

X e_(1/2)a Ett’ q(t)[(1+é)7lD(I+éT)7l}tt’Q(t/) . (934)

Thus, in the present model the traditional role of GG as an order parameter kernel has
been taken over by G, unless we choose W (e, T') = 0.1 W (T'), in which case the
definitions of G and G simply become identical.

9.2.4 The effective single-agent equation

Our final simplification consists of the usual elimination of the integration variables
{q}, using causality. The argument is identical to that in Chapter 4, with only the
kernel GG replaced by G (note that in Chapter 4 we did not require the values of G,
only the fact that Gy = 0 for ¢ < ¢/, which is similarly true for G). Thus we find once
more that our measure M. . .| is normalized,

/ D¢DG M{{q.4, 2} e, T) = / dg(0) po(g(0)) = 1 (9.35)

as well as the following two relations

(ola(e), =T = 55 (olalt). I 9.36)
(ola(®) 2O = =i o olalt) 2OTDe. 037

We may now integrate out the variables {{}, and write our saddle-point equations in
the form

Cuv = {ola(t), 2(OITolg(t), () T)).., (9.38)
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Guv = 77 (a0 2T, 9.39
with
lta. 1), = 3 [ arwien) [T dato] 0tla.2) Tlalta. 2} T
e==1 t
(9.40)
M[{q, 2}|e, T] = po(q(0)) / 11 {dgs)}e—a/zmzw GOITHG) ™ DG i (v')

t
th ()[ (t4+1)=q(t)=0a(t)+20,(t)—ae 3=,/ (I+G) s ola(),2(t)|T]
—(1/2) 30 n(O[(I+G) " D(AI+GH) (¥
/H 271' \/det[(1+é)*1D(I+GT)*1]
XH(F[ t+1) —q(t) — 0, (t) + €0p(t)

t>0

—ag Y (I+G);lolg(t), 2(¢)|T] - Van(t)|. 9.41)

t

If desired, the response function G follows from the following identity

0
Gu = W@[Q(t)? 2(0)|T]) - (9.42)

In fact, we no longer need G, so for the purpose of finding the simplest exact theory
we might from now on as well put ,(t) — 0 and 6, (t) — 6(t), and concentrate solely
on the fundamental pair {C, G}.

We then recognize that the measure (9.41), which is here parametrized by the values
of (¢,T), describes a single-agent process of the form

g(t+1) = q(t) —eb(t) + ac Y _(T+G)lolg(t), 2(¢)|T] + Van(t) (9.43)

<t

in which 7(t) is a Gaussian noise, with zero mean and with temporal correlations
given by (n(t)n(t)) = S

by

(I+G) 'DA+GH! (9.44)

Causality ensures that G, = 0 forall ¢’ > t,50 (I+G);} = ano(—l)"[én]tt/ =0
for ' > t. The correlation and response functions {C, @} are the dynamic order
parameters of the problem, to be solved self-consistently from the closed equations
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(9.38) and (9.39), in which (...), now denotes averaging over the effective single-
agent process (9.43) for a given choice of (¢,T) and over the zero-average Gaussian
noise variables {z(t)} with (z(¢)z(t')) = o, followed by further averaging over the
distribution W (e, T').

9.2.5 Overall bid statistics and volatility

Also the calculation of the volatility matrix is found to require only minor modifications
to the corresponding calculation in Chapter 4. We define the generating functional for
overall bid statistics

Z[p] = <ei\/§ 2izo 2, bu (WA [A(®),2(0)]) (9.45)
This generator is obtained from the previous generating functional (9.12) by the sub-
stitution

o S i si() IS, du(O[VIQ+al]

We now find the previous expressions (4.60) and (4.61) for the simple batch model
being generalized to

7] = / DwDWDXD% ¢ Soplt ot 0, (O 3tk +ul (VEQ,+at)

" / DD po(a(0)) (el V2/VN) T € S e a0 +a s o)y,
ol D21 (Dla: (D)= (=4 (1)

= / [DCDC|[DKDK|[DLDL) NV H+E+AFOMN?) (9.46)

with, after the further transformation §;(t) — —e;q;(t) and after restoration of the
meaning of the variables s;(t) = o/[q;(t), z;i(t)|Ti]:

V= iZ[étt' Cypr + Ky Ky + IA/tt’Ltt'], 9.47)

tt’

1 . . .
o= ; log [ / DuwDiDaDs of Tilis =6, (O i

X e_(1/2) Ztt/ [wtwt'+thtt’wt’+2$1Ktt’wt’+xtctt’xt'} , (948)

0= 3 tog( [ PaDi(a(0))

ol 2 AO[a(t+1) =a(t)=0: (1) =i 32,0 4(1) Lovr ()
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x (e 2w [étt/o—[q(t)7z(t)|Ti}g[q(t/)7'z(t/)‘Ti]7€if<tt’U[q(t)’z(t”Ti}(j(t/)}> . (9.49)
z
All the remaining manipulations in the derivation of the bid statistics involve the
function ® only, whereas the differences between the simple batch MG and the present
generalized model are concentrated in the function 2. Thus, we are allowed to copy
the final result of the calculation in Chapter 4, and replace in the latter simply G — G
(reflecting the different values taken by the entries of the kernel K in the present
model). We then find that the disorder-averaged overall bid is zero on average at any
time, and that the entries of the volatility matrix = are given by
Ew = lim (Ar[q(t), z(t)]A"[a(t), z(¢)])

N—oo
1

R A 1
= 50w[(I+ G) DA+ G )y = 55 (9.50)

Thus the noise term 7)(¢) in the effective single agent process (9.43) here continues to
represent the overall market fluctuations.

9.2.6 TTI stationary states

Having derived the effective single-agent description for the present process, which
defines implicit closed dynamic equations for the order parameter kernels {C, G’},
we proceed to the calculation of those stationary solutions of this process which are
fully TTI and do not exhibit anomalous response. Thus we make the standard ansatz
Cyr = C(t —t') and Gy = G(t — t'), with x = 3",-, G(t) finite. Here we have to
be somewhat more careful, in that the effective single-agent equation (9.43) is to be
solved at first for arbitrary choices of the parameters (¢, T"), after which the persistent
order parameters are to be calculated as averages over all such choices, weighted by
the distribution W (e, T').

Upon writing (9.43) in integrated form, and after transformation of the variable ¢(t)
according to ¢(t) = ¢(t)/t we obtain for a given choice of (¢, 7):

~ q(0) , Va = / € Ay ae o AN—=1 _[ox
a0 =T+ X7 30 [0) = 8]+ 530S+ G)plolsi), ()]
t'=0 t'=0 s>0

(9.51)

Upon taking the limit ¢ — oo, assuming ¢ = lim;_.~ G(¢) to exist and x being finite,
we find in the usual manner that

G=an—cb+ ‘WX (9.52)
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with 7 = limT_,OO U n(t), with 0 = lim o T—l e, 0(t), with 7 =
lim, oo 771 32, 0[Gt|T], and with o[q|T] = [dz P(z)olq, 2|T7]. Given the anti-
symmetry of the function o[¢|T], we must demand that sgn[ j] = sgn[o] forany (¢, T).
Furthermore, upon using the simple relation

_Zae Z/ dTWeT/an()

t>0 e==+1
=== Z/ dTWsT)/an() o
e==+1
—- Y [Carwe /an , (9.53)
e= :I:l/ f E’T

we no longer need the persistent external field § for the calculation of the order
parameter X. Its removal simplifies relation (9.52) to

QET

¢=Vai+ 7

(9.54)

In view of our experience with the ordinary batch MG we make the ansatz that 1+ x >
0, which will be confirmed a posteriori. However, in following our usual strategy, i.e.
expressing the solution & of equation (9.52) in terms of the time-averaged Gaussian
noise 7, followed by a self-consistent calculation of the persistent order parameters
{¢, ¢, X}, we now encounter a new problem. Whereas the solution & is unique for
€ = —1 (i.e. for the minority seeking agents), this is no longer true when ¢ = 1
(i.e. for the trend followers). Again we distinguish between ‘fickle’ trajectories, where
¢ = 0, and ‘frozen’ transjectories, where ¢ # 0 and & = sgn[g|o[oo|T:

® Minority seekers: € = —1
Here the situation is exactly as in the ordinary batch MG, with x being replaced by
X- We find two complementary conditions for the existence of the fickle versus the
frozen solutions, so & is a well-defined function of 7:

T 1+x)1
M : ‘fickle’ solution : & w,
1+x Va
ofoo|T]ya

1+x

7l < (9.55)

7| > ‘frozen’ solution : @ = o[oo|T|sgn[7]. (9.56)
® Majority seekers: € = 1
Here the situation is unfortunately quite different. Only for large values of |7
will there be a unique (frozen) solution &. For small values of |77] we find no
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less than three possible solutions, two of which are frozen, with the third being a
fickle state

(1+x)7

7| < W : ‘fickle’ solution: @ = —T, (9.57)
‘frozen’ solutions : @ = +ooo|T], (9.58)

T
7| > oloclT]va : ‘frozen’ solution : @ = o[oo|T]sgn[7]. (9.59)

1+x

The above implies that for majority seeking agents we are faced with the problem
that the stationary solution will depend on the history of the process, i.e. there will be
remanence phenomena. This should not surprise us, in view of the positive feedback
in the dynamical equation (9.43) for the effective agent with € = 1. The situation is
illustrated in Fig. 9.2.

The remanence interpretation, however, does tell us how we should regard and
deal with the multiple solutions for ¢ = 1 in the regime [7j| < o[oo|T]/a/(1 + X).
The rational interpretation of these solutions must be that @ = +o[oo|T] represent
coexisting stable states, with the ‘fickle’ branch (the diagonal line segment in the right-
side picture of Fig. 9.2) giving an unstable separatrix. In which of the remaining two
stable branches @ = +o[oo|T| the trend-following agent will ultimately be found,
will still depend on the history of the process, but at least we may assume that in the

Minority
seekers

5]
ool T]

Trend
followers

5]
ool T]

,
1
3|
,
3|

Fig.9.2 The dependence of the solutions & = lim; oo 77 37, . o[g(t)|T] of the stationary state equation
(9.54) (thick solid lines) on the long-time average 7j = limr oo 771 >, < n(t) of the Gaussian noise in the
effective single-agent equation. Left: ¢ = —1 (minority seeking agents). Right: ¢ = 1 (majority seeking agents,

or ‘trend followers’). The cross-over/saturation value n* is given by n* = o[co|T]v/a/(1 + X).
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regime of coexisting states and normal response the dominant domain of attraction
will belong to the solution @ = o[oo|T|sgn[7]. If and when all remanence effects have
died down (a situation which, we should be aware, might take a very long time to be
achieved), we would then be allowed to put simply®2
IV ) (L4200 i)
X Va
(9.60)

Having resolved the issue of expressing & in terms of the time-averaged Gaussian
noise 7] for any choice of (¢, T'), we can proceed to the calculation of the persistent order
parameters {c, ¢, x }, following the by now standard route. Apart from the replacement
X — X the calculation of the variance (7?) from the covariance matrix (9.50) is
identical to that which led to expression (4.125), so that here we can immediately
conclude that

() = ofoo|Tlsgn[7] + 6,16

—92 1 +c

77y = a2 (9.61)
Working out the equations for {c, ¢, x }, in contrast, will no longer boil down to copy-
ing previous results and making simple replacements. Here we will note the impact
of having trend followers, for which the relation between & and 7 differs significantly
from that of the minority seekers. As always, our equations will take their simplest

form when written in terms of the auxiliary variable

T
U(T) — M_ (9.62)
2(1+¢)
This allows us to put 7 = (77%)'/22, where z is a zero-average and unit-variance
Gaussian variable, and subsequently write equation (9.63) as

2] = oloo|T] {sgn[z] + 0o Q[U(T)fz— |z|} (

U(TZ) ol sgn[z]> } (9.63)

We now find
c= > / AT W (e, T) ¢(e, T), (9.64)
e=+170
o= > [Carwen o, 0.65)
e==+1"0
X=> / CAT W(e, T) 3(e.T), (9.66)
e=+170

in which the three functions c(e,T), ¢(e,T), and x(e,T') are to be interpreted as
conditional order parameters, describing the macroscopic properties of those agents

62 This particular resolution of the problem of how to select from the multiple solution options for e = 1 is
equivalent to the so-called Maxwell construction in statistical mechanics.
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which are characterized by the individual parameter values (¢, 7"). These functions
are given by the following expressions (where we used (9.53) for the susceptibility)

oo, T) = / D2 52] = 6102[00|T]

+6€7_102[00‘T] /Dz {H[M — U(T)\/ﬂ + H[U(T)\@ - ’Z@ 2v§§T) }
= 6107 [00T]

1-20%(T) e (D)
+6.,_102[00|T] {1 + T(T)Erf[v(T)] oD ﬁ}’ (9.67)

$(e,T) =1~ 6. /Dz 0 [U(T)Ji . \z|]
=1— 01 Erf[o(T)], (9.68)

xeT)= f/dnp o’ m/

=01 (1 + X)oloolT] /Dz@ 27‘Z|]
v(T)\/2a(1 +c)
—55,12(1+X OO|T /Dz5
_ 55,_1(1 +x) [1 B ¢(€’T)} B 55’1\@(1 + X)aloo|T] 9.69)
o ar(l+c)

Insertion of the trio (9.67)—(9.69) into (9.64-9.66) gives us our final closed equations
for the persistent order parameters {c, ¢, X }. Upon writing

W (e, T) = pde s W (T) + (1= p)de 1 W_(T), (9.70)

wherep = [dT W (1,T)and1—p = [dT W (1, T), these order parameter equations
take the following form

L o 2l 1—20%(T) (T — eV ()
=(-p) [ Carwm) |T1{1+2U2(T) Bl [o(T)] — <~ ﬁ}
+ p/0de W (T) o2[o0|T), (9.71)

p=1—(1-p) /0de W_(T) Exf[v(T)], 9.72)
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g= 1EX {(1 - | AT W (Bt u(T)] — p / Sarw(r)

_ 1 X{1¢p/ooodTW+(T)21\)/(;)}.

)

+ o

Q

so that

1—¢—p [5dT Wi (T)(20(T)/V/7)
a—1+¢+p [7dT Wa(T)(20(T)/ V)

Together with (9.62), equations (9.71)—(9.73) form an exact and closed set from which
we can extract all the relevant information on the statics in the TTI regime. In fact,
upon inserting (9.62) into (9.71) one is seen to obtain a closed equation for c only.

We can immediately see that in the case of additive decision noise, where o [co|T] =
1 for any T' < oo, the effects of this noise drop out completely, as was the case in our
previous versions of the MG. This is obviously not true for multiplicative noise. For the
purposes of solving the statics in the TTI regime and finding the phase diagrams, we
may therefore concentrate on multiplicative noise, and regard the models with absent
or additive decision noise simply as being described by the solution corresponding to
Wi (T) = 46(T).

To determine whether the traditional scenario of having TTI solutions for sufficiently
large o has survived our present generalization of the MG, let us first inspect the
solution of the above equations for & — co. There we find

%= (9.73)

lim ¢ = p/ AT W(T) 6%[oo|T], lim ¢ =p, lim x=0. (9.74)
0 a—00 a—0o0

a—00

We also see that, although y itself will generally be negative for large «, the quantity
1 + x (which we assumed to be positive as our ansatz) is indeed positive in the large
« regime

a

a—1+6+p fgodT W (T)(20(T)/ /)

The assumption of normal response is seen to be satisfied for @ > a., where a is the
point where the susceptibility X diverges, i.e. where

A~

1+ % = (9.75)

XToo: 1—¢ —a+/ dT W (T)v(T). (9.76)

Thus, the traditional scenario has in principle remained intact. The locations of the
actual transitions, however, will obviously depend on the various new parameters of
the generalized model.
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The volatility o2 follows from (9.50) and involves as always non-persistent order
parameters

o2 = %[(I+(§)_1D(I+G‘T)‘1](O). 9.77)

As in most previous models, it can only be expressed in terms of persistent order
parameters if one is willing to pay the price of approximation. The two approxima-
tions (4.154) and (4.155) that were developed in Chapter 4 cannot be used in their
original forms, since they assumed having minority seeking agents only. However, if
one repeats the derivation of (4.154) and (4.155) for the present model, taking care
to separate each term into a contribution from minority seekers and one from trend
followers, using our population-specific results (9.67)—(9.69), one finds that the var-
ious arguments continue to hold and that the only changes required are to make the
replacements

=% 0ot — 3 [T wE e e 078)
e=+170

In particular, approximation ai remains unchanged. Hence, we obtain

1+c¢ 1

o LYy [AT W (e, T)o(e, T)o?[o0|T]
B 2(1+x)?
+1[1 -y /dT W=, T)o(z, T)o*[oo|T]] (9.80)
2 e==+1 7 7 . ‘

In the non-ergodic regime o < a.. the above theory, based on ¥ < oo, is obviously
no longer valid, and we would in principle have to solve the full dynamical problem
(9.38)—(9.43). At most we may hope to find the low volatility solutions in the non-
ergodic regime (similar to how this was done for previous MG versions), by demanding
X = oo and using this relation, via (9.73), to determine the variable v in (9.71) and
(9.72).

9.2.7 Phase diagrams and persistent observables

There is an infinite number of possible distributions W (7") for which we could now
produce phase diagrams if we wished. We will here limit ourselves for practical reasons
to those of the simple form W (T') = §[T — T4], i.e. those where the decision noise
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strength depends only on an agent’s species (minority seeker or trend follower), and to
(Gaussian) multiplicative decision noise of the type (2.13) (where o[oo|T] = A(T') =
Erf[1/T+/2)). This simplifies our TTI equations as follows

9 1— 20? eV >
c=(1—p)\3(T.) 1+WErf[v]—vﬁ +p ATy, 9.81)
¢ =1—(1—p)Erflv], (9.82)

V21 +e)
The x¥ = oo phase transition occurs at the point where

2v A(T4)
VT MT-)

We will henceforth simply put A(7) = A.. The transition condition (9.84) can be
written in the more convenient form of a transcendental equation for a single variable
only. Following in the footsteps of the simple batch MG, we first eliminate c via
insertion of (9.83) into (9.81). From the result we eliminate « via (9.84), leaving an
equation for v > 0 only. One then finds that the solution of the following equation
defines the critical point v,, from which a. is subsequently calculated using (9.84):

a=(1—-p)Erflv] —p (9.84)

=1+pAl. (9.85)

(1—p)AZ {Erf[v} PP } CPAA

* v/ v/

One can easily convince oneself that the left-hand side of equation (9.85), when
regarded as a function of v, has the following properties

(1 —=p)A_ >pAy: LHS(0) =00, LHS(c0)=0

%LHS(U) <0 forv < /log[(1—p)A_/pry]

%LHS(U) >0 forv> \/log[(l = P)A-/PA4].

(1—p)A_ <pAy: LHS(0)=—00, LHS(c0)=0

d
%LHS(U) >0 forallv>0.

Since the right-hand side of equation (9.85) is non-negative, we conclude that for
(1 — p)A\_ < pAs (i.e. dominance of the trend followers) there will be no transition;
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Fig. 9.3 Phase diagram cross-sections of the MG with a fraction p of trend followers, consisting of a high
« phase with TTI and x < oo and a low a phase where x = oco. Solid curves in left: transition lines for
Tt = 0 (deterministic strategy selection by trend followers) and 7 € {0, 1, 2,4, 8} (multiplicative decision
noise for minority seekers), from top to bottom. Solid curves in right: transition lines for 7_ = 0 (deterministic
strategy selection by the minority seekers) and T’y € {0, 1,2, 4, 8} (multiplicative decision noise for the trend

followers), from bottom to top.

the system will remain in the TTI state for all . For (1 —p)A_ > pA; (i.e. dominance
of the minority seekers) we will have a Yy — oo transition, but the associated value
of a. is always lower than that found in the absence of trend followers, and obeys
limi—p)x_1pa, e = 0.

Numerical solution of the transcendental equation (9.85) results in phase diagram
cross-sections®® such as those shown in Figs 9.3 and 9.4. We see that the introduction
of trend followers in the batch MG, i.e. increasing p, always leads to an enlargement of
the ergodic x < oo regime, especially when these trend followers act deterministically.
Since « is inversely proportional to the number of agents in the market, this implies
that if we increase the fraction of trend followers a larger number of agents will be
required to eliminate all predictability from the market (since =(c0) > 0 in the ergodic
regime, and zero in the non-ergodic regime).

The values of the persistent order parameters {c, ¢} are readily obtained by numerical
solution of equations (9.81)—(9.83). The approximate expressions (9.79) and (9.80)
for the volatility here reduce to

63 Since we still have four control parameters {c, p, T+, T— } only cross-sections of the control parameter space
can be drawn.
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Fig. 9.4 Phase diagrams of cross-sections of the MG with a fraction p of trend followers, consisting of
a high o phase with TTI and x < oo and a low « phase where x = oo. Solid curves: transition lines for

Ty =T- €{0,1,2,4, 8} (multiplicative decision noise for all agents), from top to bottom.

1+4+c¢ 1 1+¢ 1
2 _ L 2 1*C g 9.86
A= sargE T3l T g Talmd 089
with
A 2 2
¢=pA2 +(1-p) [1 _ Erf(v)] A2 (9.87)

Comparison of the resulting theoretical predictions for the present model in TTI sta-
tionary states with numerical simulations confirms that there are no further unexpected
transitions beyond the one identified already. This can be seen for instance in Figs 9.5
and 9.6 (for the observables {c, ¢}), and Fig. 9.7 (for the volatility). In the non-ergodic
regime o < a.(T") of the MG the theory has been extended in the usual (ad hoc) man-
ner, by solving our equations on the basis of the premise that Y = oo remains true all
the way down to o = 0. The theory is seen to agree perfectly with the experimental
data in its regime of validity, in terms of the observables { ¢, ¢}, whereas for o < a.(T')
(that is, for those values of p where the non-ergodic phase actually exists) the theory
is seen to capture the low volatility solution. The volatility itself, the formula of which
we know indeed to be an approximation, shows some deviation between theory and
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100

Fig. 9.5 The predicted persistent correlations ¢ (dashed lines, left) and the fraction of frozen agents ¢
(dashed lines, right), together with simulation data (connected markers), for the batch MG with ‘fake’ histories

and trend followers. A fraction p of trend followers play alongside a fraction 1 — p of minority seekers,

11 3
140204
lg;(0)| = A € {0, 10} for all i. The vertical dotted lines mark the { = oo transition points for p € {0, %} (the

both without decision noise. Results are shown for p € {0 }, from bottom to top. Initial conditions:

theory predicts that there is no such transition for p > %).

numerical data; as for the ordinary batch MG, approximation 0]29 is found to be more
accurate.

9.2.8 Economic relevance and realism

‘We know that the batch version of the MG with trend followers will again tend towards
Gaussian distributed overall market bids. If the introduction of trend followers is to
bring the MG at all closer to the reality of financial time series, at least the on-line
version should near its critical line in the (a, p) plane (Where one expects instabilities
to emerge first) exhibit some of the stylized effects that have so far been absent in
previous MG models. However, Fig. 9.8 shows that these stylized effects are still
absent, even in small systems (where fluctuations should be most visible). In terms of
bid (i.e. price) statistics, there are only quantitative differences between the MG with
or without trend followers.

Hence, in economic terms, the main consequences of introducing trend followers
into our MG market are therefore the following: they seriously impair the ability of the
community of interacting agents to reduce market predictability, and they generally
lead to an increase of the volatility. In fact, for the market it would have been much
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100

Fig.9.6 The predicted persistent correlations c (dashed lines, left) and the fraction of frozen agents ¢ (dashed
lines, right), together with simulation data (connected markers), for the batch MG with ‘fake” histories and trend

followers. A fraction p of trend followers without decision noise play alongside a fraction 1 — p of minority

113
140204
bottom to top. Initial conditions: |¢;(0)] = A € {0, 10} for all i. The vertical dotted lines mark the ¥ = oo

seekers with multiplicative decision noise of strength 7' = 1. Results are shown for p € {0 }, from

transition points for p € {0, i} (the theory predicts that there is no such transition for p > %).

better if the trend followers were to trade purely randomly (i.e. have Ty = oo) than
according to their preferred private strategies. In short: trend followers make our model
market definitely less efficient. They can, however, not be accused of causing stylized
effects in the MG.

9.3 Producers and speculators

The previous variation on the conventional MG theme was one which did not affect the
definition of the (random) strategies. We now turn to a variation that was motivated by
the desire to give (some of the) agents the option of not playing at stages of the game
where they perceive their chances of winning to be low. Here the strategy definition
will change. The idea behind this version of the MG is that it is intuitively clear that in
the real world the instability of price time series like those on the stock market is to a
large extent related to the self-accelerating effects of speculators pulling out of certain
investments, resulting in a price drop that can subsequently cause other speculators to
follow suit. In contrast, in the standard MGs everyone has so far been forced to stay
and trade in the market, forever. Secondly, giving the agents the option of not trading
should generally allow the traded volume to be no longer a fixed number, as it has so
far been in the simple versions of the MG.
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Fig. 9.7 The approximation o 5 (9.86) for the volatility in terms of persistent order parameters only (dotted
lines), together with simulation data (connected markers), for the batch MG with fake history and a fraction

p of trend followers. Left: no decision noise. Right: multiplicative decision noise of strength 7 = 1 for the

113
140271
conditions: |g;(0)| = A € {0, 10} for all 4. The vertical dotted lines mark the ¥ = oo transition points for

minority seekers only. Data are shown for p € {0 }, from bottom to top in the large o regime. Initial

p € {0, %} (the theory predicts that there is no such transition for p > %).

9.3.1 Definitions

Let us now construct and solve a simple MG model where there are two types of
agents: producers and speculators. Producers®* in the present model are assumed to
participate in the market simply to exchange goods. They need the market for a specific
vital purpose, which implies that they will therefore not be inclined to withdraw from
it, and that they are relatively inflexible in terms of selecting trading strategies. In
contrast, speculators will enter and leave the market freely, and only submit a bid if
they believe that they will profit from doing so.

The simplest set-up with the above characteristics is one where we have randomly
drawn (fake) market histories and where all agents as always have only two strategies,
a € {0,1}, but with one of these (¢ = 0) now being the default strategy of not
playing, i.e. of submitting the trivial bid b;(¢) = 0. This leaves for each agent only
one non-trivial (randomly drawn) strategy. Thus

(Vue{l,....p}): R =0, R e{-1,1}. (9.88)

64 This particular terminology, which has been adapted from literature, could perhaps be somewhat misleading.
Instead of producers it might have been better to speak about producers-consumers, since this particular type of agent
will still be allowed to both buy and sell assets. The essence is that they are agents who trade out of necessity. They
need the market for exchanging goods, they cannot simply stop trading if they don’t like the going prices.
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Fig. 9.8 Top: numerical simulation measurements of the re-scaled total bids A(¢) in the S = 2 on-line MG
with fake histories and trend followers, operating at criticality: (o, p) = (0.1, 0.223). Bottom: the corresponding
distributions P(A) of these observed values (represented as histograms, and plotted logarithmically), together
with Gaussian distributions (dashed) of width and average identical to those of the observed P(A). As with the
ordinary on-line MG, at the critical point neither small (N = 201) nor large systems (N = 16, 385) exhibit

true volatility clustering or fat tails in the bid (i.e. price) distribution.

Each agent ¢ will update the valuation p;; of his non-trivial strategy a = 1 in the
usual way, i.e. on the basis of how often it would have led to a minority decision. The
valuation of the default ‘no bid’ strategy a = 0, however, will be updated according to
a constant agent-dependent increment ; € R at each update step of the game, which
provides us with a mechanism with which to control the appetite or need of individual
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agents to take part in trading®®. For on-line versions of this game, we would then end
up with the following process

pio(£ + 1) = pio(£) + &, (9.89)

pir(€+1) = pu(£) T%Awmﬁw (9.90)
where the pseudo-history integers (¢) € {1,...,p} are drawn independently at each
stage of the game, with uniform probabilities. Apart from the above changes in the
strategies and the evolution of their valuations, agents as before seek to be in the
minority, and select at each stage of the game the strategy a;(¢) € {0,1} with the
highest score, so

1
Al = Dobi(0), bilt) = R, 9.91)
a;(f) = arg aggﬁ}{pm(ﬁ)}- (9.92)

To what extent an agent ¢ operates as a producer or as a speculator will in this model be
controlled by the value of ¢;. If ¢; > 0 the agent will only trade if his sole non-trivial
trading strategy is sufficiently often profitable (on average); i.e. he would behave like
aspeculator. If ¢; < 0, on the other hand, the agent will nearly always trade and hence
behave like a producer.

If we translate the above equations into the usual language of valuation differences,
i.e. of ¢;(€) = p;1(£) — pio(£) (here the conventional factor 3 is left out, as it would
make equations less tidy), and drop the now obsolete strategy label a = 1 by replacing
Rl — Rl we find the present equivalent of the conventional ‘fake history” on-line
MG equations (2.22) and (2.23) to be

G0+ 1) = gi(6) - jﬁRﬁ‘“’M) a(®)] - < 9.93)
P U
AM[q] Wge[qzmz, (9.94)

(with the step function: §[z > 0] = 1, #[z < 0] = 0). In the batch version of this
game, updates are made on the basis of the average of the valuation changes over
all possible pseudo-histories 1, at discrete time steps ¢ € {0, 1,2, 3,...}. We add the
usual external forces {0;(t) } to allow for the definition of response functions and adopt

65 One could also argue that for speculators the parameter ¢; reflects the merit in the alternative option to put their
capital in the bank, risk-free, rather than invest it in the market.
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the scaling with IV of the various terms, which gave the correct scaling in earlier batch
models. The simplest equations are obtained upon choosing the learning rate = 2
(this only defines the unit of time and is of no further consequence), and we find

@it +1) = gi(t) + 0:(8) — i - fﬁ Z R A¥[q(1), (9.95)
1
Gy Z 0lqi| R (9.96)

In the case where ¢;(¢) = 0 we assign to 0[g;(¢)] one of the two values {0, 1} randomly,
with equal probabilities. As always, the observables that we will concentrate on in
our analysis, via the generating functional method, are the correlation and response
functions, which reduce to

Cuv = Jim 3 GanlaOsenlat? ], 9.97)

Gy = lim NZ a@ @ Senla (). (9.98)

One should be aware that the present definitions imply that random trading no
longer corresponds to a volatility value of ¢ = 1. This is easily confirmed by explicit
calculation of ((A*[q])?) for randomly and independently drawn {g;} (distributed
around zero):

2 o i
Otandom = Jm ((A"[a])*) = lim — ZR Ri,(01¢:)01a;])
= Jim S e = 9.99)
N Ngréo N 4l) = 2" .

i

9.3.2 The disorder-averaged generating functional

We calculate the generating functional (4.9), which will here no longer involve decision
noise, so that the brackets (. . .) only refer to the tie-breaking in cases where g;(t) = 0
(if found necessary)

Z[y] = <ei2t20 pOH wi(t)Sgn[qi(t)b
_ / Po(a(0)) “—[ dai(t)AGi(t) ig, (1)(q: (t+1) s (0)—0.(0)+e ) +ins, (05N (t)}]

2T

% 1—[e2 RS2, 4:()0lg; (DIRS (9.100)

ijp
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As a direct consequence of having only one non-trivial strategy per agent, the present
calculation is in fact much simpler than our previous ones. There is no more any reason
to switch to the variables {£!', w!'}, and in order to carry out the disorder average we no
longer need to introduce both types of auxiliary variables {w}', z}'}. We now require
only w}' = N=1/23".G;(t) R, to be introduced via 6-functions, with the shorthands

w =[], [dwy’/ V2], DW = [1,.[dwy'/ /27| (with similar definitions for Dq and
Dq):

Z10] = [ DD poa(0)) e S 101000000 Osenla )

" / PwDw ol S Bt H o B S, 20t 0lai ()]~ i (0)]
_ / DaDd po(q(0)) 127,{q 4i(t+1) = 0s(6)=0:()+eal+ . (£)sgnlas (1)}

/DWDW of 2o Wil H cos Llr Z [2w}'0] — G (t)]

[ t
_ / DD po(q(0)) @ See {EOl+D-0, 0100+ L+ (0sgnla. 0]}
y / DwDwW o Do Bhwh =3 S0, (5, [2wh 0l (0] -0t 6 (0)]) +O(N°)
(9.101)

If we work out the exponent in the last line, we find the conventional two-time ob-
servables of the batch MG models, i.e. Cyr = N~ 3" sgn[q;(t)]sgn[q; (t')], K =
N=1Y" sen[qi(t)]gi(t') and Ly = N=1>". G;(¢)d;(t'), but also the two one-time
objects m¢ = N~13". sgn[q;(t)] and k, = N1, G;(t). All these observable are
isolated in the usual manner via appropriate J-functions. We also use the two relations

% 3 la:(0)0lai(t)] = 3(1 + e +me + Car), 9.102)
1 1
N Z Olgi(t)ai(t") = i(kt’ + Kipr). (9.103)

All this results in

Z[y] = / [DCDC|[DKDK][DLDL][DmDin|[DkDk] ¢ Teliremethiki]+0og(N))

eiN Z”,[éﬁ/cﬁl +Ktt/Ktt/+[A/tt/Ltt/} /DWDV/\V ei Etu w,“wﬁ‘
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% o= (/2T [wiw!, (L4me+me +Cpr )Hf it Ly —2wi i, (ky +K )]
x /DqDapo(q(O)) ol T {@:(Ola: (t+1) =q: () =0: (0)+e)+v: (1) sg0la: ()] }
x e 12 S [Crer SN g, (8)]8EN[gi (¢)]+ Ko SN[ (4)]Gi (') +Ler G (£)d (¢))-

e 120 [170:SENgs (£)]+Frds (1)) (9.104)

For initial conditions of the form po(q) = [ [, po(¢:), we benefit as usual from factor-
ization over the agents ¢, and obtain the standard form for the generating functional,
but now with different definitions for all three extensive exponents

Z[yY] = / [DCDC)[DKDK|[DLDL)[DmDin|[DkDk] N ¥+E++0og(N)

(9.105)
with
U = iZ[étt/Ctt’ + Ky Ko + ztt’Ltt’] + iZ[mtmt + /;?tkt]a (9.106)
tt’ t
® = alog [/Dwa e~ (/2 L lwiwe Admutmy +Cru )by L]
% oD w,,w,,/(kt/+z‘6,,,,/+K,,,,/)]’ 9.107)

Q=13 log [ / D¢Dd po(4(0))

w o=t S [CousENlaMISEN[a(t)))+ Koo SENIa(O]a()]—i 5, [SENla(@)]+hed(t)]

« ol S [0 atH) =g =0 ()-+e 4+ OsgNa®]] =i o a0 Lwrd®)] (9 108)

The sub-dominant O(log(V)) term in the exponent of (9.15) is as always independent
of the generating fields {v;(t), 6;(t)}.

The integral (9.105) is evaluated by steepest descent, leading to saddle-point equa-
tions from which to solve the various one-time and two-time order parameterss. Ex-
tremization of the exponent N[¥ + ® + Q] of (9.105) with respect to {C, C.K,K,L,
I:, m,m,k, I%} gives the saddle-point equations.

Cuv = (senlg(®)]sgnlg(t)))s,  Kiw = (senlgO(t))s,  (9.109)

66 In fact we could have defined our observables differently, to be specific: we could have chosen
N=13, 0lq:(9)]0]q: ()] and N—1 3" 0[q;(t)]g: (') instead of the present Cyys and Ky, in which case there
would not have been a need for {m, k}. The reasons for the present choice are, firstly, that our theory will now be
formulated in terms of exactly the order parameters which we have been working with so far, and, secondly, that
we will now en passant obtain expressions for the traded volume, which otherwise would have had to be calculated
separately.
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L = (@O, i = (sgla@l)er o= (@) ©.110)
A 10 - 10 - 10P
o i, O® oy 0P 111
Ctt aCtt' ) tt aKtt/ ) tt 8Ltt/ ) (9 )
. i0® - 0P

The above expressions involve the effective measure (. ..),, which is here found to
have the form

1 JDgDq M;[{q,i}gl{q, 4}]
(9l{g,}))x = lim NZ{ DaDi M. ({0, )] } (9.113)

M;[{g,d}] = po(q(0)) e~ Zuw[CrurSENla®IsgNla(t))+ Ko SENa®]a(t)]

% o= S A Lo @(t) =i 52, [ SgNq(t)] +hea(t)]

ol o d®)la(t+1)—a(®)=0: (t)+e]+: ()sgnla(t)] 9.114)

9.3.3 The saddle-point equations

In order to proceed towards the elimination of the external fields, we now identify
our observables by taking the usual derivatives of the generating functional with
respect to {1;(t),0;(t)}. The resulting expressions involving C' and G are identi-
cal to those found in our previous models. However, here we have additional one-
time observables, which can be interpreted as follows (with the shorthand {D} =
DCDCDKDKDLDLDmDin):

0= lim lim —Zae

N—oo 1!’-’

ZI{D} 0/00i(1)) N+ O

= ilino N [{D}eNwo+a+O(V)
(1)) N [F+D+Q]+O(N°)
= lim lim Y f{D}(aq)/ael(t))e O
NI 2 f{D}eN[\If+<I>+Q]+O(N )
= —i lim (4(¢)), (9.115)
11[;—»0
. 1 Teonla (£ Zly]
m(t) = lim Z (sgnlgi(t)]) = —i lim ,ilino N Z 31/’% 7w
DI N[\I/+<I>+Q]+O(NO)
o Z [ADY}(0/0yi(t ]
N—00q4p—0 N I{D}eN \IJ+¢+Q}+O(N )
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N o N[T+D+Q]+O(NO)
N—00 40 - f{D}eN[‘I’+q’+Q]+O(N )

= lim (sgn[q(t)])x. (9.116)
»p—0

It follows that at the physical saddle-point the order parameters C are indeed the
entries of the correlation function (9.98), and that at the saddle-point we must have

Ltt/ = 07 Ktt/ = iGtt’y mt == m(t)’ kt = 0 (91 17)

At first sight it appears that the calculation of the function ® (9.107) is to be done
again in full detail, due to the various extra terms that have appeared in the exponential.
However, close inspection reveals that if we play our cards right we may save ourselves
further integrations: the present function ® (9.107) can be obtained from (4.43) by
making in the latter the substitutions

Ctt’ — Ctt/ + my + g Gtt’ — Gtt’ — ikt/.
)

We may therefore simply make the relevant substitutions in the result (4.44) of the
previous Gaussian integrations, thus redefining the matrix D to

Dtt’ =1 + Ctt’ + my + my (9118)

and expand this formula further for small values of {k;}. Upon putting temporarily
Ziyr = —iky and expanding Trlog(1+ G + Z) = logdet(I1+ G + Z) = Trlog(1+
G) + Trlog[I+ (1+ G)~1Z] = Trlog(1 + G) + Tr[(1 + G)~1Z] + O(k?) (based
on the matrix identity log detU = Trlog U), this results in

1
® = —aTrlog(1+G + Z) - ;a > Lw[(T+G)'D 1+ G));t + O(L%, kL)
tt’
1
= —aTrlog(1+G) - Sa Y L1+ G)IDH 1+ Gy
tt’
+ia Y (T4 G)y'ke + O(K*, kL, L?). (9.119)

tt’

We are now in a position to extract those saddle-point equations that involve differ-

entiation of @, i.e. the sets (9.111) and (9.112), using K = iG, the general identity

OTrlog U/OU = (U~1)y and the fact that {k, L} — 0 at the physical saddle-point
A 10

Cw = i =0 9.120

t k,igo 8Ctt/ ’ ( )
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Ky = 1330 a‘?; aagtt/ Trlog(1+ G) = —a(I+GN;}, (9.121)
Ly = 1;130 ;ii = —%ia[(l + @) DY+ Q) (9.122)
i = Jim gii 0, (9.123)
ky = kE—»O ?}j = —az (I+G);* (9.124)

We may now put ¢p — 0 and choose site-independent external fields 6;(t) = 6(t).
The vanishing of {C’ , m}, together with the other expressions above for the conjugate
order parameters, simplifies our effective measure (9.114) (which now depends on the
site index 7 solely via the control variable ¢;) to

Mil[{g,3}] = po(q(0)) ol 220 d0)[a(t+1)—q(t)—6(t)+eita 3, (1+G),, [sgn[g(t")]+1]]
% o S AL d(t), (9.125)

One subsequently shows in the by now standard manner, via causality, that [DgDg M;
[{¢,4}] = 1. This in turn validates the identity (sgn[q(¢)]¢(t'))» = i0(sgn[q(t)])«/
00(t"), and we no longer encounter the variables {¢(¢)} in our order parameter equa-
tions, so that they can be integrated out. We then find our final (exact) dynamical
theory for our present MG in the limit N — oo, in the form of the following closed
equations for the dynamic order parameters {C, G, m}:

Cur = (sgnla(®senla(®)])e. G = s (senla()]). e = (senla(t)-
(9.126)

with the following effective measure

Gl = [awe [ [qu } Ha}llgla}) ©.127)

—(1/2) S n(OIA+G) T D(I+GT) ()

M{adle] = pola /H 27r Vaet[I+ G) DI+ G) ]
x Ha[qt+1>—q<t>—a<>+e+2az 1+ G ola(t")] = V(1)

t>0

(9.128)

and with
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W(e) = lim % > ole -zl (9.129)

We see that the measure (9.128), which generates the averages in (9.126) for the present
model and which is parametrized by the values of the parameter £, corresponds to the
following discrete-time effective single agent process

g(t+1) =q(t) + 0(t) —c — 22 Y _(I1+G);'0[q(t)] + Van(t) (9.130)

v<t

in which 7(t) is a Gaussian noise, with zero mean and with temporal correlations
given by (n(t)n(t')) = S

Y=1+G) 'D(I+aGhH 1L (9.131)

However, in contrast to our previous models, here the entries of the kernel D are
given by Dy = 1 4 Cyr + my + my . Similar to our previous MG (the version with
trend followers), one now has to solve first the effective single agent equation (9.130)
for a given choice of ¢, then calculate covariances, averages, and response functions
corresponding to this value of €, and finally average the latter three quantities over the
distribution W (e).

9.3.4 Overall bid statistics and volatility

Given the established identification of the overall bids A(t) in the MG with the returns
in the market that it is supposed to model, we will obviously be interested in both the
volatility o and the full bid distribution P(A). We thus return to the bid generating
function Z[¢] (4.57), which is here obtained from the generating function Z[«] (9.100)
by the substitution

ol T vi(0)SgNai (D] _, (V2 4u()AL() — VR 23 bu(RO[ai(t )]

Comparison with the first line of (9.101) shows that, after a suitable shift in the
integration variables w}', we can obtain Z [(b] from the last hne of (9.101) by simply

putting ©» — 0 and replacing i Ztu Wi wl — i Ztu Wy [wi' — ¢t )/V/2], so
— /'DqDa p(] (q(())) ei Zit ‘ii(t)[qi(t'f'l)_(h(t)_ei (t)+€i] (9132)
X / DwDw o Do [0 = L6, (0]- 2% ., (5, [2wrola (0] —of d (5)]) +ON)

From here we may proceed along the established road towards a saddle-point integral,
which gives us again a formula for Z[¢] in the standard form (9.105), with the same
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expressions for the functions ¥ (9.106) and €2 (9.108) (provided we put ¢» — 0), but
with the function ® being replaced by

1 -
-+ S log [/prw o= (1/2) S,y wiwy (1 +Cour) iy L]
I

eZtt/ wtﬁ)t’ (kf,’ +i5tt' +Ktt’ )_ % Zt ¢u(t)ﬁ)t . (9 133)

Having already derived our saddle-point equations, we may now put {k,L} — 0
(which we know to be the case at the physical saddle-point) as well as K = iG and
14+m;+my + Cy = Dy, and thereby find our expression (9.133) for ® simplifying
to

Zlog / DD e St Wt X o (TG wy —(6u(0)/V2)] = (1/2) 52, wi Dyprwyr.
(9.134)

We see that this expression can, in turn, be obtained from the first line of (4.65) by
making in the latter the replacement ¢, (t) — ¢, (t)/v/2. Thus we can immediately
proceed to the last line of (4.65) and make the same replacement there, which gives
us (using the identity det(I + GT) = 1 at the physical saddle-point):

Zqﬁu (I+G)'DA+ G o).  (9.135)

tt’

From this it follows, firstly, upon using Z[¢] as a generating function exactly as in
Chapter 4, that the disorder-average bid covariance matrix in the present model is
given by

Zw = lim > (Aa@] A" [a(®)

N—oo D

=— lim lim — Z 822
T N-oo g0 2p &~ 9¢,( a% t')
= 1[(I+G)*1D(I+GT)*1]tt,, (9.136)

where D and G take their values at the physical saddle-point.

With the result (9.135), and given that our present definition of the generating function
Z )] is identical to that employed in Chapter 6, we are are now also in a position to
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repeat the calculation of the instantaneous and long-time bid distributions P;(A) and
P(A) in Chapter 6, and obtain

Pt(A)—/dA —AA iy ZZAeN (t)/V2]

2T N—oo p

i N[U4+&4+Q]—(1/8) A2[(1+G) 1 D(I+G1) =4
:/dA R VR, f{D}e
2 N oo f{D}eN[‘l/+<I>+Q]

_ / ;LA o~ AA-(US) A1) DG " _ o~(1/DAE (9137
s

We conclude that the formulae (6.6)—(6.8) of the standard batch MG again apply,
provided we now insert the new expression (9.136) for the bid covariance matrix

A . pop. —(1/2)A?/E,,
RE(A) _ % e—lAA—(1/2)A e € _ ’ (9138)
27T V 27TE'tt
d= W(_) .
P(A ~(1/2)A4%/5 9.139
(4)= m ©-139)
W(E) = lim - Z S[2 — Byl (9.140)

Thus, even in the present MG model where our agents are able to move in or out of
the market on the basis of their perceived likelihood of having profitable transactions,
with batch dynamics non-Gaussian bid statistics can occur at most when the system
operates exactly at criticality, i.e. for parameter values that put the MG exactly at a
phase transition (where one could find that the slow critical relaxation of Z;; prevents
(9.140) from being a §-function®?).

9.3.5 TTI stationary states

We now return to the effective single-agent equation (9.130) and solve it along the
established lines via the combined ansatze of TTI and absence of anomalous response,
ie.Cy = C(t—t'),Guw = G(t—t'),m; =m,andx = >, G(t) < co. We alsodefine

67 However, even at criticality it is not realistic to expect ‘fat tails’ in the distribution P(A) of any batch version
of the MG. The observable Zy¢ W111 continue to evolve (albeit slowly at the critical point) from the finite ‘random
trading’ value g (here equal to 2 ,and equal to 1 in our previous MGs) to the stationary value o2. This implies that,
even if it is not a d-peak, W (Z) will still not have support for large values of = as long as our batch MG models have
a finite volatility at the critical point, which implies that in expression (9.139) the tails of P(A) will still be Gaussian.
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the persistent correlations ¢ = lim;_, 4, C(¢). For a given value of the parameter ¢
we write (9.130) in integrated form, and introduce ¢(t) = ¢(t)/t:

t—1 t—1
i) = "0 L IS foe) e+ van)] - 20 S @ lolate)
t'=0 t’'=0 s

We send ¢ — oo, write time averages generally as T = limy oo t 1+ >, _, z(t'), and
find the following equation for ¢ = limy_, G(t):

2@@
1+’

G=+van+60—c— (9.141)

Before solving this equation and calculating for any given value of ¢ the fundamental
quantity o = sgn[q] = 260[q| — 1, let us briefly note that

= (% /de Wi(e) /an(n)U .

= —/da W(E)aag/an(n)a

This relation, as always, enables us to put # — 0 (the external fields have served their
purpose), and simplify (9.141) to

(9.142)

€

2a6]q]
1+

q=an—e-

(9.143)

This equation can be solved without difficulty. In contrast to the previous model with
trend followers, there is no positive feedback and hence the conditions of existence
for the possible solutions are once more fully complementary, so that the value of
T = sgn[q] can be written directly and exactly as a function of 7. However, what will
be different here is that the signs of 77 and ¢ become more important, as they will
control the tendency of agents to participate in the game. We find the solutions of
(9.143) to be the following

n < % :  inactive solution, & = —1, (9.144)
5 _ 2\/& ) N S
— << — :  fickle solution, & = 7[ - —} —1, (9.145)
Va Vet To Va ' Va
€ 2/«

n>—-+——: activesolution, @ =1. 9.146

n> 7o T Ty ( )

The solution with @ = —1 describes the sub-population of agents who have decided

to withdraw from the market; their trading strategies are found to be of insufficient
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quality to tempt them into playing. The solution with @ = 1 describes those agents
who will always submit a bid, since on average they will benefit sufficiently (the
criterion for ‘sufficiently’ being set by the parameter ¢). Finally, the fickle solution
represents the group of agents who will trade now and then, never becoming full-time
players but never withdrawing from the market either; they play only at times when
they believe their trading strategy will generate profit. We see that for ¢ — —oo, not
playing will no longer be an option, whereas for ¢ — oo our agents will just leave the
market; this is clearly consistent with our initial interpretation of the role assigned to
the parameter €.

We now only need to know the variance of the zero-average persistent Gaussian
noise 7] in order to proceed to the calculation of closed equations for our persistent
order parameters. From (9.131) and the definition (9.118) it follows that this variance
is given by

() = lim 72 37 St~ 1) = %(o0)

t<r

14+2m+c
=[(I+G)'D(I+G") Y(o0) = ———f— 9.147
((1+6)7D(1+ 6N (e0) =~ ©9.147)
It will be found advantageous to define the following two shorthands
2 1
_ V2 ed +x) (9.148)

—_—, W= .
Vi+2m+c V2a(l+2m+c)

We may now write 77 = zv/2a/v(1 4 x), where z is a zero-average and unit-variance
Gaussian variable, and the relations between & and 7 for the three solution types
translate into

z
— < w: inactive solution, @ = —1, 9.149
N (9.149)
2(z — 2
w < c <w+wv: fickle solution, o= M —1,(9.150)
V2 v
= >w—+wv: activesolution, & =1. (9.151)

V2

Rather than having just one quantity ¢ to measure the fraction of frozen agents, it
seems sensible in the present model to distinguish between the permanently inactive
and the permanently active frozen agents, so we will here define two such quanti-
ties ¢4, giving the fractions of trajectories for the effective agent with ¢ = =1,
respectively. The persistent order parameters can now be written in a form similar
to that introduced for the previous model, as integrals over contributions from the
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sub-populations characterized by their value of ¢ (all these integrals are of a type that
we have already run into in earlier chapters):

_ / de W(e) cle), 6 = / de W(2) 6 (e, 9.152)

m = /de W) m(e), = —/de W) %m(e), 9.153)

in which we have the following e-parametrized persistent observables

c(e) :/Dzaz[z] = l—i—/w(j:))ﬁDz {[W - 1]2— 1}

=1+ 2 /(wﬂ)ﬂDz {(z —wv2)? — V2u(z — w\/i)}

v? Juvs
(w+v)v2 (wtv)v2
—1—#32 Dzzz—mW/ Dz z
v w2 v w2
dw(w + v) (wtv)v2
2 / Dz
w2
14+ 2w(w+ v
=1 v(2 ) {Erf[w + v] — Erf[w]}
2w _ 2 2(11] +’U) a2
(wtv)2  “\WTY) —w
+v2ﬁe 2 e v, (9.154)
00 w2 (w—i—v)\/i o
m(s)—/ Dz — Dz—i—/ Dz M—l
(w+v)V2 —00 wV2 v
(w+v)Vv/2
Q z (z — wV2) — Erf[w + v]
v Juwv2
1 w? (wv w w
= [e ] - (5 +1)Erflw + 0] + “Eif[u],  ©9.155)
dy(e) = / Dz = % - %Erf[w + ], (9.156)
(wtv)v2
wv2 11
b_(c) = Dz = 5 + 3Eri[u]. (9.157)

Insertion into (9.152) and (9.153) gives us a closed theory describing the ergodic states
of our MG in terms of persistent order parameters only. To avoid confusion we now
write w = u (note that v and v do not depend on €). One then finds

c=1+ U—12 /de W{(e) [1 + 2eu(eu + v)]{Erf[su +v] — Erf[su]}
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1 2 2,2
(euv) e?u
+v2f /ds W (e) {2€ue 2(eu+v)e } , (9.158)

m = 0\1/7? / de W(e) [e="" — em(emro)’],
—% / de W(E){(au +v)Erfleu + v] — euBrfley] } (9.159)
by = % - ;/de W (e) Exfleu + v, (9.160)
b=+ ;/de W(s) Exfleul, 9.161)
ax = (1+X)(1— 65— 6.). 9.162)

In these equations one can regard {u, v, ¢+ } simply as shorthands, leaving a closed
theory in terms of {c, m, x } only.

9.3.6 Predictability and approximated volatility

Although different from our previous models, the quantity Z(oo), which measures the
predictability of the overall bids in the market (see Chapter 6), can again be expressed
without approximation in terms of our persistent observables. In TTI stationary states
we may use my = m, Dy =1+ 2m+C(t —t),and Y_,(I+ G) L = (1+x)~ L.
This allows us to take the appropriate limit in (9.136) and write

1 _ _ 1+2m+c
(00) = Z[(I+ G)'D(1+ G (o0) = EESYEl

(1]

(9.163)

Also the earlier derivations of the approximations for the volatility in terms of
persistent order parameters only (in TTI stationary states), i.e. (4.154) and (4.155) for
the standard batch MG, will be different in the present model. Rather than redoing these
derivations in full, let us here concentrate only on (4.155), which in the past has proven
to be the more accurate approximation of the two. The approximation is, as before,
based on separating the correlation function in a contribution from frozen trajectories
and one from fickle trajectories, followed by assuming that fickle trajectories do not
experience aretarded self-interaction. Our starting pointis the volatility matrix (9.136),
of which the diagonal elements in the stationary state reduce to the volatility

o2 = 3(0) = %[(1 + &) D1+ G (0)
= T 1 D+ 67 () enla()lsenla () 1+ 6) ()

ss’
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:4é%3$2*Uﬁ;iiﬁ'%i/hgwqdu_¢+&)_¢id]

><< [Z(I + G)_l(s)sgn[Q(S)]} 2>|ﬁckle,5

_ 1+2m oy t+o- 1
N 4(1 —|—X)2 + 4(1 +X)2 + 4/d5 W(&)W(ﬁckle|5)

(206 @00~ ] ekt ©.164

1+x
We observe that the sum ) __ - - - in the last line is exactly the retarded self-interaction
term in the effective single-agent equation (9.130). Our approximation consists, as
before, in assuming that for fickle agents only the instantaneous term (i.e. s = 0) in
this sum contributes. We may then put 2 _--- — 20[q(0)] = sgn[q(0)] + 1, which
leads us to

_1+2m o+ +o- 1 . Y 12
o2 = PTEEYE + TEESNE +1 /ds W(E)W(hckle|6)< {Sgn[q(O)] + m} >|ﬁck1e,e

- 1+4+2m b+ P 1
N 4(1 + X)2 + 41+ X)Q + 1 /dff W(€)W(ﬁckle|g)
2

X 2x
X {1 + T+ )2 + 1+X<Sgn[q(0)}>|ﬁck1e,6}

14 2m o+ +o- 1 X
AT+ A1+ )2 +1(17¢+7¢_){1+ (1+x)2}

+ /ds W (e)W (fickle|e)(sgn[g(0)]) ’ﬁckle,e' (9.165)

X
214+ x)

We may now work out the last line with help of the following (exact) relation

m= [a=WEmle) = [de W) senla(O)).
= [ a= wie) {w(ickiele) (snla(O) . + W (rozenle) (senla(O)) e
— [ a= WeW (ficklels) (senla O e + [ de W(E) (04(6) — 6-(2))
— [ de W)W (cklele)senla(O) g + 6 — - 9.166)

Combination with (9.165), followed by some cosmetic rearranging of terms, then gives
us the desired approximation for the volatility in terms of persistent order parameters,

which takes a surprisingly simple form

s 1+4+m x(1+m—2¢4)
2(1+x)? 2(1+x) 16D




Producers and speculators 275

9.3.7 Strict producers and uniform speculators—theory

At this stage one has to make a choice for the function W (e), which controls the
tendencies and temperaments of the agents in the game, withe > 0 implying reluctance
toplace a bid (unless the agent is confident of success) and ¢ < 0 implying the opposite.
The simplest choice that preserves the notion of having produces and speculators is
a bi-modal one, with a fraction p of producers who must always trade (i.e. they have
€ = —oo) and a fraction 1 — p of speculators with a uniform level of caution (i.e. they
have ¢; = ¢*, for some ¢* € R):

W(e) = pd(e + o) + (1 —p)d(e — ¥). (9.168)

Insertion into our order parameter equations (9.158)—(9.162), which involves sending
€ — —oo for the producers, simplifies these equations to

c= P14 2c*u(eru + ) {Erf[s*u to] - Erf[a*u]}
{25 we™ W _o(gry 4 v)e*(f*“V}, (9.169)
1\/@[ o (W (e u+v):|

1 Pl (et v)Brtetu + o] - ruBriletu] 9.170)

b6, = %(1 +p) - %(1 — p)Erfle*u + o], 9.171)

6= 30— p)+ 3 (1~ pERTll, ©9.172)

ax =(1+x)(1 - ¢+ —¢-), (9.173)

with the two shorthands
V2a - 14+ x

(9.174)

= — u = .
V1+2m+ec V2a(l+2m +c)

From the solution of these coupled equations, which will generally have to be found
numerically, then follows the volatility (in approximation) via (9.167).

However, it is instructive to work out the above equations in special limits, where
we can anticipate how the system should behave:

Riscophobic speculators: €* — oo
In this limit we must expect all speculators to have ¢; < 0, so that the system should

be in a state where all producers trade permanently and all speculators have left
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the market. Our order parameter equations confirm this picture, as they are seen to
reduce to

c=1, m=2p—-1, x=0, ¢+=p, ¢o_=1-p
Riscophilic speculators: e* — —o0
In this limit we must expect all speculators to have g; > 0, and we should find a
market consisting effectively of producers only. Again this is borne out by our order
parameter equations, which here simplify to

c=m=1, x=0, ¢4=1, - =0.
Pure producers’ markets: p — 1

In this limit we should retrieve exactly the previous solution of riscophilic specula-
tors. This indeed turns out to be the case, as it should be.

Pure speculators’ markets: p — 0
Here we must expect the problem to remain non-trivial, as our speculating agents
can still be in any of the three relevant groups (always playing, never playing, and
fickle), depending on their appetite for risk as controlled by *. Indeed one finds

1
c=1+ ] 1+ 2e*u(e*u + U)]{Erf[@*u +] — Erf[e*u]}

1 N 2 )2
—(e*u+v —(e*u
+02ﬁ {25*ue (Eut0)* _ 9(e*u + v)e W },
m— 1 [e_(s*u)z _ e—(e*u+v)2:|
v/
1
—f{(s*u + v)Erf[e*u 4+ v] — E*uErf[s*u]},
v
_ V2« " 1+x
Vitom+te V2a(d+2m+¢)’
1 1 1 1
= - — Erf[e” _ = — + —Erf[e*
¢+ 9 9 1"[€U—|-’U], ¢ 2+2 r[su],

ax = (1+x)1 - ¢y —¢-).

Let us next try to construct a phase diagram, by locating the occurrence of a y — oo
phase transition (if any), marking the breakdown of ergodicity and the boundary of
the regime of validity of our above equations. To do so, we first rewrite (9.173) by
using u/v = (1 + x)/2a, in order to make all occurrences of x explicit, giving

% 1—p e*v(1+ x) e*v(l+ x)
P\ B 9 § 7Y [k Sl ORI IR o | feled Sl 94 L T
I+x 20 { r[ 2 J”’} r[ 2 ] ©-175)

Since |m| < 1 and ¢ € [0, 1] we may infer from the definition (9.174) that always
v > %\/ 2c. This implies that, unless £* = 0, and apart from the pathological and/or
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trivial cases & = 0 and p = 1 the right-hand side of (9.175) must always go to zero
whenever Y — oo, whereas the left-hand side will go to one. We thus arrive at the
somewhat surprising conclusion that there cannot be a x — oo transition for any
€* # 0. This does not imply, however, that there is no transition at all: in contrast, we
will see that for e* # 0 and sufficiently small p (i.e. a sufficiently large fraction of
speculators) there will instead be a discontinuous transition to a low a regime with
multiple solutions.

For ¢* = 0, in contrast, a Yy — oo transition can occur. Here our persistent order
parameter equations are seen to simplify dramatically. If we interpret the resulting
formulae for ¢ and m as functions of v, i.e.

c(v) =1+ 1;2” {Erf[v] - \2/:’?} : (9.176)
m(v) =p+ (1 —p) {1)\1/7?[1 —e V] - Erf[v]} (9.177)

we find, for any choice of the remaining control parameters {«, p}, the solution(s) of
our order parameter equations to be expressed explicitly in terms of the fixed-point(s)
v* of the following non-linear map

=
V14 2m(v) + c(v)

F(v) (9.178)

The corresponding values of ¢ and m are subsequently obtained by insertion of v*
into (9.176) and (9.177), whereas the remaining observables {y, ¢+ } follow from

_ (1 —p)Erf[y]
X= 20— (1 - p)Exffu]’ (9.179)
6. =(-p).  6s=3(1+p)—3(1—p)Ertlol. (9.180)

2 2 2

A X — oo phase transition is seen to occur when a = %(1 — p)Erf[v]. This further
condition, combination with the fixed-point condition for the mapping (9.178), gives
the phase transition line in the («, p) plane. After some minor re-arrangements and
substitutions one finds that this line can be written in a convenient parametrized form
(ae(v),pc(v)), where v > 0 and with

(v) Erf[v] ) Erf[v] + (e Juy/m) — 1
a(v) = v) = .
Erf[o] + (e Juy/m) + 17 © Erf[o] + (e=*° Juy/m) + 1
This transition line separates an ergodic large o regime where the overall bids are
partly predictable (since Z(co) > 0) from a non-ergodic small « regime where the

9.181)
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Fig. 9.9 Phase diagram of the (batch dynamics and random history) MG with a fraction p of producers and
a fraction 1 — p of speculators, consisting of an ergodic high « phase with TTT and x < oo (where the overall
bids are partly predictable) and a non-ergodic low « phase where x = oo (where the bids are not predictable).
The producers trade at each time step (they all have e; = —o0), whereas the speculators trade only when they

believe they will make profit (here with ¢; = &* = 0).

overall bids are no longer predictables® (since =(co) = 0). Upon checking the limits
v — 0 and v — o0 in the parametrization (9.181) we see that in a market with
producers only one must find .. = 0, whereas in a market with only speculators (and
where these speculators all have €; = 0) one must find o, = % The result is shown
in Fig. 9.9.

Solving the €* = 0 order parameter equations (9.176)—(9.178) numerically for
different combinations of the control parameters («, p), followed by calculation of the
remaining persistent observables, leads to graphs such as those in Fig. 9.10. Figures
9.9 and 9.10 together capture and illustrate more or less the main features of the
phenomenology of the present model for e* = 0:

68 Provided we assume, as we have so far done successfully in our previous MG versions, that after having diverged
at the phase transition, the susceptibility x will remain infinite all the way down to o = 0.
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Fig. 9.10 TTI stationary state solution of the (batch dynamics and random history) MG with a fraction p of
producers and a fraction 1 — p of speculators. The producers trade at each time step (they all have €; = —o0),
whereas the speculators trade only when they believe they will make profit (here with &, = &* = 0. The
observables shown, from top left to bottom right, are: ¢_ (the fraction of agents who retired), g = 1— ¢+ —p—
(the fraction of ‘fickle’ agents), ¢4 (the fraction of agents who trade permanently), V = %(1 + m) (the traded
volume, i.e. N~ 37, |b;]), E = E(00) (the measure of market predictability), and o (the volatility).

® One observes in the phase diagram that increasing the fraction of speculators in
the market, i.e. lowering p, shifts the critical point to larger values of a. Since o
is inversely proportional to the number of agents in the market, this implies that
now a smaller number of agents will be required to eliminate all predictability from
the market. In contrast to producers, speculators are able to reduce the amount of
exploitable information in the MG.

® Granted the approximations that were necessary to arrive at formula (9.167), in Fig.
9.10 the volatility is seen to decrease monotonically upon increasing the fraction of
speculators (i.e. upon lowering p).

® Speculators can only make profit if either there are also producers in the market, or
(in the case where there are no producers, so p = 0) when the number of speculators
is sufficiently large (i.e. « < o, = %).

The bottom line is that, at least for ¢* = 0, the introduction of speculators into an MG
market of producers makes this market more efficient, both from the point of view of
fluctuations and in terms of reducing market predictability.
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Fig. 9.11 TTI stationary state solution of the (batch dynamics and random history) MG with a fraction p of
producers and a fraction 1 — p of speculators. The producers trade at each time step (they all have ¢; = —o0),
whereas the speculators trade only when they believe they will make profit (here with e; = ¢* = 0.25, so the
speculators are somewhat cautious). The observables shown, from top left to bottom right, are: ¢_ (the fraction
of agents who retired), po = 1 — ¢4+ — ¢— (the fraction of ‘fickle’ agents), ¢4 (the fraction of agents who
trade permanently), V = %(1 + m) (the traded volume, i.e. N~ 3", |b;]), E = E(oo) (the measure of market
predictability), and o (the volatility).

If one carries out the same numerical exercise for * # 0, i.e. if one solves numerically
the more complicated set of equations (9.169), (9.170), (9.173) and (9.174), one finds
graphs such as those in Figs. 9.11 and 9.12 (referring to ¢* = 0.25 and e* = —0.25,
respectively). These reveal that our coupled equations for persistent observables again
exhibit phase transitions (i.e. bifurcations of multiple solutions at sufficiently small
values of «), in spite of the susceptibility x always remaining finite, but that for e* # 0
these transitions are of a discontinuous nature. Due to the more complicated form and
the larger dimensionality of our present equations when compared with the previous
case ¢* = 0, it is no longer a trivial matter to determine the precise location of the
phase transition line in the («, p) plane; any numerical search routine written for that
purpose will be very sensitive to its initalization. Hence the graphs in Figs 9.11 and
9.12 are to be regarded as reliable in the sense that they do give precise values for
the order parameters which solve our equations, and that whenever these graphs show
multiple solutions for a given point («, p) we know that we have crossed the transition
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Fig. 9.12 TTI stationary state solution of the (batch dynamics and random history) MG with a fraction p of
producers and a fraction 1 — p of speculators. The producers trade at each time step (they all have ¢; = —o0),
whereas the speculators trade only when they believe they will make profit (here with ¢; = ¢* = —0.25, so
the speculators are somewhat keen to play). The observables shown, from top left to bottom right, are: ¢_ (the
fraction of agents who retired), ¢g = 1 — ¢+ — ¢— (the fraction of ‘fickle’ agents), ¢4 (the fraction of agents
who trade permanently), V = %(1 + m) (the traded volume, i.e. N=1 ", |b;]), E = E(oo) (the measure of
market predictability), and o (the volatility).

line. However, it might well be that multiple solutions exist already for values of «
that are larger than those where they are seen to be picked up by our present numerical
routines. Secondly, as soon as we have lowered « below the transition point .. (p) for
a given value of p, one finds that the newly bifurcated solution has 1 4+ x < 0. This
inequality violates the basis of our calculation of the persistent observables, so that
(as was the case for the more conventional y = oo transitions) the set of equations
(9.169), (9.170), (9.173), and (9.174) no longer applies in the regime a < a.(p).
Hence the discontinuously bifurcating solutions found and shown in Figs 9.11 and
9.12 for small « and p are only ad hoc continuations of the correct &« > a.(p) theory.
Upon comparing the datain Figs. 9.11 and 9.12 with the corresponding €* = 0 surfaces
as in Fig. 9.10, we may conclude:

® Also for €* # 0 it is generally true that the introduction of speculators into a market
of producers will improve the efficiency of this market, in reducing both the volatility
and the predictability.
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Fig. 9.13 The predicted persistent correlations ¢ (dashed lines, left) and the fraction of frozen agents ¢
(dashed lines, right), together with simulation data (connected markers), for the batch MG with ‘fake’ histories
and composed of a fraction p of producers together with a fraction 1 — p of speculators. The producers trade at

each time step (they all have ¢; = —o0), whereas the speculators trade only when they believe they will make

1 1 3

profit (here with ; = ¢* = 0). Results are shown for p € {0, 53

lq:(0)] = A € {0,10} for all 4.

}, from bottom to top. Initial conditions:

® For e* > 0 (risk-averse speculators) the speculators cause a reduction of the trading
volume V, whereas for ¢* < 0 (speculators keen to trade) they cause an increase in
the trading volume.

® The efficiency of the market depends non-monotonically on the parameter * (which
measures the attitude of the speculators to risk); the most efficient market is obtained
for e* = 0 (see also Fig. 9.16 below).

9.3.8 Strict producers and uniform speculators—comparison with simulations

Again, numerical simulations confirm the above theoretical results perfectly® in their
regime of validity (i.e. for @ > a.(p)). See, for instance, Figs 9.13-9.16. One notes in
practice (at least with the standard types of initial conditions and measurement times)
that only in the case where the phase transition is continuous, i.e. for ¢* = 0, will the
system be tempted to go into the high volatility state for sufficiently small values of
. This is clearly seen in Figs 9.13 and 9.14. For non-zero values of * in contrast
(see the data for e* = £0.1 in Figs 9.15 and 9.16) one tends to find the system in
the low volatility branch, irrespective of the choice of initial conditions. The only

69 The only caveat is that the present model is more prone to fluctuations for large values of o, where the number
N of agents relative to the number p = 2M of fake histories is smallest.
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Fig. 9.14 The predicted volatility o (dashed lines), together with simulation data (connected markers), for

the batch MG with ‘fake’ histories and composed of a fraction p of producers together with a fraction 1 — p

11 3

of speculators, as in the previous figure. Results are shown forp € {0, 7, 5,

conditions: |¢;(0)] = A e {0, 10} for all 4.

}, from bottom to top. Initial

serious exception to the general agreement between theory and experiment appears to
be the behaviour of the system for large o as seen for the choice p = 0 (i.e. an MG
with speculators only) and €* = 0. Here the simulation data suggest that ¢ = 1 for
a > a., contradicting the theory. The explanation for this deviation is a subtle one,
as for p = ¢* = 0 it turns that that we have a somewhat degenerate case. Here our
persistent order parameter equations reduce to

1 % 1 e
c=1+5 Erf[v]—ﬁ}, m = [1—e }—Erf[v], (9.182)

v/
2a 1 2a
2
= =1-— —Erf 1 = —. .183
YT I amt o ¢ 2 ol 14 2a — Erf[v] ©-183)

Substitution of the first two expressions, for ¢ and m respectively, into the equation
for v leads to an equation for v only, of the form o« = F'(v), where
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Fig. 9.15 The predicted persistent correlations ¢ (dashed lines, left) and the fraction of frozen agents ¢
(dashed lines, right), together with simulation data (connected markers), for the batch MG with ‘fake’ histories
and composed of a fraction p of producers with a fraction 1 — p of speculators. The producers trade at each
time step (they all have £; = —o0), whereas the speculators trade only when they believe they will make profit
(here with e; = €*). Results are shown for p = 0.25 and e* € {—0.1,0, 0.1}, from bottom to top for large .
Initial conditions: |¢;(0)| = A € {0, 10} for all 5.

2 1
F(v) =v? — %e_” + <2 — v2> Erfv] (9.184)
The function F' is seen to obey
1
F(v) =1+ 0%, F'(v)=2v(1—-Erflv]), F(cc)= 7

The equation o = F'(v) will therefore only have a solution if o < %, but this solution
isnotacceptableasithas 1+ x < 0. Ata = % one finds the degenerate frozen solution
v=o0,c=1,m=-1,¢= %, and with x being ill-defined. This particular solution,
however, reveals the origin of the apparent deviation between theory and experiment.
Form = —lonehas V =N"1%", {Jb;]) = 0, which suggests that the system must
be frozen into a state with ¢_ = 1, and hence also ¢ = 1. Yet the same solution claims
that ¢ = % The explanation for this apparent inconsistency is that in the degenerate
case p = ¢* = 0 one has agents with diverging negative values of ¢;(t) (hence they
will never trade), but where these values do not diverge linearly so that they are still
being classified as fickle. This mechanism can be seen at work in equation (9.150),
which (since w = 0 as a result of ¢* = 0) shows that for v — oo we must have half of
the agents in a state that is formally classified as fickle (i.e. the valuation differences
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Fig. 9.16 The predicted volatility o (dashed lines), together with simulation data (connected markers), for
the batch MG with ‘fake’ histories and composed of a fraction p of producers together with a fraction 1 — p of
speculators, as in the preview figure. Results are shown for p = 0.25 and ¢* € {—0.1,0,0.1} (low « region:
lowest value for e* = 0, followed by £ = 0.1, with the highest value for e* = —0.1). Initial conditions:
lg:(0)| = A € {0, 10} for all 4.

do not grow linearly with time), but where still @ = —1 (i.e. the valuation differences
are permanently negative).

9.3.9 Economic relevance and realism

Models where agents have the option of not playing if they believe that playing would
not be profitable (which are sometimes called ‘grand canonical’ MGs) have tradition-
ally been those versions of the MG for which observations of stylized facts in numerical
simulations have been reported in literature. These included fat tails of the overall bid
and volume distributions and volatility clustering. Careful reading of especially the
earlier such reports, however, reveals that: (i) stylized facts were usually reported for
rather small system sizes (mostly N < 500), and (ii) only at the critical point of the
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Fig. 9.17 Top: numerical simulation measurements of the re-scaled total bids A(¢) in the on-line MG with
producers and speculators, for different system sizes N but all operating at criticality: («,p) = (0.1,0.362)
and e* = 0 (so that the transition can indeed be located precisely). Bottom: the corresponding distributions
P(A) of these observed values (represented as histograms, and plotted logarithmically), together with Gaussian

distributions (dashed) of width and average identical to those of the observed P(A).

model at hand (so that finding these effects also required tuning of control parameters),
(iii) evidence for volatility clustering has been of a somewhat anecdotal character
(rather than appearing on a regular basis). In some papers one can even deduce that
volatility clustering was observed in parameter regimes where the distribution P(A)
did not have fat tails. Only very recently have such phenomena been subjected to a
simple finite size analysis, measuring their strength for different system sizes. This
led to the conclusion that fat tails of the bid (i.e. price) distribution P(A) and of the
volume distribution are in fact finite size effects. They all disappear when we increase
the system size™, see Fig. 9.17 (for the on-line version of the present model, since the
batch version as always exhibits Gaussian bid distributions only). Comparison with
e.g. Figs 9.1 and 9.8 also shows, however, that finite size fluctuations in the present
model are much more prominent than they were in the previous MG versions.

70 Plotting figures similar to Fig. 9.17 for the distribution of trading volumes V = %(1 + m) in the present model
gives very narrowly peaked distributions, without fat tails, not even for small system sizes.
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We conclude that, from an economic point of view, MG models with producers
and speculators show interesting and complex new modes of behaviour, when com-
pared with their predecessors, such as discontinuous phase transitions and much more
prominent finite size fluctuations. The introduction of speculators generally improves
the efficiency of the market™. It is also clear from the solution of our macroscopic
equations that for p > 0 (i.e. in the presence of producers) there exists a clear optimum
value for the parameter €* which controls the appetite for risk of the speculators. This
optimal value, within the present definitions given by €5, = 0, minimizes simulta-
neously the volatility and the predictability of the market. As a result of the stronger
finite size fluctuations in the present model with producers and speculators it is here
also much easier to observe some of the stylized facts of financial markets. However,
these are all finite size phenomena, which will have disappeared effectively already for
system sizes around N = 1, 000, which furthermore require tuning of control param-
eters in order to be observed, and which by their very nature are not described by any
of the existing mathematical theories (since the latter all involve the limit N — c0).

71 Only for negative values of e* (risk loving speculators) and small « (i.e. a crowded market) does the introduction
of speculators have only a negligible effect.
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10. Notes

10.1 Strengths and weaknesses of MG theory

Let us accept the rough but not unreasonable distinction of the development of most
new mathematics-based research fields into the following three stages: a first stage
where a simple but original new model is being proposed with which to explain a
phenomenon that is not yet understood (or perhaps a range of phenomena), a sec-
ond stage where the most appropriate mathematical techniques are being selected,
adapted, or developed from scratch (as the case may be) with which to tackle this
new model, and a third stage where there is general agreement on the mathemati-
cal tools to be used and where the emphasis consequently has shifted to the appli-
cation of these accepted tools to increasingly refined and realistic versions of the
initial model. It would seem that in the field of MGs we are now approaching the
third stage. The question is no longer how to solve MG type models, but rather
which version or generalization of the MG to solve, from the infinite set of possi-
bilities.

10.1.1 The theorist’s perspective

In the MG we have been fortunate that the relevant mathematical techniques were
already available (they have been developed and refined in the field of the statisti-
cal mechanics of disordered and complex systems, from the 1970s onwards), and
required only modest adaptation. At present one will be able to calculate phase di-
agrams and TTI stationary solutions for most generalizations of the MG with fake
market histories, following by now established procedures. Such results will be ex-
act in the infinite system size limit, and lead to predictions for persistent observables
such as the fraction of frozen agents, the persistent correlations, the susceptibility,
and the measure of market predictability. There is no problem in having agent di-
versity. However, apart from simply keeping up with the new variations of the MG
that continue to be proposed, many interesting theoretical problems are still open. Of
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these, some are of a fundamental nature (possibly requiring the development of new
mathematical methods or tricks), whereas others should be quite easily solved with
presently available methods but are just waiting to be given attention. To name but a
few:

® The volatility cannot be expressed in terms of persistent order parameters, but within
the generating functional analysis we have an exact expression which involves also
the short-time parts of the correlation and response functions {C, G}. One would
like to find exact solutions of the dynamic order parameter equations for short times,
so that we can go beyond using only approximations for the volatility.

® The statics and dynamics of the MG in the non-ergodic regime (i.e. for small a)
have never been analyzed properly. Although this regime is described by exact closed
equations, these equations have so far only been solved using crude approximations
(see Chapter 4).

® One would like to understand in much more detail the bid distribution P(A) of
the on-line MG versions in the non-ergodic regime. This includes the origin and
scaling properties of the outliers in P(A), which seem to move outward to larger
values of | A| as the history depth M is being increased. It also includes calculating
the non-Gaussian tails of the central part of P(A). Again, exact formulae for P(A)
are available, but for on-line models these involve non-trivial Poissonnian averages
(describing the fluctuations induced by the randomly drawn pseudo-histories).

® |t has been possible to solve the on-line MG for the case of having real market
histories, but this solution takes the form of an expansion in the width of the distri-
bution of history string frequencies. This implies that in its present form it can be
used only in models where the impact of having real histories is modest. It would
therefore be very welcome if an alternative solution method could be developed
which would also apply to cases where the history string frequency distribution is
far from a J-peak.

® Within the domain of real versus fake history another interesting question is what
would be the effect of having consistent fake memory, which can be seen as an inter-
mediate choice in between the two cases of real and (inconsistently) fake memory
that have been studied so far.

10.1.2 The economist’s perspective

The advantage to the economist of having a solvable model such as the MG is that
it allows for the rigorous™ testing of proposals regarding the origin and statistical

72 One should be aware that in MG literature the word ‘exact’ appears to have been subject to some inflation.
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characteristics of fluctuations in markets. An exact solution not only replaces an in-
finite number of simulation experiments, it also allows for precise extrapolation and
prediction. Thus, agent-based models such as the MG can not only be used as a tool
with which to understand the properties of financial time series in the real world, and
the impact of having agent species such as trend followers and speculators on the
complex macroscopic processes in markets, but also to hint at what such financial
time series could have been if the microscopic rules of the system were to be changed.
The most striking example of this is perhaps the astonishing effect in the MG of agents
correcting for their own impact on the market bid (and hence the price), see Chapter 7,
which reduces the volatility by orders of magnitude and changes the dynamics of the
market completely.

The dominant issue at this point in time in MG research, from an economics point
of view, would appear to be to continue the quest for the stylized facts:

® In a nutshell, in the present MG versions one can observe some of the stylized
facts of financial time series, but one has to look for them. This contrasts sharply
with economic reality, where they are more or less impossible to avoid. In on-line
versions of the MG one does find non-Gaussian tails in the distribution of prices
in the non-ergodic regime, even in the infinite system size limit, but at present they
would seem to be exponential rather than algebraic. All the other observations of
stylized facts are now accepted to be finite size effects at phase transitions, which
require sufficiently small system sizes and tuning of control parameters.

® Irrespective of whether small system sizes are themselves realistic economically,
they present us with a fundamental problem. The reason for seeking an explanation
for the non-Gaussian statistics of financial time series is that if these had been an
aggregate of a large number of independent and more or less similar contributions,
Gaussian statistics would have been an inevitable consequence of the central limit
theorem. If we now accept small system sizes as an explanation, then there would
not have been an issue in the first place: the central limit theorem would simply not
have applied.

® The tuning of control parameters required for the MG to be at criticality could be
avoided if one takes seriously a proposal in literature that predictable markets, by
their promise of profit, draw in speculators, whereas unpredictable markets drive
speculators out. This mechanism would automatically keep the market at the phase
transition point (provided it is a Y = oo transition, where indeed the predictibil-
ity vanishes). This idea, however, has not yet been implemented and elaborated
mathematically.

® If one rejects the idea of stylized facts being finite size effects, one will have to
introduce new mechanisms into the MG. These could take the form of evolving
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capital of agents, and variable and capital dependent bid magnitudes (so far such
models have been studied only via numerical simulations), or of delay mechanisms in
agents’ actions (which are always guaranteed to cause further instabilities). Another
alternative would be to choose more sophisticated mathematical representations of
agents’ attitudes to risk, for instance, by allowing agents to be minority seekers in
‘normal’ circumstances (i.e. for modest values of the overall bid), but to become
trend followers in extreme cases of very large overall bid values.

New ingredients such as agents’ action delays or non-monotonic response to market
observations should not pose fundamental obstacles to the application of generating
functional methods. The main problem for the mathematical theorist is no longer how
to find methods with which to solve such generalized models, but how to avoid wasting
energy by solving models that are of only limited economic relevance. It follows from
the above that perhaps the time has come for a greater involvement of economists at
the model design stage.

10.2 Bibliographical notes

The emphasis in this book is on the mathematical analysis of MGs. This is reflected
both in the selection of material and in the depth of its coverage of mathematical
derivations. As such, it can perhaps be regarded as complementing another recent
book on MGs [1], which offers alternative perspectives, such as their relation with
other types of market models and the interpretation of the stationary states of the MG
in game theoretic terms.

The birth of MG in 1997 generated a large number of (mainly simulation) stud-
ies, exploring the model and proposing and investigating variations. The appealing
simplicity of its definition allows anyone to experiment with the MG on a simple
desktop PC, and many have accepted this implicit invitation. It is neither possible
nor helpful to the reader to discuss or even list each and every one of the papers that
have been published. Instead, apart from the references on mathematical methods, the
notes below represent an inevitably subjective selection of MG papers, on the basis
of their relevance (as perceived by the author) for the development and mathematical
understanding of the model.

10.2.1 Mathematical methods

The general background area of probability theory and stochastic processes provides
the relevant probabilistic concepts and language. Standard references are [2] for
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theory and applications of probability theory and [3,4] for theory and applications
of stochastic processes. In addition, one relies heavily in a text such as the present,
which aims for explicit solutions wherever possible, on an enormous body of mathe-
matical results on specific functions, expansions, series, integrals, etc. Many of these
can be found in [5, 6] (or, in abbreviated form, in [7]). Various practical methods
of a physical nature can be found in [8], whereas the saddle-point method is ex-
plained in more detail in [9]. Good introductions to the field of statistical mechanics
are [10, 11], whereas the specific use of path integrals in dealing with stochastic
processes is described in [12]. More on the temporal regularization of discrete time
stochastic processes is found in [13]. For elegant introductions to the role of statistical
mechanical techniques in the quantitative analysis of problems in economy one might
consult [14,15].

10.2.2 Definition and phenomenology of the game

The El Farol bar problem, of which the MG is more or less a mathematical implemen-
tation, was proposed in [16]. This was followed by the introduction and definition of
the MG in [17]. The main subsequent early papers in which the crucial phenomenolog-
ical aspects of the MG were uncovered (albeit not in the order in which they have been
presented in this book) would appear to be [18] (the identification of o = oM /N as
the main control parameter of the MG, the non-monotonic dependence of the volatility
on «), [19] (a detailed simulation study of the overall bid statistics for large system
sizes), [20] (the introduction of the concept of ‘frozen agents’), and [21] (the surprising
similarity between the behaviour of MG models with real or fake market histories).

10.2.3 Replica analysis of MGs

The first serious attempt at solving the MG was based on replica analysis. For more
details on replica theory as a formalism for solving models of disordered physical sys-
tems, including its mathematical subtleties such as replica symmetry and the breaking
of replica symmetry, one could study the classics [22, 23] or the more recent text-
book [24] (which deals also with various applications of replica theory in other disci-
plines). The replica analysis of the MG (with fake market histories) was developed in
stages, starting with [25,26] (deterministic approximation of microscopic laws), and
followed by a more advanced version [27] where fluctuations were partly included
(via a Fokker—Planck description, with approximated diffusion terms). Further ap-
plications of the replica approach include MG models with decay in the valuation
dynamics [28] or with replica symmetry breaking [29] (some results of this paper
were later revised in [30]).
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10.2.4 Generating functional analysis of MGs

The generating functional analysis (GFA) of disordered (physical) systems was
launched originally in [31]. The method is also discussed in the textbook [23], again
in the context of disordered magnetic materials in physics. The first applications to
MGs are found in [32] (the batch MG with fake market histories) and [33] (dealing
with the on-line version). These were followed by GFA studies of MGs with market
self-impact correction [30] (as introduced earlier in [34] and [29]), of batch MGs with
decision noise [35,36] or correlated strategies [37], and of the spherical version of the
MG [38].

10.2.5 Theory of MGs with inhomogeneous agent populations

Batch MG versions with inhomogenous decision noise levels were first solved in [35].
Models with trend followers as such seem to go back to [39] (where one had trend
followers only, i.e. a Majority Game), but the inhomogeneous version with both trend
followers and minority seekers (or ‘contrarians’) was solved in [40]. A somewhat
similar type of model (which page limitations have prevented us from discussing in
this book) involves agents trading at different frequencies [41,42] (by having strategy
look-up tables with entries {—1, 0, 1}, with different densities of zeros for different
agents).

10.2.6 True versus fake market histories in MGs

After [21] revealed the similarity between the behaviour of MG models with real
versus fake market histories, it was shown that this statement did not extend to various
variations of the MG, such as games with slightly different strategy valuation update
rules [43] or with populations where different agents do not necessarily observe history
strings of the same length [44]. A nice (partly phenomenological) attempt at analyzing
quantitatively the effects of true history in the MG was presented in [45], and followed
by adetailed simulation study [46] of bid periodicities induced by having real histories.
The more elaborate analysis of the MG with true market history as described in this
book is found in [47].

10.2.7 Producers, speculators, and the hunt for stylized facts

Attempts to reproduce the stylized facts of financial markets have a considerable
history. An early (simulation) study where MG agents are allowed the decision not
to play (i.e. with speculators avant la lettre) is [48]. A number of subsequent papers
attempted to solve models with speculators (approximately) using replica methods,
such as [34] (here speculators cannot yet leave the game but have two strategies,
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and producers only one), [49] (with speculators, producers, and also money, similar
to [50]), and [51-53] which study more or less the MG version with producers and
speculators as discussed in this book (although not yet with generating functional
methods).

10.2.8 Alternative choices of models and methods

An alternative definition of the MG involves replacing the traditional conversion of
observed external (market) information into a scalar bid (which so far has been im-
plemented via ‘look-up tables’) by a construction where external information is rep-
resented by a vector, and strategies by linear functionals on the space of these external
information vectors. Such models, introduced in [54] and elaborated further in [55,56],
have played an important role in settling the discussion of to what extent the fluctu-
ations in the bid valuation dynamics of the MG can be neglected, but (somewhat
surprisingly) have not yet been solved. This is why they have not been discussed in
this book.

Many authors have proposed generalizations of the MG with some form of Darwin-
ism in the market, where, for instance, poorly performing agents are replaced ([57]
or [58]), or in which agents can obtain new strategies [59, 60]. So far such models
have mainly been studied via numerical simulations.

An alternative approach to the analysis of MGs with fake market histories was pro-
posed under the name of crowd—anticrowd theory, see [61-63]. A recent and detailed
exposé is given in [64]. Compared with the other mathematical techniques that are
available, the ‘crowd-anticrowd’ method appears to have serious drawbacks: it relies
on several moderately controlled assumptions and approximations, it leads only to
predictions for the volatility, and it can in fact not deal with the MG as such, but
only with a simplified model where all strategies are either identical, un-correlated or
anti-correlated.

10.2.9 Recent directions

Let us finally mention some recent developments of relevance to the mathematical
analysis of MGs. The first concerns ‘diluted” MGs [65], where each agent can use
in his valuation updates only the overal bid of a (frozen) randomly drawn subset of
the community. This is found to cause an MO type phase transition (similar to that in
MGs with self-impact correction). The second area is that of MGs where agents do not
memorize their strategy valuations indefinitely. Such systems, which exhibit novel and
interesting fluctuation phenomena, were already studied in [28] (using replica theory)
and [66, 67] (via simulations), but are now being studied using generating functional
methods [68].
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APPENDIX A: Simple mathematical

conventions and tools

A.1 Notation conventions

In this book we will use the following mathematical shorthands

Kronecker delta :

Gaussian measure :

step function :

error function :

delta distribution :

5ij:{

Dz =

Erf[z

o[z].

1 ifi=j
0 ifij,
1 2
e " 2dy,
ifx>0
if z <0,

f/ et

The definition of the delta distribution will be given below.

A.2 Series and expansions

(A1)

(A.2)

(A.3)

(A.4)
(A.5)

The following basic power series and expansions are being used repeatedly, both for

scalar objects and for matrices

n

x
e’ = E —
n!

n>0

(1—2x)" Zx

n>0

(lz] < 1),

_ nflxn
og(1+2) = 3 ELE ey <),

n>1

(A.6)

(A7)

(A.8)
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sin(z) = x — éxB +0(z°) (x —0), (A.9)

cos(zr) =1— %xQ + 0zt (z—0), (A.10)

Erf(z) = \; [1 - %:;:3 + O(x5)] (z — 0), (A.11)
1 . 1

Bxf() =1 - — ¢ 1+ O(?)} (2] = o0).  (A.12)

A.3 The -Distribution
A.3.1 Definition

Here we present an intuitive definition first, and a slightly more formal one later. We
first present the J-distribution as the probability distribution §(z) corresponding to a
random variable x in the limit where the randomness in this variable vanishes. If z is
‘distributed” around zero, this implies that [dz f(z)d(z) = f(0) for every function
f. A problem arises when we want to write down an explicit expression for §(z).
Intuitively one could think of writing

L R SRV Y

d(z) —AIEIOGA((L'), Ga(z) = T\/ﬂe . (A.13)
However, the result is not a true function in a mathematical sense, since 6 () is zero for
x # 0and §(0) = oco. The way to interpret and use expressions like (A.13) is to realize
that 6(x) only has a meaning when appearing inside an integration; one is to take the
limit A — 0 only after performing this integration. Upon adopting this convention,
we can use (A.13) to derive the following properties for sufficiently well-behaved and
differentiable functions f:73

/dx d(x)f(z) = lim [dz Gplx)f(z)

—0

= lim j%e“/wf(m) = £(0), (A.14)

Jars@ire) = 1 [ae{ L 6aw) - Gare]
GA @), FO0) = —f(0). (A3

= lim
A—0

73 The precise conditions on the so-called ‘test-functions’ f can be properly formalized, which is the subject of
distribution theory. Here we just concentrate on basic ideas and properties.
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These properties can be generalized to

/d:v f(m)% () = (—=1)" lim if(:v) (n=0,1,2,...). (A.16)

z—0 da™
We may now take the properties (A.16) as our definition of the §-distribution.

A.3.2 Representations, relations, and generalizations

We can use the definitions of Fourier transforms F: f — f and inverse Fourier trans-
forms F~1:f — f, acting in the function space L?(RR) and defined as

f(k) = / do e (1), f(x) = / dk &7k f ()

to obtain an integral representation of the J-distribution. Upon writing the operator
identity T = FF ! in explicit form we find the general relation

f(l') — /dk‘ e27rikz /dy e—27rikyf(y).

Application to f(x) = §(x) subsequently gives our desired result
5(z) = / dk emike — / o etk (A.17)
s

It is equally easy to construct a representation of the J-distribution in the form of an

infinite sum
o

1 .
= el (A.18)
21

{=—00

To confirm the validity of (A.18), we first show that the sum in (A.18) vanishes for

w # O

we€[-mm: dw)

1 1
iwl iwl —iwl _ o
2 e _Z{e e }_1_1—eiw+1—e_i“’ !

{=—00 £>0
2_e7iw_eiw_ 1_eiw2
= . | | =0.
|1 _ e1w|2
Finally we have to verify that the singularity of the sum at w = 0 indeed gives us
exactly the normalization required of the §-distribution

" 1 = iwl = " dw iwl =
/ﬂdw[27T Z e }: Z /,,2776 = Z dp0 = 1.
I/=—00 {=—00 {=—0c0
The following two identities relate the §-distribution to the step function, and reveal
the effect of performing continuously differentiable and invertible transformations g
inside a d-distribution, respectively:
d

i(x) = aﬁ(az), (A.19)
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iz —y)

6 lg(x) —g(y)] = RETO

(A.20)

Both (A.19) and (A.20) are proven by showing that both sides of the equality have
the same effect inside an integration, for any arbitrary test-function f:

Jaa{o@) = 0@} = £0) 1ty [ de{ Lo @) - £ @600}

€—>

= £(0) ~ Timf(e) — 0] + lim /0 4z f'(z) = 0.

Similarly (noting the extra term sgn[g’(x)], which reflects the possible exchange of
integration boundaries):

’ ot 0@ sy e F@) f()
[ ae{dlate) = o) - 5 @) = [ o g @lata) gl Z 5 - L
s T W) f()
= [ Q=SS ~
_ Sy )
A A .
Finally, the generalization to x = (z1,...,zy) € RY is straightforward:
N
5(x) = [ 8(z). (A21)
=1

A.4 Steepest descent integration

The objective of steepest descent (or ‘saddle-point’) integration in its simplest form is
to deal with integrals of the following type, with x € RP, with continuous functions
f(x) and g(x), of which f is bounded from below, and with N € R positive and large

Inlf.g) = /R dx g(x)e N/, (A.22)

We first take f(x) to be real-valued; this is the simplest case, for which finding the
asymptotic behaviour of (A.22) as N — oo goes back to Laplace. We assume that
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f(x) can be expanded in a Taylor series around its minimum f (x*), which we assume
to be unique, i.e.

_ * 1 - A . * . * O *|3 A — 82f
f(x) = f(x )“‘2; U(xz_xi)(xj _xj)“‘ (Jx —x*]°), ij = 8x13xj|x*
(A.23)

Provided the integral (A.22) exists, insertion of (A.23) into (A.22) followed by trans-
formation x = x* + y//N gives

Inlf, gl = e N6 / dx g(x)e™ (V2N @) sy (=25 +O(N =" [
Rp

_ N—B/D~NIx") / dx <X*+ Y) o~ (/D) 5, i Asyy; +O(N-0/ |y )
;I VN

(A.24)

From this latter expansion, and given the assumptions made, we can obtain two im-
portant identities, both of which are being used regularly in the present book

1 ~NFG)
A}gnoo Nlog/dexe = hm logIN[f, 1]
) plogN 1 (1/2) S, yi Ay, +O(N -/ |y]3)
— _ 71 ij YiAijYj y
= f(x") + Ninoo{ ON g/pdxe
= f(x") = min f(x) (A.25)
and
I Jdx g(x)e NI Iy[f,g)
Ngnoo fdx e~ Nf(x) " Nooo IN[f, 1]
Ldx g(x* 4+ L) o (1/2) 345 wiAijy; +O(N~H/2) y[?)
= N L TS v PO T
—00 prdxe ij YidijYj y
_ g(x*)(2m)P/?//DetA x*)
T enp2/yDea Y
= glarg min f(x)). (A.26)

The situation becomes more complicated when we allow the dimension p of our
integrations to depend on N. Provided the ratio p/N goes to zero sufficiently fast as
N — 00, one can still prove the above identities, but much more care will be needed
in dealing with correction terms.

In those cases where the function f(x) is complex, it is much less clear how to
calculate the asymptotic form of (A.22). The correct procedure to be followed here is
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to deform the integration paths in the complex plane (using Cauchy’s theorem) such
that along the deformed path the imaginary part of the function f(x) is constant, and
preferably (if possible) zero. In the models analyzed in this book we can be sure on
physical grounds that a path where f(x) € R can always be found. Having succeeded,
one can then proceed using Laplace’s argument and find the leading order in N of our
integral in the usual manner by extremization of the real part of f(x). In combination
one finds that our integrals will thus again be dominated by an extremum of the
(complex) function f(x), but since f is generally complex we can no longer interpret
this extremum as a minimum

— lim log/ dx e N = extryeps f(x), (A.27)

N—oo N
o [dx g(x)e N
lim
N—o00 fdx e—Nf(X)

= g(arg extryepre f(x)). (A.28)

Whereas the Laplace method for real functions f(x) is relatively straightforward, the
precise mathematical details of the full saddle-point method (including the subtleties
in the correct deformation of integration paths, the question of under which conditions
apath with f(x) € Rexists, etc.) are more involved. For these the reader will therefore
have to be referred to textbooks on methods in mathematical physics.
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B.1 Gaussian integrals
B.1.1 Properties of real and positive definite matrices

Let us consider symmetric, real-valued and positive definite N x N matrices A, i.e.
x-Ax > 0forall x € RY with |x| > 0. The eigenvalue polynomial det[A — A\1] = 0
is of order IV, so the eigenvalue problem Ax = Ax with x # 0 will always have NV
(possibly complex) solutions A (of which some may coincide). We denote the complex
conjugate of a complex number z = a + ib as z* = a — ib, and define the unit matrix
I with entries 1;; = J;;.

We will use the following properties, proofs of which are found in every linear
algebra textbook: (i) all eigenvalues \; of the matrix A are real and positive, (ii)
all eigenvectors x can be chosen real-valued, and (iii) we can construct a complete
orthogonal basis in R™Y out of eigenvectors of A. Thus there exists a set of N vectors

&l = (ef,...,ely) e RN i=1,..., N, with the properties

A& =)\e', NER, N >0, &8 =0

We construct a new matrix U from the components of the normalized eigenvectors
{e'}, according to U;; = é/. We denote its transpose by U, i.e. U;j = Uj;, and show
that U is unitary, i.e. that UTU = UUT = T:

Z U U U.CC] ZU UkJ:L’] Zézéi.f] = Zéijmj = x;
i ik i

> (UUY)x ZUI’“UJMJ > ebekn; =3 éfe-x) =
ik k

J Jjk

(since {&’} forms a complete orthogonal basis). The unitary matrix U is seen to bring
A onto diagonal form:

(UTAU),; = Z Ul AUy = Z & Apel = )\ Z éél = \;d;.  (B.)
kl=1 kl=1
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Finally, the inverse A~! of the matrix A always exists, and its entries are
— 1 k k:
)ij = Z A, (B.2)

(which is easily confirmed by substitution into the products AA~! and A=1A).

B.1.2 Multi-variate Gaussian integrals

We now use the above properties to calculate those associated Gaussian integrals
which play a role in this book, all of the general form I = [dx f(x)e™(1/2)xAx
with x € RV, with A denoting a positive definite real-valued symmetric matrix (with
Ael = \eland & - & = 0i;), and with U the associated unitary diagonalization
matrix in the sense of the previous sub-section

) 1/2 S 2 3
/dx e~ (/22 {/dmdxz e_(1/2)(1%+m5)} = {/ dr r/ de e_(l/z)r2}2
0 0

_ {27{ - e*“/?)’”ﬂj}m Vo= (B.3)

/dx o (1/2x Axtbx _ /dUz o (1/2)2-Uf AUz42U'b
N

[/dz e_(l/z))‘fz2+Z(UTb)z:|

[/dze (/22 2= (UTb) A TP (1/D)A; (Ulb)}

—

~
Il

1

Ilgz

(/2SN AT b U, H [/dze (1/2)22 ]

2m)N/2 o(/2) SN b, SN, A et
detA
N/2
(27T) / e(l/2)b~A*1b7 (B4)

vdetA

—

J

/dx xie_(l/Q)X'AX—i-b-x

= Z Ui; /dUz zje*(l/Q)Z-UTAUerz-Ufb
J
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= Z Ui /dz z e~ (1/2X2%+2(U'Db); H [/dz 6(1/2)/\222+Z(U*b)e]
J

i
N
= Z Uzg UTb 1 (1/2) zj:lkZZI)‘ZlUbepUkébk H [/dz e(1/2)/\zz2]
(=1
N/2
_ZUZ]U]{; k _1 27T) / (1/2) gkzl bpbi 320, zleﬁei
7 VdetA
- (2m)N/ 1/2b-A~1b
— (A 1p), L , (B.5)
VdetA

In deriving (B.4) and (B.5) we used (B.3), as well as the identity Hévz 1 A = detA.
From (B.4), in turn, follow for instance

B 27.‘_)]\//2
dx o—(1/2xAx _ ( 7 B.G
/ e vdetA (B.6)

2

/dx wy e (/2R AX _ &1_% 50 /dx o (1/2)x Axtbx

0 (277)/ o(1/2)b- A" _ (A_l)z‘j(QW)N/Q

= lim . (B.7
b—0 0b;0b; \/detA vdetA B9
Combination of (B.6) and (B.7) shows that
dx z;x e (1/2)xAx
J J = (A, (B.8)

de e—(l/?)x~Ax

B.2 Integrals in the replica analysis

In Chapter 3 and most of the subsequent chapters we encounter a number of specific
integrals. The first three are

AV2 1A 1
Dx = / dte ™ = =Erf[A], (B.9)
0 VT Jo Al
AV2 1 AVZ
Dz — _ e (1/2)a? = — |1—e W24 (B10
0 v V2T [ ¢ }0 V2T ( )
AV?2 _ d AV2 ,
Dra?=—— lim — dre™

0 V 2 u—>1/2 du



306 Integrals

= L lim i{ufl/Q /Amdx efzg}
0

21 u—>1/2 du
= %Erf[A] — \’/4%e—A2. (B.11)

We also regularly need integrals involving the following function s(a) and its deriva-
tive, with A > 0O:

a for |a] < A , 1 forla| < A
s(a) = s'(a) = (B.12)
Asgnfa] for |a| > A, 0 for|a] > A.

The three relevant integrals involving this function s(a) are the following (with u > 0
and 0 < e < 1):

2 uv2 2 £U2
Dz s2 x) =24+ \[/ dx e—(1/2)z { — )\2}
/ xs (u\/i 77 xe 502

= A2 1 — Erf[\u] — L4 /Adm e
N )\Qﬁ du 0

1—2)\2’[1,2 1 2,2

2 _ —A%u
=\ {1+2)\2u2 Erf[Au] 7/\u\/%e }, (B.13)

, T Auv/2
Dx s —/ Dz 1 = Erf[Aul, (B.14)
/ o= ol

D92x—2A2=2/OO Dz 1 =1 — Erflehu). B.15
oelitig-er] 2 peieioman i

B.3 Integrals in the generating functional analysis

In the chapter on the batch MG with fake market information we first encounter the
following integral:

/ Dz Erf(A + Bz) = / dy / Dy ——e~WtBa)?

2 dz 2 )
= — d eV | =2 o—(1/2)2*(142B*)—-2Byx
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m/1+28 /0 v
X /dx o~ (1/2)(@+(2By/V1+2B?))*+2B%?/(1+2B?)

—(y?/1428%) _ Erf[ (B.16)

A
\FV1+232/ \/1+2sz}'

The following integral is needed in the evaluation of the relative history frequency
o(f) in Chapter 8:

A
/Dl‘ Erf?(Az) = / dy 9 /Dﬂs Erf?(yz)
0 dy
/A 4 o
= dy/D$azErf yr)——e I
: v 7
4 4 2(1424?
_ ﬁ / dy / A 242 g g ()
/A dy [dz 2. 9 gy zy
“Vad 1+22) Von oz V1+ 242

:/A dyy dz o~ (1/2)2%—?y? /(1+2y?)
o (1+22PR ) Var

™

8/"‘ dy y
o (1+292)/1+ 42

9 [l+447 4 1+4A2
= / a4 {arctan(\/f)]
™)1 A1+t)vt = 1
= 4 arctan(y/1 4 4A2) — 1. (B.17)

™
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APPENDIX C: Moments of random
matrices

In this appendix we derive the expressions used in Chapter 8 for some of the moments
of the random matrices defined by (8.54). We abbreviate 0x = 1— 6y and (Q[B])s =
JdB P[B]Q[B]. The random matrix ensemble is defined as

log, (p)
P[B]:<H5[BM— I1 G[Z(E,)\)Z(E’,)\)”> . (C.1)
ep A=1 (7}

The {Z (¢, \) } are zero-average Gaussian random variables, representing inconsistent
‘fake memory’, characterized by

<Z(€, )\)Z(@’, /\/)>{Z} = /€25gg/ 5,\)\/. (C.Z)
Thus By € {0,1}, and (B%,) = (By,). Averages come out as

log, (p) /1) loez(p)
(B =TT 612602012 = 0w+ 53 5)
A=1

1
= pr + E(Skg. (C.3)

Our analysis in Chapter 8 involves two further types of averages. The first is a cyclic
combination of rth moments, where s1 > so > --- > s, and r > 1 (no summations):

<58152882,Ss e 'BST751>B

log, (p)
= H (01Z(s1,N\)Z(s2,N)]0[Z (2, A\) Z(s53,A)] -+ - 0[Z (81, \) Z (51, N)]) 12}
A=1
— {(01Z(51) Z(52)10[Z(51) Z (s3)] - - - 0] Z (1) Z(5,)]) 3 } %
= 2= log;(p) — 1, (C.4)

We note that (C.4) also holds trivially when » = 1. The second non-trivial average is
formed of two time-ordered strings of matrix elements (of lengths r and 7/, respec-
tively) connected by two further matrix elements, where sg > s; > --- > s, and
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s( > sy > -+ > s,. Upon dropping the index \ as soon as it has become irrelevant
(to reduce the size of our equations) and upon renaming s, 1 = k and s, 1 = k' we
get

([BsosiBsysy -+ B ]st-s;, [[)’s()s’llgs’ls’2 By, o ]BSOS{,>

Sr—1S8r w15

= <9[Z(So)Z(sl)W[Z(sl)Z(Sz)] 2012 (s0-1)Z(57)] 01Z (51) Z(s,)]

log, (p)
><9[2(86)2(8’1)]H[Z(SS)Z(S’Q)}---9[2(5%_1)2(52/)]9[2(80)2(56)]>{Z} - (C3)

It is clear that the time indices in (C.5) can be at most pairwise identical, with
indices of the string {so, - - -, s, } coinciding with indices of the string {s, - -, s, }.
The number of such pairings is given by I' = >"7_ Z;:O s, s> leaving in (C.5) an
average involving only r + 1/ 4+ 2 — I" non-identical Gaussian variables, on which the

remaining condition is that that must all be of the same sign. Hence we obtain
<[8808188182 e Bsplsr]Bsrs;, [[-"’s{]s’lBs’ls’2 T Bs’r,_ls’r,]BsosQ

1 2( ) r r! ’
_ {@)’“*T'“_F}Og S (C.6)



APPENDIX D: Expansion of bid sign
recurrence probabilities

In this appendix we derive the expansion (8.109) of the function ®(g1, g2,...) as
defined in (8.102). We will abbreviate

(1—¢)Ax

Ey = Erf (D.1)
V2y/¢22 + (1 - Q)23
with )y maEY = (E"). These shorthands allow us to compactify (8.102) to
1
¢(91,g2,---)=2nlzﬂx L+ Ex)% H[Zm 1= Ex)%
>t L A ]>1
1 < 9j n 1 9j n/mon
11 Z<n> |+ 2T (%) o
j>1 Ln=0 j>1 Ln=0
a1 g2 1
=0no=
(D.2)

Since the overall average bid in the MG is equally likely to be positive than negative,
and since (D.1) tells us that sgn[Ey] = sgn[A,], the moments (E") for even values
of r will have to be zero. From this it follows that

g )= Y <297;1> <29n22) (B

0<n:1<g1 /2 0<n,<g2/2

nfie x (@)em].

i>1 1<n<g; /2
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SO

log ®(g1, g2, - . .) Zlog[l—l— 3 (29;‘1><E2">] (D.3)

j>1 1<n<g;/2
Equation (D.3) tells us, firstly, that
o(1,1,1,...)=1. (D.4)

For arbitrary history coincidence numbers (g1, g2, - . .), not necessarily all equal to
one, we may expand (D.3) in the moments (E"):

log @91, 92,--) = S 1o [1+ 39505 ~1)(E) + 50505~ 1) (g5~ 2) g~ 3) ()
i>1
+O((E")]
7729] {E2>
>1

15[ Dl =B ~ 30505 ~1(EY?] | + OUET)

Finally, in leading order in £/ we may regard the variables E as proportional to Ay,
and therefore in leading order distributed in a Gaussian manner. This implies (since
(E) = 0) that in leading order we have (E*) = 3(E?). Hence

log®(g1,92,...) = E2 Zg] E2 Zg] 1)(2g; —3)
7>1 j>1
+C’)(<E6>). (D.5)

In principle one can take this expansion to higher orders, but this will inevitably lead
to expressions that can no longer be written in terms of (E?2) only.



APPENDIX E: Combinatorics in
history frequency moments

In this appendix we calculate the combinatorial factors Gi’f as defined in (8.114).
They can be obtained by differentiation of a simple generating function

kR k EE (k k— g1 k b
GMR _ R R — 9)k—91—92 ja
= S () (0,0 w2
k k—q
Z (;) <k ;2gl> (R _ 2)k—91—92$91y92

b
) (R—2+z+y)k (E.1)

G =R hm <J:£T> —1+4xz)

—R’“hm[k:a:( —1+a:“+k:(k )xQ(R—Hx)’“*?]

— kR 4+ k(k— 1R (E.2)
G khm(azd) R—1+az)*
dx
=R khm[ t(R—1+z) 1 +3k(k —1)z*(R -1+ z)k2
Fh(k—1)(k —2)23(R — 1 4+ 2)k~ ]

— kR '+ 3k(k— 1R 2+ k(k—1)(k—2)R™3. (E.3)
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4
G40 = R"lim (x(i) (R—1+x)k

= R lim [ka(R = 1+ 2)"" 4 Th(k — 1):02(R — 1)
+6k(k —1)(k —2)z3(R — 1+ 2)*~
(k= 1)k —2)(k — 3)a} (R — 1+ 2)k~ }

=kR '+ 7Tk(k — 1)R™ 2+ 6k(k — 1)(k —2)R™®
+k(k—1)(k—2)(k—3)R™™ (E.4)

= R~" lim <w(ic> [k(R — 142" k(- 1)(R-1+ :c)’“—‘ﬂ

=k(k—1)R 2+ 2k(k—1)(k—2)R 3+ k(k—1)(k—2)(k—3)R™*.
(E.5)



APPENDIX F: Details of numerical
simulation experiments

In order to reduce distraction in the main text, the details of the numerical simulation
experiments have been omitted from the figure captions but are given below for the
purpose of reproducibility. Due to the usual limitations imposed by available com-
puting resources (memory and CPU) and programming skill, the system sizes were
mostly limited to pN = aN? < 2% ~ 2.7 x 108. Except for Fig. 1.4, all data refer
to MG versions with S = 2 strategies per agent.

Figures in Chapters 1,2:
Simulations are of the on-line type. Experiments were carried out as standard with
N = 4,097, and measurements were taken during an observation stage of 2,000 N
individual iterations, following an equilibration stage of 1,000 N individual iter-
ations. The only exception is Fig. 1.4, with system sizes N € {513, 1,025, 2,049,
4,097}, and S € {2,3,4}.

Figures in Chapter 3:
Simulations are of the on-line type. Experiments were carried out as standard
with N = 4,097, and measurements were taken during an observation stage of
2,000N/+/« individual iterations, following an equilibration stage of 1,000N//«
individual iterations. All data points shown are averages over five independent re-
alizations of the disorder.

Figures in Chapter 4:
The numerical experiments concerned are of the batch type. Simulations were car-
ried out as standard with N = 4,097, and measurements were taken during an
observation stage of 1,000/+/« batch iterations (each of which being itself an av-
erage over p = aN different choices for the ‘fake’ market history), following an
equilibration stage of 500/+/« batch iterations.
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Figures in Chapter 6:

All simulations were carried out as standard with N = 4,097, unless indicated oth-
erwise. Measurements in batch dynamics simulations were taken during an observa-
tion stage of 1,000//« batch iterations (each of which being itself an average over
p = aN different choices for the ‘fake’ market history), following an equilibration
stage of 500/+/« batch iterations. Measurements in on-line dynamics simulations
were taken during an observation stage of 2,000/N/+/« individual iterations, fol-
lowing an equilibration stage of 1,000/N//« individual iterations. An exception is
Fig. 6.4, where equilibration times were chosen as indicated in the caption.

Figures in Chapter 7-
Batch dynamics simulations were carried out as standard with N = 4,097, and
measurements were taken during an observation stage of 1,000/+/« batch iterations
(each of which being itself an average over p = o N different choices for the ‘fake’
market history), following an equilibration stage of 500/+/« batch iterations. An
exception is Fig. 7.6, involving observations during 10,000 batch iterations, starting
fromt = 0.

In the spherical model, simulations were carried out with N = 500, and mea-
surements were taken during an observation stage of 250 batch iterations (each of
which being itself an average over p = «a/V different choices for the ‘fake’ market
history), following an equilibration stage of 250 batch iterations. Here all data are
in addition averaged over 20 independent realizations of the disorder.

Figures in Chapter §:
Here simulations are of the on-line type, with real histories. Experiments were
carried out as standard with N = 8,193, and measurements were taken during an
observation stage of 2,000V individual iterations, following an equilibration stage
of 1,000 N individual iterations. An exception is Fig. 8.4, where system sizes were
chosen such that 2 N = aN? = 228,

Figures in Chapter 9:

Batch dynamics simulations were carried out as standard with N = 4,097, and
measurements were taken during an observation stage of 1,000//« batch iterations
(each of which being itself an average over p = aV different choices for the ‘fake’
market history), following an equilibration stage of 500/+/«a batch iterations. The
on-line simulations of Figs 9.8 and 9.17 were carried out with system sizes as
indicated. Here measurements were taken during an observation stage of 2,000V
individual iterations, without a preceding equilibration stage.
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Active strategy 25
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Batch dynamics 34
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History frequency 209

History frequency distribution 209, 221, 222
moments 213, 221, 231, 313
width 223, 228

History recurrence 215

History statistics 204, 206, 212

History string 25, 186

Imaginary saddle point 46, 122
Inactive solution 271

Inductive reasoning 2
Information in history strings 152

Initial conditions 14, 27, 74, 82, 106, 167, 176,

187, 190
Initial strategy valuations 7
Integral representation 72, 73
Integration contour 46, 75
Integrated response 91
Interpretation of energy minimum 56

Kramers-Moyal expansion 30, 32, 33
impact of truncation 140
Kronecker delta 297

Lagrange parameters 41
Langevin-type systems 40

Laplace argument 53

Learning rate 116

Leptokurtosis 235

Linearized microscopic equations 170
Lookup table 5, 72

Low volatility states 112
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